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Asstract. This habilitation thesis fits in the fields of algebraic and enumera-
tive combinatorics, with connections with computer science. The main ideas
developed in this work consist in endowing combinatorial objects (words,
permutations, trees, integer partitions, Young tableaux, efc.) with operations
in order to construct algebraic structures. This process allows, by studying
algebraically the structures thus obtained (changes of bases, generating sets,
presentations by generators and relations, morphisms, representations), to
collect combinatorial information about the underlying objects. The alge-
braic structures the most encountered here are magmas, posets, associative
algebras, dendriform algebras, Hopf bialgebras, operads, and pros.

This work explores the aforementioned research direction and provides
many (functorial or not) constructions having the particularity to build alge-
braic structures on combinatorial objects. We develop for instance a func-
tor from nonsymmetric colored operads to nonsymmetric operads, from
monoids to operads, from unitary magmas to nonsymmetric operads, from
finite posets to nonsymmetric operads, from stiff pros to Hopf bialgebras,
and from precompositions to nonsymmetric operads. These constructions
bring alternative ways to describe already known structures and provide new
ones, as for instance, some of the deformations of the noncommutative Faa
di Bruno Hopf bialgebra of Foissy and a generalization of the dendriform
operad of Loday.

We also use algebraic structures to obtain enumerative results. In partic-
ular, nonsymmetric colored operads are promising devices to define formal
series generalizing the usual ones. These series come with several prod-
ucts (for instance a pre-Lie product, an associative product, and their Kleene
stars) enriching the usual ones on classical power series. This provides a
framework and a toolbox to strike combinatorial questions in an original
way.

The text is organized as follows. The first two chapters pose the elemen-
tary notions of combinatorics and algebraic combinatorics used in the whole
work. The last ten chapters contain our original research results fitting the
context presented above.
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Introduction

This dissertation contains the main research results developed since our PhD, defended
about six years ago. Our research fits in the fields of combinatorics and algebraic combina-
torics, with solid connections with computer science. The purpose of this first part of the
text is to progressively contextualize the presented work and to provide a preview of its main
results.

Context

Combinatorics is a subfield of both mathematics and computer science. It is somewhat
hard to provide a global and concise definition of this field. For our part, we think that one
of the best definitions of combinatorics is that it is the science of the construction plans. A
construction plan is a list of rules expressed in a rigorous language, whose goal is to define
objects. Unlike construction plans of houses, bridges, or space shuttles, a single construction
plan in combinatorics offers the possibility to build not only one object but many similar
ones. Indeed, a certain degree of freedom is contained in such construction plans. All the
objects thus described form a set, named a combinatorial set. Given a construction plan, it
is natural to collect as many properties as possible of the objects of their combinatorial set.

One of the simplest examples of construction plans is the one describing permutations.

A permutation is a sequence of n € N symbols taken in the set {1, ..., n}, each one appearing
exactly once. From this plan, the smallest objects are
e, 1, 12, 21, 123, 132, 213, 231, 312, 321, (0.0.1)

where € is the unique sequence of n = 0 symbols. A slightly more elaborate example is the
one of Motzkin paths. This construction plan specifies that a Motzkin path is a possibly empty
sequence of steps of three kinds: a stationary step 0O, a rising step O’O' or a descending
step O\O with the constraint that the path ends at the same level as its starting point and
never goes below its starting point. From this plan, we can build among others the following
Motzkin paths:

0, 00, 000, 2y 0000, (52 oo °Ry 00000, (0.0.2)

where O is the unique sequence of 0 steps.

There are several flavors of combinatorics. Each of them depends on the point of view
on construction plans. Here follow the main ones related with our work. To continue
the metaphor with construction plans of buildings, let us express the point of view of the
architect, of the workman, and of the electrician.

1



2 INTRODUCTION

General combinatorics. The role of the architect consists primarily in designing new
construction plans. The final aim is to use construction plans and combinatorial sets as tools
to solve precise problems or explain some phenomena.

For instance, we can study all the possible ways to bracket an expression involving n + 1
occurrences of a variable x and n occurrences of a binary operation * satisfying a priori no
relations. For instance,

((xx * x) * ((xx * x) * x)) (0.0.3)

is one of these. A combinatorial modelization of this problem amounts to seeing such ex-
pressions through their syntax trees. Since * is binary, one can encode an expression with n
occurrences of x by a binary tree with n internal nodes. The previous expression is encoded

in this way by the binary tree
é{oé\{q]. (0.0.4)

Now, the original problem is translated into a more combinatorial language consisting in
studying such binary trees. The construction plan of binary trees is recursive: a binary tree

is either a leaf &4 or two binary trees attached to an internal node ¢. The first ones are

“oa P o éﬁfb dg}/)h% j{oﬂ fé\ﬁ fppﬂ (0.0.5)

From this translation, it is possible to enumerate the underlying expressions of the trees for
each size n. Moreover, this translation helps to discover some properties of the expressions
such as their height, this statistics being the usual height of the binary trees.

Another illustration of the work of the combinatorial architect consists in designing
combinatorial objects being the bases of some algebraic structures. A classical example relies
on free Lie algebras [Reu93] and the description of their bases. Indeed, the combinatorial
set of the Lyndon words on a totally ordered alphabet A is a basis of the free Lie algebra
generated by A. A Lyndon word on A is a sequence u of n € N symbols of A such that
all strict suffixes of u are greater than u for the lexicographic order induced by the total
order on A. By knowing this property, the study of free Lie algebras can be transfered
on the combinatorial study of Lyndon words. A more modern example in the same vein
consists in describing the bases of free pre-Lie algebras [Vin63,Ger63,Man11] generated by
a set 6. In this context, the right construction plan is the one of the rooted trees on &, that
are connected acyclic graphs whose vertices are labeled on & and admitting a distinguished
vertex, the root [CLO1].

The usual work in the field of general combinatorics consists hence in modelizing a
problem or a phenomenon coming from close domains such as computer science, algebra,
or physics, by combinatorial objects with the hope of a better understanding.

Enumerative combinatorics. The role of the workman, benefiting of the knowledge
of a lot of construction plans and of their internal functioning, is to understand how does
a construction plan work and to discover relations between a bunch of them. The combi-
natorial workman asks in most cases the question to count, given a construction plan, the



CONTEXT 3

combinatorial objects we can build of a given size n € N. The notion of counting is primary
in enumerative combinatorics and is somewhat fuzzy. Counting may mean that we expect a
closed formula, a recurrence formula, a generating function, or even a functional equation
for a generating series. Generating series are series of the form

5(t) = > ant" (0.0.6)
neN
where a, is the number of objects of size n for each n € N. They form a very important
concept in enumerative combinatorics.

For instance, by defining the size of a binary tree as its number n of internal nodes,
it is possible to show that the generating series G(t) of binary trees satisfies the algebraic

equation
Glt) =1 + tG(t)%, (0.0.7)
and expresses thus as a generating function by
1 —-v1 -4t
One can deduce from this that the number a, of binary trees with n € N internal nodes
satisfies . 9
n
= . 0.0.9
dn n+1 < n ) ( )
On the other hand, counting integer partitions is not so easy. An integer partition of size
n € N is a multiset (A4, ..., A;] of integers such that Ay + --- + Ay = n. The generating series
G(t) of these objects satisfies
1
= T .0.1
g(t) T (0.0.10)
keN>y

The situation here is less fruitful than in the case of binary trees since there is no known
closed formula for integer partitions similar to (0.0.9).

Besides, as mentioned above, one of the roles of the combinatorial workman consists
in establishing links between different combinatorial sets. Consider for instance the combi-
natorial set of Dyck paths, that are Motzkin paths discussed before, but without horizontal
steps ©-0. Then, there is a bijection between the set of all binary trees with n internal nodes
and the set of all Dyck paths having n rising steps O’O This bijection can be computed by
induction, but there is a direct interpretation of it consisting in computing a Dyck path in
correspondence with a binary tree t by performing a left to right depth-first traversal of t
and outputting a step O’O when an internal node is visited and a step QO when a leaf is visited,
without considering the last leaf. For instance, the Dyck path in correspondence with the

M . 0.0.11)

Moreover, not only bijections between combinatorial sets are interesting. Indeed, surjec-
tions or injections between combinatorial sets are susceptible to establish interesting links
between such sets. For example, the algorithm of insertion of an element in a binary search
tree [Knu98] provides a surjection from the set of all permutations of n elements to the set

binary tree appearing in (0.0.4) is

of all binary trees with n internal nodes. A binary search tree is a binary tree where all
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internal nodes are labeled by integers with some extra conditions. The insertion of a letter
a in a binary search tree t consists in following the path starting from the root of t to one
of its leaves by going into the right subtree if a is greater than the label of the considered
internal node and into the left one otherwise. For instance, the insertion from left to right
of the letters of the permutation o := 451326 gives the binary search tree

(0.0.12)

and, by forgetting the labels of the nodes, we obtain the binary tree image of o. This
surjection has also several algebraic properties [LR98, HNTO05].

A last important part of enumerative combinatorics includes algorithms generating all
the objects of a given size of a combinatorial set [Rus04]. The efficiency of these algo-
rithms is a highly important feature, so that constant amortized time algorithms are the
most sought. One can cite in this context the algorithm of Proskurowski and Ruskey for
binary trees [PR85], and the Steinhaus-Johnson-Trotter algorithm for permutations [Tro62,
Joh63, Ste64].

Algebraic combinatorics. The role of the electrician consists in endowing an edifice
with a network of electric wires, making it capable to perform additional functions. Given a
construction plan, the combinatorial electrician tries to define operations on its combinatorial
objects. Operations on combinatorial objects allow to assemble several of these to obtain
bigger ones, or, contrariwise, allow to disassemble a single object into smaller pieces. In this
last case, it is more accurate to speak of co-operations. This point of view draws a bridge
between combinatorics and algebra, creating interactions in both ways between these two
fields.

For instance, operations on Motzkin paths offer an interesting way to describe their
generating series G(t), counting them with respect to their number of steps. For this, consider
the monoid (%, -) of all paths consisting in steps 0-0, O’O and QO (here we relax the conditions
about the levels of the starting and ending points of the paths), where - is the concatenation
of paths (obtained by superimposing the ending point of the first path and the starting point
of the second). For instance,

. L0 = f\ob - .
m A asas o™
Now, let g be the formal series defined as the formal sum of all Motzkin paths. Hence,

g = 0+ 00+ 000+ §2Y + 0000 + {5 + §256 + % + 00000 + -+ . (0.0.13)

By nearly elementary properties of Motzkin paths about their unambiguous decomposition,
and by extending - linearly on series, g can be expressed as

g=0+00-g+4°-9-%-g. (0.0.14)
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By observing that G(t) is the series obtained by specializing each Motzkin path of size n by
t" in g, we deduce from (0.0.14) that G(t) satisfies

G(t) =1 + tG(t) + t2G(t)% (0.0.15)

From this algebraic equation, it is possible to obtain a generating function of G(t) or a closed
formula for its coefficients, like in the case of binary trees presented above.

On the other hand, endowing combinatorial sets with operations allows to highlight some
of their properties. Consider in this context the monoid (&, /) where & is the combinato-
rial set of all permutations and  is the shifted concatenation of permutations: given two
permutations o and v, 0 /v is the permutation obtained by concatenating o with the word
obtained by incrementing each letter of v by the size of 0. For instance, 312 21 = 31254.
The minimal generating set of this monoid is the set of all connected permutations, that are
the nonempty permutations 0 having no proper prefixes that are permutations [Com72].
For instance, the first connected permutations are

1, 21, 231, 312, 321,

0341, 2413, 2431, 3142, 3241, 3412, 3421, 4123, 4132, 4213, 4231, 4312, 4321.
(0.0.16)

From this very natural question about finding a minimal generating set of an algebraic
structure, we obtain the description of new natural combinatorial objects. Moreover, since
(8, /) is free as a monoid, the generating series Gg(t) of connected permutations and the
generating series G (t) of permutations are related by
) e — L N

Selt) = g, = %n.t : (0.0.17)
Connected permutations have several properties. For instance, the Hopf bialgebra of free
quasi-symmetric functions (also known as the Malvenuto-Reutenauer Hopf bialgebra [MR95])
is, as an associative algebra, freely generated by the connected permutations [DHT02].

Let us consider another example consisting in a unary operation on binary trees. As said

before, binary trees are in one-to-one correspondence with expressions involving variables
x and operations *. Now, assume that « is associative. This leads to allow the relation

(..(ugrxug)*xuz...) = (.. *(Uugxusz)...), (0.0.18)

where u4, uy, and uz are expressions. In terms of binary trees (0.0.18) translates as the

identification
Rﬁtg = 11%} ’ (0.0.19)

ot to t3
where {4, t5, and t3 are binary trees. This identification can be performed anywhere in the
binary trees and not only at their roots. One can see this identification as an operation
consisting in taking a binary tree and one of its edges oriented to the left (like the left
member of (0.0.19)) and changing it into an edge oriented to right (like the right member
of (0.0.19)). This operation is known as a right rotation [Knu98]. Now, it is possible to show
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by induction on the number of internal nodes of the binary trees that all binary trees with n
internal nodes can be identified with the right comb tree of size n, that is the binary tree such
that the left child of each internal node is a leaf. This provides a (quite complicated) proof
of the well-known fact that all parenthesizings of an expression involving n occurrences of
an associative operation * are equal.

Finally, as mentioned before, interpreting an algebraic structure by means of combina-
torial objects endowed with operations—Ilike free Lie algebras in terms of Lyndon words,
free pre-Lie algebras in terms of rooted trees, free dendriform algebras [Lod01] in terms
of binary trees, or even free monoids in terms of words—brings a good understanding of it.
These interpretations of algebraic structures are known as combinatorial realizations. In al-
gebraic combinatorics, we endow combinatorial sets, or more generally spaces whose bases
are indexed by combinatorial sets, with several algebraic structures. These can be simply
monoids or groups, but in some cases posets, lattices, associative algebras, dendriform alge-
bras, pre-Lie algebras, duplicial algebras [Lod08], etc. In this work, Hopf bialgebras, operads,
and pros are the structures encountered the most.

Other flavors of combinatorics. In addition to enumerative and algebraic combina-
torics, there are other important flavors of combinatorics. Among these is analytic combina-
torics [FS09] wherein techniques coming from complex analysis are employed at the level
of generating series. This field studies also the asymptotic behavior and the general form
of combinatorial objects. Probabilistic combinatorics is close to analytic combinatorics. This
domain uses methods coming from probability theory to design algorithms randomly gener-
ating objects of a given combinatorial set (see for instance [Ré85] for an algorithm generating
uniformly binary trees). Moreover, probabilistic combinatorics is useful to show, within a
given combinatorial set, that there is at least one object satisfying a given property [AJ0S].
This point of view was initiated by Erdés and has links with the Ramsey theory [Soil0].
As a last flavor mentioned here, one can cite geometric combinatorics wherein geometric
realizations of polytopes are designed, including the realizations of the permutohedron and
of the associahedron [CSZ15].

Let us now dive a little more deeply into algebraic combinatorics and explain our point
of view about it and the context of our contributions.

Point of view

Historically, algebraic combinatorics was concerned with questions related to representa-
tion theory [GLO1]. This field consists in studying algebraic structures (like monoids, groups,
associative algebras, Lie algebras, efc.) by regarding their elements as linear maps. In an
equivalent way, this amounts to letting the structure act on a vector space in a reasonable
way. One of the benefits of this process rests upon the fact that algebraic problems are
translated into linear algebra questions. The underlying algorithmic of linear algebra (like
Gaussian elimination, matrix inversion, matrix reduction, etc.) offers strategies coming from
computer science and combinatorics to explore these problems.

In particular, representations of the symmetric groups &,, of permutations of size n € N
have a special status in algebraic combinatorics. Indeed, the irreducible representations of &,
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are indexed by integer partitions of size n [FH91]. Schur functions are symmetric functions
indexed by integer partitions that appear in this context of representation theory. They have
the particularity to admit a lot of very different but equivalent definitions [Las84,Sta99,Lot02].
The set of all symmetric functions is naturally endowed with the structure of an associative
algebra Sym [Mac15] and the set of all Schur functions is one of its bases. Many other bases
of Sym have been discovered, like the monomial, elementary, complete homogeneous, and
power sum functions. The changes of bases between these different families of functions
express most of the time by simple and nice combinatorial algorithms.

This work is distant from these classical questions about representation theory and sym-
metric functions. Our point of view about algebraic combinatorics is somewhat unrelated to
these considerations but, instead, related to the study of operations and algebraic structures
on combinatorial sets. Nevertheless, like in all these research areas, we work most of the
time with finite structures that can be encoded by the computer. For this reason, we can
use the computer to perform large computations or to make experiments. These are very
powerful tools to establish conjectures and to collect as much information as possible about
a given research subject.

Objects, operations, and algebraic structures. In accordance to what we have ex-
plained above, defining and studying operations on combinatorial sets has several advantages.
More precisely, in this context, we try to progress in both of the following axes:

(A) Endowing combinatorial sets with algebraic structures by defining operations or
co-operations;

(B) Given a type of algebraic structure, searching a realization of it in terms of combi-
natorial objects endowed with operations.

Let us explain in more details these two directions.

Point (A) consists, starting with a combinatorial set C, in defining operations or co-
operations on C. In practice, we work rather on K(C), the linear span of C where K is a
field. To highlight some statistics on the objects, K is often the field K(qg, q1,...) of rational
functions on the parameters q;, i € N. The linear structure of K (C) implies that we inherit
the techniques coming from linear algebra to perform its study. When the (co)operations
defined on K(C) endow it with a certain algebraic structure (like an associative algebra, a
dendriform algebra, a pre-Lie algebra, or even a coalgebra), we can ask all the algebraic
questions related to the structure and we can hope to harvest information about the objects
of C.

Among the classical questions, the first one consists in expressing new bases of K (C) and
observing how its operations behave on these. Frequently, changes of bases are triangular
and are defined through partial orders on C by considering sums of elements minored by
other ones. It is time to study an example. Let us endow K (&) with the linear binary product
W, where for any permutations ¢ and v, o [l v is the sum of all the permutations that can be
obtained by interleaving the letters of o with the ones of the word obtained by incrementing
by the size of o the letters of v. For instance,

120021 = 1243 + 1423 4+ 1452 + 4125 + 4132 + 4312, (0.0.20)
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This product is known as the shifted shuffle product of permutations. Consider now the
partial order < on & being the reflexive and transitive closure of the relation &® such that
for any permutations o and v, 0 R v if v can be obtained from ¢ by exchanging two adjacent
letters o(i) and o(i + 1) such that o(i) < o(i +1). This order is known as the right weak order
on permutations [GR63,Y069]. Let the family {E;: 0 € &} of elements of K(&) defined by

Egi=) v (0.0.21)
vES
oV
For instance,
Eozi = 2341 + 2431 + 3241 + 3421 + 4231 + 4321. (0.0.22)

By triangularity, this family forms a basis of K (&) and it appears that the product (LI on this
E-basis satisfies, for all permutations o and v,

Ec WE, = Eq v, (0.0.23)

where / is the shifted concatenation of permutations encountered before. This provides
an example of a rather complicated product when considered in a given basis that becomes
very simple in another one. Moreover, proving that (0.0.23) holds provides an interesting
proof of the associativity of [ since  is clearly associative.

A second question almost as much immediate as the first one is to find minimal gener-
ating sets of K(C), whose elements can be interpreted as base blocks to build any object
of C. This is even more interesting when K(C) has some freeness properties; in this case,
any element decomposes in a unique way in a certain sense. As a consequence, obtaining
minimal generating sets of K(C) leads to expressions for the Hilbert series

FCk(cy(t) = Y dimK(C(n)) t" (0.0.24)
neN
of K(C), where C(n) is the set of the objects of size n € N of C. Since as generating
series (g(c)(t) is the generating series Gc(f) of C, this may offer an alternative way to
enumerate the objects of C. To continue the example we started, (K(&), 1) admits as a
minimal generating set the set {E; : 0 € 6} where G is the set all connected permutations,
and is freely generated by this set as an associative algebra (for details see [DHT02]).

Besides, to complete the study of K(C), it is natural to study morphisms (with respect to
the algebraic structure equipping K (C)) involving it. Automorphisms of K (C) lead potentially
to the discovery of more or less hidden symmetries between the objects of C. Morphisms
between K (C) and other known structures K (D) lead to establish connections between the
objects of C and the ones of D. This also includes the study of substructures and quotients
of K(C). It is worth observing that most of such morphisms use algorithms coming from
computer science in an unexpected way. For instance, the associative algebra (K(&), )
admits several substructures involving a large range of combinatorial objects. Some of
these can be constructed by considering a family {P, : x € D} of elements of K (&) defined
by

P.:i= Y o (0.0.25)

(<G
alg(o)=x
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where D is a certain combinatorial set and alg is an algorithm transforming a permutation
into an object of D. When alg satisfies some precise properties (see [Hiv99, HNO7, Gir11,
NT14]), the P-family spans an associative subalgebra of (K(&), ). For instance, D can be
the set of binary trees and alg, the algorithm of insertion in a binary tree exposed above. In
this case, one has for instance

p = 2143 + 2413 + 2431. (0.0.26)

Besides, D can be the set of the standard Young tableaux and alg, the algorithm consisting
in inserting the letters of a permutation into a standard Young tableau using the Schensted
algorithm [Sch61, Lot02]. In this case, one has for instance

b

TTa]4) = 1324 + 1342 + 3124, (0.0.27)

3

These mechanisms, coming from algebraic combinatorics, can also be used to conjecture
properties and to obtain results in enumerative combinatorics. Indeed, assume that C and D
are two combinatorial sets and that we look for a bijection between them. A tool to discover
a bijection consists in endowing K(C) and K (D) with algebraic structures satisfying similar
properties. More explicitly, when these structures admit minimal generating sets clearly in
bijection, and when the objects of C and D decompose in the same way on the generators,
one obtains a computable bijection between C and D.

In summary, Direction (A) uses algebra to obtain results in combinatorics and in com-
puter science.

Conversely, Direction (B) employs mechanisms and techniques coming from combina-
torics to solve algebraic questions. Given a type of algebra, that is a set of (co)operation
symbols together with axioms they have to satisfy, the knowledge of the free structure on
a set & of generators brings a lot of information. In many cases, the description of these
structures is combinatorial, in the sense that their bases are indexed by combinatorial objects
labeled in an adequate way by elements of &. As mentioned before, examples are abundant in
the literature. They include pre-Lie algebras using rooted trees and operations of grafting of
trees [CLO1], Zinbiel algebras using words and half-shuffle operations [Lod95], dendriform
algebras using binary trees and operations of shuffling of trees [Lod01], operads using planar
rooted trees and grafting operations, and pros using prographs and operations of compo-
sitions [Mar08]. Several of these combinatorial realizations of algebraic structures can be
established by orienting their axioms to obtain rewrite rules [BN98]. When the obtained
rewrite rules satisfy some properties like termination and confluence, the normal forms of
the rewrite rules can be seen as the elements of the structure.

Another classical example of use of combinatorial methods for algebra is provided by
the Littlewood-Richardson rule [LR34]. This rule offers a way to compute the structure
coefficients of the algebra of symmetric functions Sym in the basis of the Schur functions. A
simple and enlightening proof [DHT02, HNTO05] of this rule is provided by the combinatorics
of Young tableaux and of the plactic monoid [LS81, Lot02].
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Let us now provide details about the main structures appearing here. During our re-
search, we work particularly with three types of algebraic structures: Hopf bialgebras, op-
erads, and pros. We now present some of their features and why they are interesting and
adapted structures in the field of algebraic combinatorics.

Hopf bialgebras. Hopf bialgebras are vector spaces endowed with an associative prod-
uct x and a coassociative coproduct A. These (co)operations satisfy the relation

Alx *xy) = Alx)Aly) (0.0.28)

for any elements x and y. If we see * as a product assembling two elements to build another
one, and A as a coproduct breaking an element into two smaller parts, Equation (0.0.28) says
that assembling two elements and then breaking the result is the same as assembling the
results obtained by breaking them before. This kind of commutation between x and A is thus
very natural. Hopf bialgebras K {C) where C is a combinatorial set with exactly one element
of size 0 and where * (resp. A) is graded (resp. cograded) are the most encountered ones
in algebraic combinatorics. These structures are known as combinatorial Hopf bialgebras.
Main references about these structures are [Car07] and [GR16].

The prototypal example of a Hopf bialgebra is the symmetric functions Sym. Indeed, it
is possible to add a coproduct on Sym to turn it into a Hopf bialgebra. Most of other Hopf
bialgebras are generalizations of Sym in the sense that they contain it as a quotient or as
a Hopf sub-bialgebra. A famous full diagram of Hopf bialgebras includes the Malvenuto-
Reutenauer Hopf bialgebra [MR95], also known as FQSym [DHTO02]. This structure is the
space K (&) endowed with the shifted shuffle product and a deconcatenation coproduct of
permutations. The Malvenuto-Reutenauer Hopf bialgebra contains the Poirier-Reutenauer
Hopf bialgebra of tableaux [PR95], also known as the Hopf bialgebra of free symmetric func-
tions FSym [DHT02, HNTO05] and involves standard Young tableaux. The Loday-Ronco Hopf
bialgebra [LR98], also known as the Hopf bialgebra of binary search trees PBT [HNTO05]
involves binary trees and is a Hopf sub-bialgebra of FQSym. Moreover, a noncommutative
version Sym [GKL"95] of Sym exists as a Hopf sub-bialgebra of FQSym known as the Hopf
bialgebra of noncommutative symmetric functions. This structure involves integer composi-
tions and provides noncommutative versions of Schur functions. Furthermore, a lot of Hopf
bialgebras involving various sorts of trees with links with renormalization theory like the
Connes-Kreimer Hopf bialgebra CK [CK98] have been introduced. Several variations of
this structure exist [Foi02a, F0oi02b] (see also [FNT14]).

One of the main striking facts shared by most of these constructions is that they establish
links between combinatorial objects through combinatorial algorithms, lead to the definition
of monoids (like the plactic [LS81, Lot02], sylvester [HNTO05], and hypoplactic [KT97, KT99]
monoids), and use partial orders (the right weak order on permutations [GR63,YO69], the
Tamari order on binary trees [Tam62], and the refinement order on integer compositions).

Besides Hopf bialgebras that are structures allowing, as explained, to assemble or disas-
semble objects, operads are other ones manipulating combinatorial objects. These last work
by composing objects together rather than assembling them.
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Operads. Operads are algebraic structures introduced in the context of algebraic topol-
ogy [May72,BV73]. These structures provide an abstraction of the notion of operators (of
any arities) and of their compositions. This theory has somewhat been neglected during
almost the first two decades after its discovery. In the 1990s, the theory of operads enjoyed
a renaissance raised by Loday [Lod96] and, since the 2000s, many links between the theory
of operads and combinatorics have been developed. A large survey of this theory can be
found in [Mar08,LV12, Mé15].

The modern treatment of operads in algebraic combinatorics consists in regarding com-
binatorial objects like operators endowed with gluing operations mimicking the composition
(see for instance [Cha08]). From an intuitive point of view, an operad is a set (or a space) of
abstract operators with several inputs and one output that can be composed in many ways.
More precisely, if x is an operator with n inputs and y is an operator with m inputs, x o; y
denotes the operator with n + m —1 inputs obtained by gluing the output of y to the ith input
of x. Pictorially,

(0.0.29)

1/\ o 1/\ R REr n+m-1

y

e
N\

There is also an action - of the symmetric group &, on the elements of arity n letting to
permute their inputs. Operads are algebraic structures related to trees in the same way as
monoids are algebraic structures related to words (by their free objets). There are numerous
variations and enrichments of operads, like cyclic operads [GK95], colored operads [BV73,
Yau16], and nonsymmetric operads. In this dissertation, we work mainly with nonsymmetric
operads (also called ns operads or pre-Lie systems).

A large number of interactions between operads and combinatorics exist. Let us explain
four of these. Koszul duality of operads in an important part of the theory. This kind
of duality has been introduced by Ginzburg and Kapranov [GK94] as an extension of the
analogous duality for quadratic associative algebras. An operad is by definition Koszul if its
Koszul complex is acyclic [GK94]. When O is a Koszul operad, its Hilbert series $(o(f) and
the one ¥y (t) of its Koszul dual O' are related by

FCo (~FCor(—1)) = t. (0.0.30)

Hence, from the knowledge of $(y(t), one can hope to compute the coefficients of F(q(t).
Moreover, the Koszulity property for operads is strongly related to the theory of rewrite
rules on trees, this last theory providing a sufficient combinatorial condition to prove the
Koszulity of an operad [Hof10, DK10, LV12]. Besides, another strategy to prove that an
operad is Koszul consists in constructing a family of posets from an operad [MY91], so that
the Koszulity of the considered operad is a consequence of a combinatorial property of these
posets [Val07]. Operads lead also to generalized versions of generating series, enriching the
usual techniques for enumeration. Given an operad O, one can consider formal series of the
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form
f=> A, (0.0.31)
xe0
where the A, are coefficients in K. From the partial compositions of O, we can endow the
set K((O)) of all series on O with a monoid structure. Chapoton studied some of these for
many usual operads [Cha02, Cha08, Cha09]. Some other authors consider such series as
e.g., van der Laan [vdL04], Frabetti [Fra08], and Loday and Nikolov [LN13].

Let us provide a simple example involving series on operads. The set of all Motzkin
paths forms a structure of a ns operad Motz where, given two Motzkin paths u and v, uo; v
is the path obtained by replacing the ith point of of u (indexed from left to right) by v. For

/OO\
% o /o’O 'O\oo\ = oo Oo\o%%. (0.0.32)
O/OO o 0 Op—d

In this operad, a Motzkin path of n — 1 steps is seen as an operator of arity n. Now, by
denoting by g € K((Motz)) the formal sum of all the elements of Motz, one obtains the
relation

example,

g=0+0000,g]+250[0.9.9] (0.0.33)
where o is the complete composition map of Motz extended on series on Motz. Of course,
this expression for g is very similar to the one provided by (0.0.13) but (0.0.33) admits at least
two major advantages. First, contrariwise to (0.0.13) which relies on the monoid (%, -) of all
paths (because O’O and O‘O are not Motzkin paths), (0.0.33) only uses elements of Motz. Second,
the fact that (0.0.33) holds is a consequence of a presentation by generators and relations of
Motz. Indeed, one can show that {O—O,OQO} is @ minimal generating set of Motz and that
there is a convergent orientation of the nontrivial relations between these generators so that
the normal forms are precisely the terms of the form ©, ©00[0, u], or O’ODO [0, u, v], where
u and v are Motzkin paths. This combinatorial property is a consequence of the Koszulity
of Motz. All this provides another example of combinatorial properties encapsulated into
suitable algebraic structures.

Let us provide now a little more elaborate example concerning the enumeration of bal-
anced binary trees. These trees were introduced in an algorithmic context [AVL62] as effi-
cient data structures to represent dynamic finite sets. A binary tree t is balanced if for any
of its internal node u, the height of the right and left subtrees of u differ by at most 1. For
example,

(0.0.34)

is a balanced binary tree. The generating series G(f) of these trees, enumerating them with
respect to their number of leaves, satisfies G(t) = F(t,0) where F(x, y) is the bivariate series
satisfying the functional equation

Flx,y) =x + F (x* + 2xy,x). (0.0.35)
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The coefficients of G(f) can hence been computed by iteration. This way of enumerating
balanced binary trees is presented in [BLL88, BLL98, Knu98]. By using colored operads, it
is possible to obtain a better description for the coefficients of G(t). For this purpose, let
CMag be the colored operad on the set of all binary trees such that each leaf and the root
has a color in {1,2}. The partial composition s o; t of two such trees is defined if the output
color of t is the same as the color of the ith input of s and is the tree obtained by grafting
the root of t onto the ith leaf of s. For example,

2
2 1
@ o4 EPRO‘” d . (0.0.36)
2 11 2 211
21 22 2
2 9

In this operad, a binary tree having n leaves is seen as an operator of arity n. Now, Let
g € K({(CMag)) be the formal series defined as the formal sum of all the balanced binary
trees, seen as elements of CMag where all colors are equal to 1. Hence,

. . . 1 1 1 1 1
1
g=a+g+ﬁ+%+ﬂ°ﬁ+§fg+@+;{§oﬁ+gfypﬁ+m.
1 1 1
11 54 11 hyng Sntrt agBagagdby gy d

(

0.0.37)

We obtain the relation

@*
1 1 1

1 2 1

g=4 0| &+ T T =N ROy (0.0.38)
! ! 1 1 1 2 2 1 1

where © is an associative product on series on CMag obtained from its partial compositions

maps and @, is the Kleene star of ®. One can deduce from (0.0.38) and from the properties
of the operations ® and ©, the recurrence

1 if (n,m) = (1,0),

g(n,m) = Y ("im™2mgley + m, &) otherwise (0.0.39)

2
&,fQGN
n=24 +b+m

for the number g(n,0) of balanced binary trees with n leaves.

These two examples show that the formalization of combinatorial problems in terms
of operads offer tools for enumerative questions. Contrariwise, operads on combinatorial
objects may lead to algebraic observations. Indeed, any operad O defines a category of
algebras called O-algebras. Any O-algebra can be seen as a representation of O in the sense
that O acts on any O-algebra. For instance, there is an operad Lie describing the category
of all Lie algebras, an operad As describing the category of all associative algebras, and
an operad Dendr describing the category of all dendriform algebras [Lod01]. Morphisms
¢ : O - Oy between two operads O; and Oy give rise to functors from the category of
Oy-algebras to the one of O;-algebras. For instance, Lie is a suboperad of As so that there is
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an injective morphism ¢ : Lie — As. This morphism translates into the well-known functor
from associative algebras to Lie algebras consisting in considering the commutator of an
associative algebra as a Lie bracket.

Pros. A natural generalization of operads consists in authorizing multiple outputs for its
elements instead of a single one. This leads to the theory of pros (this term is an abbreviation
of product category). These algebraic structures have been introduced by Mac Lane [ML65].
Intuitively, a pro & is a set (or a space) of operators together with two operations: an hori-
zontal composition * and a vertical composition o. The first operation takes two operators x
and y of & and builds a new one whose inputs (resp. outputs) are, from left to right, those of
x and then those of y. The second operation takes two operators x and y of & and produces
a new one obtained by plugging the outputs of y onto the inputs of x. Basic and modern
references about pros are [Lei04] and [Mar08].

Like operads, pros can describe categories of algebras. Nevertheless, in this case, pros
can handle coproducts and can hence describe categories of bialgebras. Consider the pro
generated by the following three operations:

oF ‘9’ , 10.040)
Q9§

subjected to the following three relations:

(0.0.41)

The first (resp. second) one says that x (resp. A) is associative (resp. coassociative). By seeing
the operator w as a map transposing its two inputs, the last one models Relation (0.0.28).
Hence, this pro describes the category of Hopf bialgebras.

Another interaction between the theory of pros and combinatorics happens when we
consider presentations by generators and relations of pros (see for instance [Laf11]). Recall
that the symmetric group &, is presented in the following way. It is generated by symbols
{si:1 <i< n -1} whose elements are called elementary transpositions. These generators
are subjected to the relations

s?2=1, 1<i<n-1, (0.0.42a)
sisj=sjs;, 1<i,j<n-1landl]i-j|>2 (0.0.42Db)
SiSi11Si = SiSi18i, 1<i<n-2. (0.0.42¢)

It is rather technical to show that G, admits the stated presentation or, by going in the
opposite direction, to show that the group admitting the stated presentation is realized by
S,. It is worth noting that there is a pro K(Per) of permutations offering a comfortable way
to prove these facts. Each permutation o of size n € N is seen as an operator with n inputs
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and n outputs, connecting each ith input to the o(i)th output. For instance, the permutation

42153 is seen as the element
12345

é# 0043

12345
of K(Per). The operations of pros, that are the horizontal and vertical compositions, translate

on permutations respectively as the shifted concatenation  of permutations and as the
composition o of permutations. Therefore, K (Per) contains all the symmetric groups &,,
n € N. Now, one can ask about natural algebraic questions as finding a minimal generating
set of K (Per). It is easy to show that the singleton

1 2
6= ézz) (0.0.44)
1 2

is a minimal generating set of K (Per). The unique element s of & encodes the permutation
21. Now, by finding the nontrivial relations satisfied by s [Laf03], one obtains the analogous
relations of (0.0.42a), (0.0.42b), and (0.0.42¢), stated in the language of pros. As a side remark,
let us mention that the analogous relation of (0.0.42¢c) is axiomatic for pros. This provides a
nice strategy to establish the presentation of the symmetric groups. Note that similar ideas
work for establishing presentations or realizations of other Coxeter groups.

Contributions

Let us now present our contributions and the main results contained in this dissertation.
Before that, let us say a few words about the organization of the text.

Global overview. This text is divided into twelve chapters, the first two containing pre-
liminary notions, and the last ten containing original results coming from published or sub-
mitted works. Figure 0.1 shows the diagram of dependences between the chapters and the
references to our work on which each chapter relies. Our results fall into three categories:
algebraic combinatorics, enumerative combinatorics, and computer science.

What follows is not a chapter-by-chapter summary. We follow the idea to organize and
present our contributions into the three categories cited above. For this reason, a same
chapter may appear several times in the sequel.

Algebraic combinatorics. Our main contributions in the field of algebraic combina-
torics rely on constructions, taking as input some algebraic structures, and outputting other
ones. Most of them are functorial and endow combinatorial sets with (co)operations. We
have presented above our point of view about the advantages to endow objects with alge-
braic structures. Here, our philosophy consists in designing general ways to achieve these
goals. For this reason, we create metatools (functorial constructions) whose aim is to create
tools (algebraic structures on combinatorial objects). Let us list the main results, chapter by
chapter, belonging to this field.
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Chap. 1
Combinatorics

Chap. 2
Algebraic
combinatorics \
/ Chap. 3 Chap. §
Chap. 12 . Chap. 9 B
Chap. 10 Chap. 11 Enveloping Chap. 4 . Hopf bial-
o . Operads ) . From pros A
Shuffle of Bud generating operads From monoids gebra of
. and regular to Hopf
permutations systems 1 of colored to operads bialaeb packed square
anguages ialgebras
[GV16] [Gir16a] [(GI?NI(lgiﬁ] operads [Gir15] ([B9G163 matrices
| [CG14] [CGM15]
I\ /
\
N Chap. 5
Chap. 7 ap. >

Pluriassociative
Operads of
and poly-
decorated i
. dendriform
cliques

[Gir17b]
[Gir17a]

operads
[Gir16c]
[Gir16d]

J

Chap. 6
From posets
to operads
[Gir16b]

FIGURE 0.1. Diagram of the dependences between the chapters. Each arrow
a — b means that b need some notions contained in a. The dashed arrow
means an optional dependence.

In Chapter 3, we introduce a tool to facilitate the study of ns operads. This tools is
a functor Hull from the category of ns colored operads to the category of ns noncolored
operads. It sends a ns colored operad G to the smallest ns noncolored operad containing
the elements of arities greater than 1 of G. The ns operad Hull(B) is realized in terms
of anticolored syntax trees labeled on G, that are particular syntax trees satisfying some
conditions involving the colors of BG. This construction is used to collect properties of ns
operads in the following way. Given a ns operad O, finding a ns colored operad G such
that Hull(B) = O brings information on O. Indeed, some properties of O are implied by
properties of G, such as the Hilbert series, the description of suboperads and quotients,
and presentations by generators and relations. Due to the fact that a ns colored operad
is @ more constrained structure than a noncolored one, it is in practice easier to collect
properties on G rather than on O. These techniques are illustrated to perform the study
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of the operad of bicolored noncrossing configurations BNC, an operad on some sorts of
noncrossing configurations [FN99], introduced as a generalization of the operads NCT of
noncrossing trees and NCP of noncrossing plants [Cha07].

The main contribution of Chapter 4 is a functor T from the category of monoids to
the category of operads. Given a monoid Jf, TJf is an operad of words on Jf seen as
an alphabet. The definitions of the partial compositions of T follow from the monoidal
product of Jf, and the symmetric groups act on TJL by permuting the letters of the words.
This functor is rich from a combinatorial point of view since it leads to the construction of
several (ns) operads on combinatorial objects. Among others, T allows to construct operads
on endofunctions, parking functions, packed words, permutations, and ns operads on planar
rooted trees, k-ary trees (and thus, k-Dyck paths, see [LPRR15] for some structures on these),
Motzkin paths (the operad Motz appearing above is constructed in this chapter), integer
compositions, directed animals, and segmented compositions. This construction T provides
also alternative ways to obtain the diassociative operad Dias [Lod01] and the triassociative
operad Trias [LR0O4]. By using rewriting techniques, presentations of these operads are
provided. We think that there are a lot of other operads to be constructed through T on
many other families of combinatorial objects.

We use in Chapter 5 the functor T to define generalizations of the diassociative operad
depending on an integer ¥ € N. These ns operads Dias, are realized in terms of certain
words on the alphabet {0,1,...,7}. Since the diassociative operad is the Koszul dual of
the dendriform operad Dendr [Lod01], we obtain by Koszul duality the ns operads Dendr,,
v € N, each one being the Koszul dual of Dias,. These operads Dendr, are realized in terms
of binary trees with labeled edges endowed with tree shuffling operations. The original
motivation for this research direction is the following. Dendriform algebras are algebraic
structures consisting in two operations < and > satisfying some axioms. As a consequence
of these axioms, the operation < + > is associative. This provides hence a framework to
study associative algebras by studying them as dendriform algebras through the definition
of two dendriform products such that their sum is the original product of the algebra. The
category of algebras described by Dendr, leads to a generalization of this method and forms
a new device to study associative algebras.

In Chapter 6, we provide a functorial construction associating with any finite poset Q a
ns operad As(Q). Under some conditions on O, As(Q) can be realized in terms of Schroder
trees labeled on Q satisfying some conditions. The original motivation for the introduction
of this construction comes from the previous chapter where two operads As, and DAs,
were introduced. Both of these operads can be constructed as degenerate cases of the
construction As (by considering respectively trivial orders and total orders). The question
to study the operads As(Q) when Q is nondegenerate is natural, and this leads to unexpected
results involving Koszul duality of ns operads. Indeed, the main result here states that if Q
is a thin forest poset (a poset whose Hasse diagram satisfies a certain property), the Koszul
dual of As(Q) is isomorphic to the ns operad As(Q') where * is an involution on thin forest
posets. The main contributions of this chapter are of two kinds. First, new links between the
theory of operads, posets, and Koszul duality are developed (some different links between
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these theories are included in [MY91,Val07, FFM16]). Second, this work provides definitions
of several algebraic structures (as As(©)-algebras) having many associative operations and
generalizing associative algebras.

Another functorial construction C is introduced in Chapter 7. It is defined from the
category of unitary magmas to the one of ns operads. Given a unitary magma Jf, CJf is
a ns operad of regular polygons endowed with configurations of arcs labeled on Jf. The
definitions of the partial compositions of CJf follow from the magmatic product of JJf. This
construction too is very rich from a combinatorial point of view since it endows several
families of configurations with ns operad structures, as for instance, noncrossing configura-
tions, Motzkin configurations, Lucas configurations, and diagrams of involutions. This leads
to a new diagram of operads, each one realized in terms of combinatorial objects. More-
over, the construction C allows to define a large number of known operads in a unified way.
For instance, one can construct from C the operad BNC (and all its suboperads as NCT,
NCP, the dipterous operad [LR03,Zin12], and the 2-associative operad [LRO06, Zin12]), the
suboperad F%F, of the operad of formal fractions &% [CHN16], the operad of multi-tildes
MT [LMN13], the operad of double multi-tildes DMT (see Chapter 12), and a ns version of
the gravity operad Grav [Get94, AP15].

Chapter 8 is concerned with Hopf bialgebras and more precisely with the definition
of a Hopf bialgebra on packed square matrices PM, depending on an integer parameter
k € N. This Hopf bialgebra is a generalization of FQSym [DHTO02] since the subspace
of PM,, restricted to permutation matrices is isomorphic to FQSym. It contains also the
Hopf bialgebra of uniform block permutations UBP [AO08]. Among the most notable facts,
PM}, contains a Hopf sub-bialgebra ASM involving alternating sign matrices [MRR83]. This
chapter provides also an algebraic point of view of some statistics of alternating sign matrices
by using the associative algebra structure of ASM.

Like the previous one, Chapter 9 deals with constructions of Hopf bialgebras. We
introduce here a construction H from stiff pros to Hopf bialgebras. A stiff pro is a quo-
tient of a free pro by a pro congruence satisfying some precise properties. This construc-
tion is a generalization of the construction H associating with an operad its natural Hopf
bialgebra [vdL04, CL07, ML14]. Indeed, given an operad O, one can construct a stiff pro
R(O) [Mar08] such that H(O) is isomorphic to the abelianization of H(R(O)). In addition to
creating a link between the theories of pros and of Hopf bialgebras, the construction H brings
several new Hopf bialgebras on objects like forests of trees with a fixed arity and heaps of
pieces [Vie86]. It allows also to construct some of the deformations of the noncommutative
version of the Faa di Bruno Hopf bialgebra [BFKO06] introduced by Foissy [Foi08].

The main algebraic contribution of Chapter 12 concerns the introduction of a new
category of algebraic objects, the precompositions. These objects are used as inputs of
a functorial construction PO producing ns operads. This construction is used to provide
alternative definitions of the operads MT and Poset introduced in [LMN13] in the context of
language theory and the study of multi-tildes [CCM11], and to construct new operads DMT
and Qoset as respective extensions of the last two.
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Enumerative combinatorics. As explained before, defining algebraic structures on com-
binatorial objects leads to discover combinatorial properties on them. This form a large part
of our philosophy. We list here the main results, chapter by chapter, in this context.

As said above, Chapter 3 presents a way to study a ns operad O through a ns colored
operad B satisfying Hull(8) = O. We highlight the fact that the Hilbert series of O can be
computed from the colored Hilbert series of G by solving a system of equations, and, as the
developed examples show, the colored Hilbert series of G are simpler (rational) than the
Hilbert series of O (algebraic). Since the Hilbert series of a ns operad and the generating
series of its elements are the same series, this offers a tool for enumeration. In this chapter,
we enumerate bicolored noncrossing configurations by using this technique.

In Chapter 11, we work with formal power series on ns colored operads to develop
enumerative tools. We introduce a new kind of formal grammar (see [Har78, HMUO06))
generalizing both context-free grammars of words and regular tree grammars [CDG"07].
These grammars, called bud generating systems, allow to generate elements of a ground ns
colored operad. To enumerate the elements generated by a bud generating system 9B, we
introduce three formal series on ns colored operads: the hook generating series hook(%), the
syntactic generating series synt(93), and the synchronous generating series sync(93). Each
of these provide a different enumeration of the elements generated by 93. For instance,
hook(9) is a series whose coefficients provide analogs of the hook-length statistics for binary
trees [Knu98]. Moreover, these series are defined through operations on series: a pre-Lie
product .\~ and an associative product ©. The example treated above about the enumeration
of balanced binary trees uses tools developed in this chapter.

Computer science. In this research some contributions to computer science and, more
precisely, to formal language theory and to computational complexity theory have been
developed. Let us summarize them.

In Chapter 10, we consider the supershuffle e of permutations introduced by Var-
gas [Varl4]. This operation is different from the shifted shuffle of permutations and can
be seen as an extension of the usual shuffle product W on words [EML53]. A classical
question in algorithmic consists in evaluating the complexity of recognizing words that are
squares for this operation. In other words, the problem amounts to decide if, given a word
u, there exists a word v such that u appears in viuv. It is known from [RV13,BS14] that this
problem is NP-complete. We ask in this chapter the analogous question for the recognition
of square permutations with respect to e and show that this problem is also NP-complete.

We have explained that Chapter 11 contains enumerative results. In addition to this, the
chapter introduces bud generating systems as new kinds of grammars capable to generate
any type of combinatorial objects. Some elementary results about these grammars are
developed.

As said before, Chapter 12 provides algebraic results. Nevertheless, the operads con-
structed here are intended to be tools in formal language theory. A common research axis
in this field is to define a family of operations to express formal languages with the smallest
spatial complexity as possible. Multi-tildes [CCM11] have been designed in this way. Here,
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we introduce an extension of multi-tildes, namely the double multi-tildes, increasing their
expressive power. An operad DMT of double multi-tildes is constructed and its action on
languages is described. One of the main results of the chapter is that every regular language
can be expressed by the action of a double multi-tilde seen as an operator of arity n on n
languages a;, 1 < i < n, such that each a; is empty or contains one unique word of length 1.
However, this action is not faithful, in the sense that there are different multi-tildes of DMT
that act similarly on languages. For this reason, we introduce a quotient Qoset of DMT such
that elements are quasiorders. We show that the action of Qoset on regular languages is
faithful. This establishes an unexpected link between quasiorders and regular languages.
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CHAPTER 1

Combinatorics

In combinatorics, counting how many objects a given family contains is one of the most
common, hard, and stimulating activities. Nevertheless, even before trying to answer this
kind of question, an important preliminary and basic work consists in classifying the objects
of a family according to some of their particularities. The size of the objects is, of course,
one of these, but also, if we take the example of permutations, the number of inversions and
recoils are other features which may be considered.

Combinatorial collections are structures designed to work with such structured sets of
combinatorial objects. Roughly speaking, a combinatorial collection is a set expressible by a
disjoint union of finite sets, indexed by a particular set I. Depending on I, these collections
are designed to represent various kinds of sets of objects. For instance, when the indexing
set I is N, one obtains graded collections. These are sets endowed with a size function,
a concept fully developed in [FS09] under the name of combinatorial classes. When the
indexing set is N?, one obtains bigraded collections. These collections provide a suitable
framework to work with prographs and pros (see Section 3.3 of this chapter and Section 5.1
of Chapter 2) since the elements of these algebraic structures have an input and an output
arity. Moreover, when the indexing set is a set of words on a given alphabet, one obtains
colored collections. These collections provide a suitable framework to work with colored
syntax trees and colored operads (see Section 3.1.2 of this chapter and Section 4.1.10 of
Chapter 2) since the elements of these algebraic structures have input and output colors.

There are other sensible tools to encode combinatorial collections. One can cite species
of structures introduced by Joyal [Joy81] that allow to work with labeled objects. This the-
ory has been developed by the Quebec school of combinatorics [BLL98, BLL13]. Species
of structures are very good candidates to work with symmetric operads [Mé15] since the
action of the symmetric group of a symmetric operad is encapsulated into the action of the
symmetric group on an underlying species of structure. Another interesting way to describe
combinatorial objects passes through polynomial functors [Koc09].

This machinery of combinatorial collections is applied in this work mainly to rigorously
define several families of trees. Let us remark that this concept of tree encompasses a large
range of quite different combinatorial objects. For instance, in graph theory, trees are con-
nected acyclic graphs while in combinatorics, one encounters mostly rooted trees. Among
rooted trees, some of these can be planar (the order of the children of a node is relevant)
or not. In addition to this, the internal nodes, the leaves, or the edges of the trees can be
labeled, and some conditions for the arities of their nodes can be imposed. One of the first
occurrences of the concept of tree came from the work of Cayley [Cay57]. Nowadays, trees

23
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appear among other in computer science as data structures [Knu98, CLRS09], in combina-
torics in relation with enumeration questions and Lagrange inversion [Lab81, FS09], and in
algebraic combinatorics, where several families of trees are endowed with algebraic struc-
tures [LR98, HNTO05, Cha08]. In our context, the most important families of trees are the
syntax trees, which are kind of labeled planar rooted trees. These trees are central objects
in the study of operads.

This chapter is devoted to set the main definitions and notations about combinatorics. In
Section 1, we introduce combinatorial collections and structured combinatorial collections,
including the notion of posets and rewrite systems. Trees and syntax trees are considered
in Section 2. We describe here several families of trees and rewrite systems on syntax trees.
Finally, Section 3 contains a list of definitions of combinatorial objects met afterwards in this
dissertation.

1. Structured collections

We introduce here the general notion of collection. Then, we consider very usual con-
cepts as magmas, monoids, posets, rewrite systems under this context of collections.

1.1. Collections. After defining collections, combinatorial collections, (multi)graded col-
lections, and colored collections, a bunch of operations on graded collections are reviewed.

1.1.1. General collections. Let I be a nonempty set called index. An I-collection is a set
C expressible as a disjoint union

c=| |cu (1.1.1)
il
where all C(i), i € I, are sets. All the elements of C (resp. C(i) for an i € I) are called objects
(resp. i-objects) of C. If x is an i-object of C, we say that the index ind(x) of x is i. When
for all i € I, all C(i) are finite sets, C is combinatorial. Besides, C is finite if C is finite as a
set. The empty [-collection is the set @. When [ is a singleton, C is simple. Any set can thus
be seen as a simple collection and conversely.

A relation on C is a binary relation & on C such that for any objects x and y of C
satisfying x Ry, x and y have the same index. Let C; and C, be two I-collections. A map
¢ : Cy — Cy is an [-collection morphism if, for all x € Cy, ind(x) = ind(¢(x)). We express
by C; = C, the fact that there exists an isomorphism between C; and C,. Besides, if for all
i €l Cyii) C Cyli), Cq is a subcollection of Cy. For any i € I, we can regard each C(i) as a
subcollection of C consisting in all its i-objects.

Let us now consider particular I-collections for precise sets I. Table 1.1 contains an
overview of the properties that such collections can satisfy.
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Collections
Combinatorial Finite Simple
k-graded
Colored
1-graded
Monochrome
Connected Augmented Monatomic

TABLE 1.1. The most common I-collections (in bold) and the properties (in
italic) they can satisfy. The inclusions relations between these collections
read from bottom to top. For instance, 1-graded collections are particular
k-graded collections which are particular collections.

1.1.2. Graded collections. An N-collection is called a graded collection. If C is a graded
collection, for any object x of C, the size |x| of x is the integer ind(x). The map | —|: C - N
is the size function of C.

Let us from now on assume that C is a combinatorial graded collection. The generating
series of C is the series
Selt) =Y #Cn)t", (1.1.2)
neN
where #S denotes the cardinality of any finite set S. This formal power series encodes the
sequence of integers associated with C, that is the sequence (#C(n)), .. Observe that if Cy
and Cy are two combinatorial graded collections, C; = Cy holds if and only if G, (t) = G, (1).

We say that C is connected if C(0) is a singleton, and that C is augmented if C(0) = @.
Moreover, C is monatomic if it is augmented and C(1) is a singleton. We denote by {€} the
graded collection such that € is an object satisfying |€| = 0. This collection is called the unit
collection. Observe that {€} is connected, and that C is connected if and only if there is a
unique collection morphism from {e} to C. We denote by {e} the collection such that e is
an afom, that is an object satisfying | e | = 1. This collection is called the neufral collection.
Observe that {e} is monatomic, and that C is monatomic if and only if C is augmented and
there is a unique collection morphism from {e} to C.

1.1.3. Statistics and multigraded collections. Let C be a collection. A stafistics on C is
a map s: C — N, associating a nonnegative integer value with any object of C. A k-graded
collection (also called multigraded collection) is an N¥-collection for an integer k > 1. To not
overload the notation, we denote by C(ny, ..., ng) the subset C((ny,...,ng)) of any k-graded
collection C. These collections are useful to work with objects endowed with many statistics.
Indeed, if x is an (ny, ..., ng)-object, one sets s;(x) := n; for each 1 < i < k. This defines in
this way k statistics s; : C — N, 1 < i < k. Besides, the generating series of a combinatorial
k-graded NF-collection C is the series

Geolty, ... ty) = Z #C(ny, ..., ng) .. 4. (1.1.3)
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Of course, (1.1.2) is a particular case of (1.1.3) when k = 1.

1.1.4. Colored collections. Let € be a finite set, called sef of colors. A ¢-colored collection
C is an I-collection such that

I:={(a,u):ac€anducc forant>1}. (1.1.4)

In other terms, any object x of C has an index (a,u). By setting that the size of x is the
length |u| of u (that is the integer ¢ such that u € ¢¢), we can see C as an augmented graded
collection. Moreover, the output color of x is out(x) := a, and the word of input colors of
x is in(x) := u. The ith input color of x is the ith letter of in(x), denoted by in;(x). We
say that C is monochrome if ¢ is a singleton. For any nonnegative integer k, a k-colored
collection is a ¢-colored collection where € is the set of integers {1,...,k}. Assume now
that € = {ay,...,ar} and let X¢ := {Xq,,...,Xq, } and Y¢ := {yq,,...,Yq, } be two alphabets of
commutative letters. The generating series of C is the series

§C (Xair"'rxakrya1""ryak) = Zxout(x) ]—[ Yin; (x) - (11'5)

xeC 1<i<in(x)|

Observe that when C is monochrome, the specialization G¢(1, t) is the generating series of
C seen as a graded collection.

1.1.5. Products in collections. Let C be an I-collection. A product on C is a partial map
*:CP - C (1.1.6)

where p € N\ {0}. The arity of x is p. Any product of arity p can be seen as an operation
taking p elements of C as input and outputting one element of C. When, for any i € I and
any objects xy, ..., xp of C(i) such that x(xy,...,xp) is defined, x(xy,...,xp) € C(i) holds, we
say that x is infernal.

When [ is endowed with an associative binary product +, if for any objects x, ..., x, of
C such that (xy,...,xp) is defined,
ind(x(x1,...,xp)) = ind(xy)+ - - - +ind(xp), (1.1.7)

we say that x is +-compatible. In the particular case where C is a graded collection and * is
+-compatible, x is graded.

Let us now assume that C is a simple collection endowed with a binary and total product
*. In this case, C is a magma. We say that C is right cancellable if for any x,y,z € C,
the relation y x x = z x x implies y = z. An element 1 of C is a unif for x if for all x € C,
xx1 =x =1xx. When x admits a unit, C is a unitary magma. If, additionally, the product
* is associative, C is a monoid.

1.1.6. Operations over graded collections. We list here the most important operations
that take as input graded collections and output new ones. Most of these are binary or unary,
and under some precise conditions, they produce combinatorial collections. In what follows,
C, Cy, Cy, and C3 are four graded collections.
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Suspension and augmentation. For any k € Z, the k-suspension of C is the graded
collection Susg(C) defined for all n € N by

(Susk(C)) (n) :=

{C(n —Rk) ifn—-k>0, 118

1) otherwise.
Observe that Sus; (Sus_4(C)) is the subcollection C\ C(0) of C, that is the augmented collection

having the objects of C without its objects of size 0. We call this collection the augmentation
of C and we denote it by Aug(C).

Sum. The sum of C; and C; is the graded collection C; + Cy such that, for all n € N,
(C1 + Cy)(n) := Cy(n) U Cy(n). (1.1.9)

In other words, each object of size n of C; + C; is either an object of size n of C; or an
object of size n of Cy. Since the sum operation (1.1.9) is defined through a disjoint union,
when the sets Ci(n) and Cy(n) are not disjoint, there are in (C; + Cy)(n) two copies of each
element belonging to the intersection Ci(n) N Cy(n), one coming from Cj(n), the other from
Cy(n). Moreover, when C; and C, are combinatorial, C; + Cy is also combinatorial and its
generating series satisfies

Gep+oy(t) = Gy t) + G, (). (1.1.10)

The iterated version of the operation + is denoted by | | in the sequel.

Product. The product of C; and C, is the graded collection C; x Cy such that, for all
neN,

(C1 X Cg)(n) = {(I1,X2) :x1 € Cp,x9 € Cy, and |Iil + IIQI = n}. (1.1.11)

In other words, each object of size n of C; x Cy is an ordered pair (xy, xp) such that x; (resp.
Xo) is an object of C; (resp. Cy) and the sum of the sizes of x; and xy is n. Moreover, when
C; and C, are combinatorial, C; x C, is also combinatorial and its generating series satisfies

Geixey(t) = Ge, (1) Ge, (1) (1.1.12)

Hadamard product. The Hadamard product of C; and C, is the graded collection
Cy12Cy such that, for all n € N,

(C1C)(n) := Ci(n) x Cyln). (1.1.13)

In other words, each object of size n of C;xC, is an ordered pair (x;,xp) such that x; (resp.
X9) is an object of size n of C; (resp. Cy). Moreover, when C; and C, are combinatorial,
C1xCy is also combinatorial and its generating series satisfies

Serioy(t) = Go, (nGe,(t) = Y #Ci(n)#Cy(n)t". (1.1.14)

neN
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List operation. For any k > 0, the k-list operation applied to C produces the graded
collection T(C) such that, for all n € N,

(Tk(C)) (H) = {(I1,. . .,xk) 1Xq,...,Xp € C, and |X1| + e+ |xk| = I’l} . (1115)
In other words, each object of size n of T,(C) is a tuple (xy,...,xr) of objects of C such that
the sum of the sizes of xy, ..., xp is n. When C is combinatorial, T,(C) is also combinatorial

and its generating series satisfies
Gro)(t) = Gelt). (1.1.16)
The list operation applied to C produces the graded collection T(C) defined by

T(C) := | | T«(C). (1.1.17)
keN

Moreover, when C is combinatorial and augmented, T(C) is also combinatorial (but not
augmented) and its generating series satisfies

1
)= ———. 1.1.18
Gre)t) = 7= 0 ( )
Besides, for any k € N, we denote by T>,(C) the graded collection defined by
T>k(C):= | | Te(C). (1.1.19)
eN
>k

This notation “T” comes from tensor algebras (see Section 1.2.3 of Chapter 2).

Multiset operation. For any k > 0, the k-multiset operation applied to C produces the
graded collection S,(C) such that, for all n € N,

(Sk(C)) (n) := {lx1, ..., xkf 1 x1,...,xp € C, @and |xq| + - -+ + |xx| = n}. (1.1.20)
In other words, each object of size n of S,(C) is a multiset {xy,..., x| of objects of C such
that the sum of the sizes of xy, ..., x is n. The multiset operation applied to C produces

the graded collection S(C) defined by

S(C) := | |sk(C). (1.1.21)
keN

Moreover, when C is combinatorial and augmented, S(C) is also combinatorial (but not
augmented) and its generating series satisfies

1 -t
neN\{0}

#C(n)
Gsic)(t) = ]_[ ( ! > ) (1.1.22)

This notation “S” comes from symmetric algebras (see Section 1.2.4 of Chapter 2).
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Set operation. For any k > 0, the k-set operation applied to C produces the graded
collection E,(C) such that, for all n € N,

(Ep(C)) (n) := {{x1,...,x} C C:|x1| + -+ + |x| = n}. (1.1.23)
In other words, each object of size n of E,(C) is a set {xy,...,x} of objects of C such that
the sum of the sizes of x4, ..., xp is n. The set operation applied to C produces the graded
collection E(C) defined by
E(C):= | | Er(C). (1.1.24)
keN

Moreover, when C is combinatorial, E(C) is also combinatorial and its generating series
satisfies
Geeylt) = [ @+, (1.1.95)
neN\{0}
Unlike the cases of the list and multiset operations, E(C) is a combinatorial collection with-
out requiring that C is augmented. This notation “E” comes from exterior algebras (see
Section 1.2.5 of Chapter 2).

Composition product. For any k > 0 and graded collections Cy, ..., Cg, the homogeneous
composition of C with Cy, ..., Cy is the graded collection C o [Cy, ..., Cg] such that, for all
neN,

(ColCt,...,Cl)(n):= | | {lx,(91,...,9) 91 € C,A <i <k and [ys] + -+ + |y = n}.

xeCl(k)
(1.1.26)
In other words, each object of size n of C o [Cy,...,Ct] is an ordered pair (x, (y1,...,¥r))
where x is an object of C of size k, and (y1,...,¥yx) is a tuple such that each y; is an object

of C;, 1 < i < k, and the sum of the sizes of these objects y; is n. The composition of C4
and C, is the graded collection Cj o Cy such that, for all n € N,

(CroCy)(n):=| | Cio[Cy,...,Co. (1.1.27)
keN T’_/
erms

Moreover, when C; and Cy are both combinatorial and Cy is augmented, C; o Cy is also
combinatorial (but not necessarily augmented) and its generating series satisfies

Geo0,(t) = Ge,(Ge, (1)) (1.1.28)

1.2. Main collections. We define, in some cases by using the operations of Section 1.1.6,
some usual graded combinatorial collections. At the same time, we set here our main nota-
tions and definitions about their objects.

1.2.1. Natural numbers. We can regard the set N as the graded collection satisfying
N(n) := {n} for all n € N. Hence, T({e}) ~ N for an atom e. Moreover, for any k € N, let
N>p be the graded collection defined by

N> := Susg (Sus_p(N)). (1.2.1)
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By definition of the suspension operation over graded collections, N is the set of all integers
greater than or equal to k. Observe that N34 = Aug(N). The generating series of N, satisfies
¢k
-1 7"
Observe also that the list operation over graded collections can be expressed as a composition

involving N since

G, (t) e Rt k2 (1.2.2)

T(C) ~No C (1.2.3)

for any augmented combinatorial graded collection C. Let also, for any x, z € N, the subcol-
lection [x,z]:= {y e N:x < y < z}, and [x] := [1,x]. These examples of graded collections
are among the simplest nontrivial ones.

It is time to provide some notations about natural numbers. For any multiset S :=

1s1,...,sn] of elements of N, we denote by } S the sum s; + --- + s, of its elements. We
moreover denote by S! the mulfinomial coefficient
S + oo+ 8!
si= (2 _ st sat (1.2.4)
S1,...,5n syl .sp!

1.2.2. Words. Let A be an alphabet, that is a set whose elements are called letfers. One
can see A as a graded collection wherein all letters are atoms. In this case, we denote by A*
the graded collection T(A). By definition, the objects of A* are finite sequences of elements
of A. We call words on A these objects. When A is finite, A* is combinatorial and it follows
from (1.1.18) that the generating series of A* is

Ga(t) =) m"t" =1+ mt + m*t* + m*5 + .., (1.2.5)
neN
where m := #A. If u:= (ay,...,a,) is a word on A4, it follows from the definition of A* that

the size |u| of u is n. The ith letfer of u is a; and is denoted by u(i) (and also denoted by
u; in some contexts). For any letter b € A, the number of occurrences |u|p, of b in u is the
cardinality of the set {i € [[u]]: u(i) = b}. The unique word on A of size 0 is denoted by € and
is called empty word. The subcollection A* := Aug(A*) of A* contains all nonempty words on
A. For any n € N, A" denote the subcollection A*(n) of A*. When A is endowed with a total
order < and u is nonempty, maxy(u) is the greatest letter appearing in u with respect to <.
Moreover, an inversion of u is a pair (i, ) such that i < j, u(i) £ u(j), and u(j) < u(i). Given
two words u and v on A, the concafenation of u and v is the word u - v containing from
left to right the letters of u and then the ones of v. If u can be expressed as u = uy - uy - us
where uy, ug, uz € A*, we say that uy (resp. us, up) is a prefix (resp. suffix, factor) of u. We
denote by u <prer V (resp. U <guf V, U <act V) the fact that u is a prefix (resp. suffix, factor)
of v. For any subset P := {p; < --- < pi} of [[u]], ujp is the word u(py)...u(pk). Moreover,
when v is a word such that there exists P C [|u|] satisfying v = ujp, v is a subword of u. The
commutative image of u is the multiset {u(i) : i € [|ul]f. Given two words u and v of the
same size n, the Hamming distance ham(u, v) between u and v is the number of integers
i € [n] such that u(i) + v(i). A language on A is subcollection of A*. A language X on A is
prefix if for all u € £ and v € A%, v < yret u implies v € L.
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1.2.3. Integer compositions. By regarding the set N as a graded collection as explained in
Section 1.2.1, let Comp be the combinatorial graded collection T (N34). It follows from (1.1.18)
and (1.2.2) that the generating series of Comp is
1-2t

Gcompl(t) L) 2m T = 4t 4217 + 415+ 8t + 1617 + 3210 + 647 + - . (1.26)

n>1
By definition, the objects of Comp are finite sequences of positive numbers. We call integer
compositions (or, for short, compositions) these objects. If X := (\4,..., Ag) is a composition,
it follows from the definition of Comp that the size |A| of A is Ay + - -+ + Ax. The length £(X)
of X\ is k, and for any i € [¢(\)], the ith part of X is A;. The unique composition of size 0
is denoted by € and is called empty composition (even if € is already used to express the
empty word, this overloading of notation is not a problem in practice).

The descents set of A is the set
Des()\) = {)\1, A+, e, M F A+ )\k—l}- (127)

For instance, Des(4131) = {4,5,8}. Moreover, for any word u defined on an alphabet A
equipped with a total order <, the composition cmp(u) of u is the composition of size |u]
defined by

) (1.2.8)

whereu =uyg----- uy, is the factorization of u in longest nondecreasing factors (with respect

emp(u) := (Juy

Ug

Jeoey

to the order <). For instance, if u := asasazajasasaias is a word on the alphabet A :=
{ay,ay,az} ordered by a; < as < as, cmp(u) = 3212. When #A > 2, this map cmp is a
surjective collection morphism from A* to Comp.

Integer compositions are drawn as ribbon diagrams in the following way. For each part

A; of A\, we draw a horizontal line of A; boxes. These lines are organized so that the line

for the first part of X is the uppermost, and the first box of the line of the part \;,; is glued

below the last box of the line of the part \;, for all i € [¢(\) — 1]. For instance, the ribbon
diagram of the composition 4131 is

088s

_%'

1.2.4. Integer partitions. Again by regarding the set N as a graded collection as con-

sidered in Section 1.2.1, let Part be the graded combinatorial collection S(N4). Since

(1.2.9)

#N>1(n) =1 for all n > 1, it follows from (1.1.22) that the generating series of Part is

1
Gpan(t) = | | [gr = Lt 20 430 45 L TO 1160+ 15T+ 2260 4 oo (1.240)

n>1

By definition, the objects of Part are finite multisets of positive integers. We call integer
partitions (or, for short, partitions) these objects. As a consequence of the definition of
Part, the size |A| of any partition A is the sum of the integers appearing in the multiset A.
Due to the definition of partitions as multisets, we can present a partition as an ordered
sequence of positive integers with respect to any total order on N3,. For this reason, we
denote any partition A by a nondecreasing sequence (A4, ..., Ax) of positive integers (that is,
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A = A for all i € [k —1]). Under this convention, the length €(A) of A is k, and for any
i € [€(A)], the ith part of A is A;.

1.2.5. Permutations and colored permutations. A permutation of size n is a bijection
o from [n] to [n]. The combinatorial graded collection of all permutations is denoted by &.
The generating series of S is

Gsl(t) = Zn!t" =1+t + 262 + 615 + 24t* + 120¢° + 72015 + 5040t" + 4032013 + .- . (1.2.11)

neN

Any permutation o of &(n) is denoted as a word o(1)...0(n) on N34. Under this convention,
a permutation of size n is a word on the alphabet [n] with exactly one occurrence of each
letter of [n]. The composition operation o of maps forms a binary internal operation on &.

A descent of ¢ is a position i € [|o| — 1] such that o(i) > o(i + 1). The set of all descents
of o is denoted by Des(o). A coinversion of ¢ is an ordered pair of letters (a, b) occurring in
o such that a < b and the position of a is greater than the position of b in 0. The set of all
coinversions of ¢ is denoted by Civ(o). For any word u defined on an alphabet A equipped
with a total order =, the standardized std(u) of u is the permutation of size |u| having the
same inversions as the ones of u. In other terms std(u) has its letters in the same relative
order as those of u, with respect to <, where equal letters of u are ordered from left to right
as the smallest to the greatest. For example, by considering the alphabet N equipped with
the natural order of integers, std(211241) = 412563. This map std is a surjective collection
morphism from N* to &.

This collection & admits the following straightforward generalization. For any ¢ > 1, let
& be the set of all pairs (0, u) where o is a permutation and u is a word of [€]°l. We call
this object an /-colored permutation. The size of (0, u) in 6 is the size of ¢ in &.

1.2.6. Binary trees. Let BT, be the combinatorial graded collection satisfying the relation
BT, = {L} + {e} x BT,?, (1.212)

where 1 is an atomic object called leaf and e is an object of size O called infernal node. We
call binary tree each object of BT,. By definition, a binary tree t is either the leaf L or
an ordered pair (e, (t1, t2)) where t; and t, are binary trees. Observe that this description of
binary trees is recursive. For instance,

L, (e (L, L)), (o ((e,(L, L)), L)), (o (L, (e (L, L)) (o ((e (L, L)) (e (L, 1)), (1213

are binary trees. If t is a binary tree different from the leaf, by definition, t can be expressed
as t = (e, (t,1)) where t; and ty are two binary trees. In this case, t; (resp. tp) is the left

subtree (resp. right subtree) of t. By drawing each leaf by & and each binary tree with at

least one internal node by an internal node ¢ attached below it, from left to right, to its left
and right subtrees by means of edges —, the binary trees of (1.2.13) are depicted by

¥ éﬁ dO:(Oh fﬁ& (1.2.14)
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By definition of the sum and the product operations over graded collections, the size of a
binary tree t satisfies

{1 if t =1,
It| = (1.2.15)
[t1] + |t2] otherwise (t = (o, (t1,to))).

In other words, the size of t is the number of occurrences of L it contains. Since G )(t) =t
and G (t) = 1, it follows from (1.1.10) and (1.1.12) that the generating series of BT, satisfies
the quadratic algebraic equation

t - Gpr, (t) + Gpr, (1)* = 0. (1.2.16)

The unique solution having a combinatorial meaning of (1.2.16) is

1 -1 -4t 1/2n -2\ ,
Gpr,(t) = ——F—— = > - < W1 >t (1.217)
nEN;1
The sequence of integers associated with BT, begins by
1,1,2,5,14, 42,132, 429, (1.2.18)

and is Sequence A000108 of [Slo]. These numbers are known as Cafalan numbers.

1.3. Posets on collections. We consider now collections endowed with partial order
relations compatible with their indexations. Such structures are important in combinatorics
since they lead for instance to the construction of alternative bases of combinatorial spaces
(see Section 1.3 of Chapter 2). We provide general definitions about posets and consider as
examples three important ones: the cube, Tamari, and right weak order posets.

1.3.1. Elementary definitions. An I-poset is a pair (Q, <¢) where Q is an I-collection and
< is both a relation on @ (recall that relations on collections preserve the indices) and a
partial order relation. For any property P of collections, we say that (Q, %) safisfies the
property P if, as a collection, Q satisfies P. Observe in particular that our terminology
concerning graded posets differs from the classical one [Stall] (where a poset is graded
when all its maximal chains have the same length). Moreover, simple posets are usual
posets (that are sets endowed with partial order relations, without extra structure).

The strict order relation of < is the binary relation < on Q satisfying, for all x,y € Q,
x < yifx Xy and x # y. The inferval between two objects x and z of Q is the set
[x,z]:={y € Q:x K¢ ¥ <0 z}. When all intervals of Q are finite, Q is locally finite. Observe
that when Q is combinatorial, Q is locally finite. When Q is finite, the number of intervals of
Q is finite and is denoted by int(Q). For any i € I, an object x of Q(i) is a greatest (resp. least)
element if for all y € Q(i), ¥y <o x (resp. x <o ¥). Moreover, for any i € I, an object x of
(i) is a maximal (resp. minimal) element if for all y € Q(i), x <o ¥ (resp. ¥ <o x) implies
x = y. The partial binary operation min (resp. max) with respect to the order < is denoted
by T¢ (resp. lg). If x and y are two objects of Q, y covers x if x <¢ y and [x,y] = {x,¥}.
Two objects x and y are comparable (resp. incomparable) in Q if x <o ¥ or y <o x (resp.
neither x <o ¥ nor y <o x holds). If for any i € I and any i-objects x and y of O, x and y are
comparable, Q is a fotal order. A chain of Q is a sequence (xy,...,x,) such that x; <o xj.1
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for all j € [k — 1]. An antichain of Q is a subset of pairwise incomparable elements of Q. A
linear extension of Q is an I-poset (', <(,) being a total order and such that <, contains <o
as a relation. An order filter of Q is a subset & of Q such that for all x €¢ & and all y € Q
satisfying x <o ¥, ¥ is in &. For any i € I, the i-subposet of Q is the poset obtained by
restricting < on Q(i). The Hasse diagram of (Q, <o) is the directed graph having Q as set
of vertices and all the pairs (x,y) where y covers x as set of arcs.

We shall define posets Q by drawing Hasse diagrams, where minimal elements are drawn
uppermost and vertices are labeled by the elements of . For instance, the Hasse diagram

®© @
G @ (1.3.1)

denotes the simple poset ([6], x) satisfying among others 3 x5 and 2 < 6.

The dual of Q is the poset (Q, <o) such that x<oy holds whenever y <o x forany x,y € Q.
Besides, if (91, <q,) and (2, <q,) are two posets, a map ¢ : Q; —» Q, is a poset morphism if
¢ is a collection morphism and for all x,y € O such that x <o, ¥, ¢(x) <0, ¢(¥). Besides, @
is a subposet of @ if Q9 is a subcollection of O and <, is the restriction of <, on Q.

Let us state the following easy lemma, used for instance in Chapter 6.

LEMMA 1.3.1. Let Oy and Qy be two posets and ¢ : Q; — Qo be a morphism of posets.
Then, for all comparable objects x and y of Oy,

1.3.2. Patterns. Let (01, <q,) and (Qg, <q,) be two posets. We say that Q; admits an oc-
currence of (the pattern) @y if there is an isomorphism of posets ¢ : Q] — O where Q] is a
subposet of ;. Conversely, we say that Q; avoids @, if there is no occurrence of @, in ;.
Since only the isomorphism class of a pattern is important to decide if a poset admits an
occurrence of it, we shall draw unlabeled Hasse diagrams to specify patterns. For instance,
the simple poset

(1.3.3)

admits two occurrences of the simple pattern

(@), (1.3.4)

a first one since 1 0 2, 1 <0 4 2 <9 5, and 4 < 5, and a second one since 1 <0 3, 1 <0 4,
3 <05, and 4 %o 5. Moreover, Q avoids the simple pattern

00o0 (1.3.5)
since Q has no antichain of cardinality 3.

We call forest poset any finite simple poset avoiding the pattern OUQ In other words, a
forest poset is a poset for which its Hasse diagram is a forest of rooted trees (where roots
are the minimal elements).
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LEMMA 1.3.2. Let Q be a forest poset and x, y, and z be three elements of Q such that
x and y are comparable and y and z are comparable. Then, x 1o ¥ To z is a well-defined
element of Q.

1.3.3. Examples. We consider here three well-known combinatorial posets.

The cube poset. Let < be the partial order relation on the combinatorial collection Comp
of compositions generated by the covering relation ® defined, for any composition A of
length k, by

()\1:---:)\i—i'Ai:AiJri:)\HQ:---:)\k) R (A1,...,>\i;1,)\i + )\i+1:>\i+2:---r)\k) . (136)

For instance, 2123 < 215 and 2123 < 8. This order is the refinement order of compositions.
The Hasse diagram of (Comp, X) restricted on Comp(4) is shown in Figure 1.1.

FIGURE 1.1. The Hasse diagram of the refinement order of compositions of
size 4, where each composition is represented through its ribbon diagram.

Observe that for all compositions A and pu, A < p if and only if Des(u) C Des(A).
Each n-subposet of the refinement order of compositions is known as the cube poset of
dimension n — 1. Moreover, the cube poset of dimension n — 1 is isomorphic to the dual of
the poset of all subsets of [n — 1] ordered by set inclusion. An isomorphism is provided by
the map Des sending a composition of size n to a subset of [n —1].

The Tamari order on binary trees. Let < be the partial order relation on the combina-
torial collection BT, of binary trees generated by the covering relation ® defined by

(. .. (O, ((o, (t1, tQ)), ts)) PN ) R ( .. (0, (t1, (0, (tg, ‘ts)))) PN ), (1.3.7)

where t1, 1o, and vz are any binary trees. We call R the right rotation relation. At this
moment, the definition of this relation on binary trees is informal, but, in Section 2.4, we
shall develop precise tools to define and handle such operations on binary trees and more
generally on syntax trees. The order < is the Tamari order on binary trees. The Hasse
diagram of (BT, <) restricted on BT, (5) is shown in Figure 1.2.
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FiGURE 1.2. The Hasse diagram of the Tamari poset of binary trees of size 5.

The Tamari poset is a combinatorial poset on binary trees introduced in the study of
nonassociative operations [Tam62]. Indeed, the covering relation generating this poset can be
thought as a way to move brackets in expressions where a nonassociative product intervenes.
Moreover, seen on binary trees, this operation translates as a right rotation, a fundamental
operation on binary search trees, used in an algorithmic context [Knu98]. This operation is
used to maintain binary trees with a small height in order to access efficiently, from the roots,
to their internal nodes. Some of these trees are known as balanced binary trees [AVL62]
and form efficient structures to represent dynamic sets (sets supporting the addition and
the suppression of elements). A lot of properties of the Tamari poset are known, like the
number of intervals of each of its n-subposets [Cha06] (equivalently, this is the number
of pairs of comparable trees enumerated by their size), and the fact that these posets are
lattices [HT72], for all n € N34. Generalizations of this poset have been introduced by
Bergeron and Préville-Ratelle [BPR12] under the name of m-Tamari poset. This poset is
defined on the combinatorial collection of all m+1-ary trees (see Section 2.2.2). The number
of intervals of each of its n-subposets, and the fact that these posets are lattices are known
from [BMFPR11], for all n € N34.

The right weak order on permutations. Let < be the partial order relation on the com-
binatorial collection & of permutations generated by the covering relation & defined by

uabv R ubav, (1.3.8)
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where u and v are words on N34, and a and b are letters such that a < b. This order is the
right weak order of permutations. The Hasse diagram of (S, ) restricted on &(4) is shown
in Figure 1.3.

12f4
2134 1324 1243
T > T
2314 3124 2143 1342 1423
SN S T S TN
2341 3214 2413 3142 4123 1432
NHAKL S XK SN S
3241 2431 3412 4213 4132
I
3421 49231 4312
\ /
43121

FIGURE 1.3. The Hasse diagram of the right weak poset of permutations of size 4.

The right weak poset of permutations is also a lattice [GR63,Y069]. In a surprising way,
despite its apparent simplicity, there is no known description of the number of intervals of
each n-subposet, n € N, of the right weak poset. Some other combinatorial poset structures
exist on G like the Bruhat order, whose generating relation is similar to the one of the right
weak poset. The definition of the Bruhat order on permutations comes from the general
notion of Bruhat order [Bjo84] in Coxeter groups [Cox34].

As a last noteworthy fact, the cube, the Tamari, and the right weak posets are linked
through surjective morphisms of combinatorial posets [LR02]. Indeed, a map between the
right weak poset to the Tamari poset is based upon the binary search tree insertion algo-
rithm [Knu98, HNTO05]. This algorithm consists in inserting the letters of a permutation to
form step by step a binary tree. Moreover, a map between the Tamari poset to the cube
poset uses the canopies [LR98] of the binary trees. The canopy of a binary tree is a binary
word encoding the orientations (to the left or to the right) of its leaves.

1.4. Rewrite systems on collections. A rewrite rule describes a process whose goal is
to transform iteratively a combinatorial object into another one. We consider rewrite rules
on [-collections, so that an i-object, i € I, can be transformed only into i-objects. As we shall
see, rewrite rules and posets have some close connections because it is possible, in some
cases, to construct posets from rewrite systems. A general reference about rewrite rules
and rewrite systems is [BN98].
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Two properties of rewrite systems are fundamental: the termination and the confluence.
We provide strategies to prove that a given rewrite system satisfies one or the other.

1.4.1. Elementary definitions. Let C be an I-collection. An [-rewrife system is a pair
(C,=) where C is an I-collection and = is a relation on C. We call = a rewrite rule. For
any property P of collections, we say that (C,=) satisfies the property P if, as a collection,
C satisfies P. If x, 34, ..., ¥x, and x’ are objects of C such that k € N and

XSy ===, (1.4.1)

we say that x is rewritable by = into x’ in k + 1 steps. The reflexive and transitive closure
of = is denoted by =. The directed graph (C,=) consisting in C as set of vertices and =
as set of arcs is the rewriting graph of (C,=).

1.4£.2. Termination. When there is no infinite chain
X1 = X9 = X3 = +-" (142)

where all x; € C, j € N3y, (C,=) is terminating. Observe that, if C is combinatorial, due
to the fact that for any i € I, each set C(i) is finite and the fact that the rewriting relation
preserves the indices, if an infinite chain (1.4.2) exists, then it is of the form

X=X A=, (143)

for a j € N>4. A normal form of (C,=) is an object x of C such that for all x’ € C, x = x!
imply x’ = x. In other words, a normal form of (C,=) is an object which is not rewritable
by =. This set of objects, which is a subcollection of C, is denoted by % . The following
result provides a tool in the aim to show that a rewrite system is terminating.

LEMMA 1.4.1. Let (C,=) be a combinatorial rewrite system. Then, (C,=>) is terminating
if and only if the binary relation = is an order relation and endows C with a structure
of a combinatorial poset.

In practice, Lemma 1.4.1 is used as follows. To show that a combinatorial rewrite system
(C,=) is terminating, we construct a map 6 : C — Q where (O, x) is an I-poset such that for
any x,x’ € C, x = x’ implies 6(x) < 6(x’). Such a map 0 is a fermination invariant. Indeed,
since each C(i), i € I, is finite, this property leads to the fact that there is no infinite chain of
the form (1.4.3). In most cases, Q is a set of tuples of integers of a fixed length, and < is the
lexicographic order on these tuples.

In [BN98], a general method using maps called measure functions to show that (not
necessarily combinatorial) rewrite systems are terminating is presented.

When C is combinatorial and = is terminating, by Lemma 1.4.1, (C,=>) is a combinatorial
poset and we call it the poset generated by =.
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1.4.3. Confluence. When for any objects x, y1, and y» of C such that x = vy and x = vy,
there exists an object x’ of C such that y; = x’ and y» = x’, the rewrite system (C,=) is
confluent. An object x of C is a branching object if there exist two different objects y; and
yo satisfying x = 3y and x = y,. In this case, the pair {y1,¥y2} is a branching pair for x.
We say that a branching pair {y1,¥y9} is joinable is there exists an object z of C such that
vi = z and yy = z. In practice, showing that a terminating rewrite system is confluent is
made simple thank to the following result, known as the diamond lemma.

LEMMA 1.4.2. Let (C,=) be a rewrite system. If (C,=) is terminating and all of its
branching pairs are joinable, (C,=) is confluent.

Lemma 1.4.2 is a highly important result in the theory of rewrite systems and is due
to Newman [New42]. There are some additional useful tools in this theory like the Knuth-
Bendix completion algorithm [KB70]. This semi-algorithm takes as input a non-confluent
rewrite system and outputs, if possible, a confluent one having the same reflexive, symmetric,
and transitive closures.

When = is both terminating and confluent, = is convergent.

1.4.4. Closures. Let (C,=) be an [-rewrite system and assume that C is endowed with
a set & of +-compatible products, where + is an associative binary product on I. Then, let
(C,=¢) be the rewrite system such that =¢ contains = (as a binary relation) and satisfies

* (Xt e s Xty ¥ Xt e Xp) = * (X4, e, Xt ¥ Xt Xp) (1.4.4)

for any product x of arity p of &, j € [p], x, € C, € € [p]\ {j}, ¥,¥' € C such that y = v/,
and when both members of (1.4.4) are defined (because the products of & can be partial, see
Section 1.1.5). The fact that all products x of & are +-compatible ensures that (C,=¢) is a
rewrite system. We call (C,=¢) the P-closure of (C,=). Such closures provide convenient
and concise ways to define rewrite systems.

1.45. Examples. Let us review some examples of rewrite systems on various combina-
torial sets.

A rewrite rule on words. Let A := {a,b} be an alphabet, and consider the rewrite system
(A*,=) defined by
u(l)...u(n — Yu(ln)= uln)u(1)...uln - 1) (1.45)
for any u € A" and n € N3,. We have for instance

aaba = aaab = baaa = abaa = aaba. (1.4.6)

This rewrite system is not terminating but, since for each word u € A* there is at most a
word v € A* satisfying u = v, (A*,=) is confluent.

Let also be the rewrite system (A*,=) defined by aba = bab. Consider the ternary
product x on A* defined by x(u,v,w) := u-v-w where - is the concatenation product of
words. Let (A*, =) be the P-closure of (A*,=) where &P := {x}. By definition of closures,
=¢ satisfies

aba =¢ bab, (1.4.7a)
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aba-v-w=¢bab-v-w, (1.4.7b)
u-aba-w=¢ u-bab-w, (1.4.7¢)
u-v-aba=g u-v-bab, (1.4.7d)

for any words u, v, and w on A. All this is equivalent to the fact that =¢ is the rewrite rule
satisfying

u-aba-w =g u-bab-w, (1.4.8)
for any words u and w on A. The rewrite system (A*,=¢) is terminating since, for any
words u and v on A4, if u =¢ v, then |v|, = |u], + 1. Hence, the map 0: A" — [0, n] defined
for any n € N and u € A" by 6(u) := |u|p is a termination invariant. The normal forms of
(A*,=¢) are the words that do not admit aba as factor. Moreover, (A*, =) is not confluent
since ababa = ¢ babba and ababa =¢ abbab, and {babba, abbab} is a non-joinable branching
pair for ababa (since these two elements are normal forms).

2. Collections of trees

This section is devoted mainly to set all basic definitions about trees used in this work.
We define here the collection of planar rooted trees and present some of its properties. We
then consider enrichments of planar rooted trees, namely the syntax trees. These are one
of the most important objects in this work since bases of free operads are indexed by syntax
trees. Moreover, rewrite systems on syntax trees are reviewed. These rewrite systems are
a major tool to study operads since they allow to establish presentation by generators and
relations, or the Koszulity of an operad.

2.1. Planar rooted trees. The graded combinatorial collection of the planar rooted trees
can be defined concisely in a recursive way by using some operations over graded combi-
natorial collections (see Section 1.1.6). However, to define rigorously the usual notions of
internal node, leaf, child, father, path, subtree, etc.,, we need the notion of language asso-
ciated with a tree. Indeed, a planar rooted tree is in fact a finite language satisfying some
properties. Therefore, in this section, we shall adopt the point of view of defining most of
the properties of a planar rooted tree through its language.

2.1.1. Collection of planar rooted trees. Let PRT be the graded combinatorial collection
satisfying the relation

PRT = {e} x T(PRT) 2.1.41)
where e is an atomic object called node. We call planar rooted free each object of PRT.
By definition, a planar rooted tree t is an ordered pair (e, (t;,...,t)) where (t,...,t) is a

(possibly empty) tuple of planar rooted trees. This definition is recursive. By convention, the
planar rooted tree (e,()) is denoted by L and is called the leaf. Observe that the leaf is of
size 1. For instance,

L (e (L)), (e(L, L)), (o (L, (o (L)), (o ((o((e, (L, L)), L (e (L, L)) (2.1.2)

are planar rooted trees. The root arity of a planar rooted tree t := (o, (t1,...,t)) is k.
If t is a planar rooted tree different from the leaf, by definition, t can be expressed as
t=(o,(t,...,t)) where k > 1 and all ;, i € [k], are planar rooted trees. In this case, for any
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i € [k] t; is the ith suffix subfree of t. Planar rooted trees are depicted by drawing each leaf
by 4 and each planar rooted tree different from the leaf by a node ¢ attached below it, from
left to right, to its suffix subtrees t4, ..., tx by means of edges —. For instance, the planar
rooted trees of (2.1.2) are depicted by

o p Py ﬁ 013

By definition of the product and the list operations over graded collections (see Sec-
tion 1.1.6), the size of a planar rooted tree t having a root arity of k satisfies

=1+ Jtel. (2.1.4)

ic[k]

In other words, the size of t is the number of occurrences of e it contains. We also deduce
from (2.1.1) that the generating series of PRT satisfies

t
gPRTU) = TPRT“) (215)

so that it satisfies the quadratic algebraic equation
t — Gppr(t) + Gpre(t)* = 0. (2.1.6)

2.1.2. Induction and structural induction. One among the most obvious techniques to
prove that all the planar rooted trees of a subcollection C of PRT satisfy a predicate P consists
in performing a proof by induction on the size of the trees of C.

There is another method which is in some cases much more elegant than this approach,
called structural induction on trees. A subcollection C of PRT is inductive if C is nonempty
and, if t € C, all suffix subtrees t; of t belong to C. Observe in particular that L belongs to
any inductive subcollection of PRT.

THEOREM 2.1.1. Let C be an inductive subcollection of PRT and P be a predicate on C.
If
(i) the leaf L satisfies P;
(ii) for any t;,...,t, € C such that t := (e, (t1,...,t)) belongs to C, the fact that all
P(t;), i € [k], hold implies that P(t) holds;

then, all objects of C satisfy P.

Theorem 2.1.1 provides a powerful tool to prove properties P of planar rooted trees
belonging to inductive combinatorial subsets C. In practice, to perform a structural induction
in order to show that all objects t of C satisfy P, we check that C is inductive and that
Properties (i) and (ii) of Theorem 2.1.1 hold.
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2.1.3. Links with binary trees. As a consequence of (2.1.6), we observe that the gener-
ating series of PRT satisfies the same algebraic relation as the one of the graded collection
BT, of binary trees where the size of a binary tree is its number of leaves (defined in Sec-
tion 1.2.6). Therefore, PRT and BT, are isomorphic as graded collections. Let us describe
an explicit isomorphism between these two collections. Let ¢ : PRT — BT, be the map
recursively defined, for any planar rooted tree t, by

(2.1.7)

olt) i {Le BT, if t=1,
© (e (d(t1), D (e, (ta, ..., 1)) otherwise (t = (o, (tr, ts, ..., t)) with k > 1).

One has for instance

JISEN

¢ = . (2.1.8b)

PRropPOSITION 2.1.2. The graded combinatorial collections PRT and BT, are isomorphic.
The map ¢ defined by (2.1.7) is an isomorphism between these two collections.

This bijection is known as the rotation correspondence and is due to Knuth [Knu97]. It
offers a means to encode a planar rooted tree by a binary tree and admits applications in
algebraic combinatorics [NT13, EFM14].

2.1.4. Tree languages. To rigorously specify nodes in planar rooted trees, we shall use a
useful interpretation of planar rooted trees as special languages on the alphabet N 4. Recall
that a right monoid action of a monoid A* of words (endowed with the concatenation product)
onasetSisamap-:S x A* —» S satisfying x-e =x and x-ua = (x-u)-a, forallx € S,
u € A%, and a € A. Let

.:PRT x N%, — PRT (2.1.9)

be the right partial monoid action defined recursively by

S, .t ifu=e¢,

(o, (b1, ) | (e ) (2.1.10)
ti-v otherwise (u = iv where v € N%, and i € N34),

for any (e, (t1,...,t)) € PRT and u € N%,. Observe that this action is partial since each ¢;

in (2.1.10) is well-defined only if i is no greater than the root arity of t. The tree language
N'(t) of t is the finite language on N34 of all the words u such that t- u is a well-defined
planar rooted tree.
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For instance, by setting

ti= , (2.1.11)

we have

tel=d, t-251=4 t-3=a4, t-21=ﬁ\j, ©25= o, (2.1.12)

and, among others, the actions of the words 11, 24, and 2321 on t are all undefined. Moreover,
the tree language of t is

N(¢t) = {e,1,2,21,211, 2111, 2112, 22, 23,231,232, 3 }. (2.1.13)

Let Lprr be the graded combinatorial collection of all finite and nonempty prefix lan-
guages £ on Ny such that if ui € £ where u € NY, and i € N3o, ui’ € £ where i':=1 - 1.
The size of such a language is its cardinality. For instance, the set N'(t) of (2.1.13) is an object
of size 12 of Lprr, and {€,1,11,12,2} is an object of size 5.

PRrOPOSITION 2.1.3. The graded combinatorial collections PRT and Xpgrr are isomorphic.
Seen as a morphism of combinatorial collections N : PRT — Lppr, N is an isomorphism
between these two collections.

Proposition 2.1.3 is used in practice to define planar rooted trees through their languages.
This will be useful later when operations on planar rooted trees will be described.

2.1.5. Additional definitions. Let t be a planar rooted tree. We say that each word of
N'(t) is a node of t. A node u of t is an internal node if there is an i € N3¢ such that ui is a
node of t. A node u of t which is not an internal node is a leaf. The set of all internal nodes
(resp. leaves) of t is denoted by N,(t) (resp. N\ (t)). The root of t is the node € (which can
be either an internal node or a leaf). The degree deg(t) of t is #N,(t) and the arity ari(t) of
tis #N | (t). A node u of t is an ancestor of a node v of t if u + v and u <yt v. Moreover,
v is the ith child of u if v = ui for an i € N34. In this case, u is the (unique) father of v.
The arity of a node is the number of children it has. Two nodes v and v’ of t are brothers
if there exist a node u of t and i # i’ € N34 such that v is the ith child of u and v’ is the i'th
child of u. The lexicographic order on the words of N'(t) induces a total order on the nodes
of t called depth-first order. The ith leaf of t is the ith leaf encountered by considering the
nodes of t according to the depth-first order. A secfor of t is an ordered pair (u;, u;41) of
leaves of t such that u; (resp. u;,q) is the ith (resp. i+1st) leaf of t. The number of sectors
of t is denoted by A(t) and is equal to ari(t) — 1. A path in t is a sequence (uy, ..., u) of nodes
of t such that for any j € [k — 1], u; is the father of u;,4. Such a path is maximal if uy is
the root of t and uy, is a leaf. The length of a path is the number of nodes it contains. The
height ht(t) of t is the maximal length of its maximal paths minus 1. This is also the length
of a longest word of N’(t) minus 1. When all maximal paths of t have the same length, t is
perfect. For any node u of t, the planar rooted tree t- u is the suffix subtree of t rooted
at u. By extension, the ith suffix subfree of u is the planar rooted tree t- ui when i is no
greater than the arity of u. A planar rooted tree s is a prefix subtree of t if N'(s) C N'(t). A
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planar rooted tree s is a factor subtree of t rooted at a node u if s is a prefix subtree of a
suffix subtree of t rooted at u. The posef induced by t is the poset (Qy, <() where Q := N,(t)
and < is the prefix order relation <.t on words. In other terms, the poset induced by t is
a poset on the internal nodes of t where t is its Hasse diagram wherein the root is the least
element.

Let us provide some examples for these notions. Consider the planar rooted tree t
of (2.1.11). Then,

N.(6) = {€,2,21,211,23}, (2.1.14a)
NL(t) = {1,2111,2112,22,231,232,3}, (2.1.14b)

so that deg(t) = 5 and ari(t) = 7. Besides, the sequences (€, 2,21) and (€, 2, 23) are nonmaximal
paths in t, and on the contrary, the paths (€, 1), (€,2,21,211,2112), and (€, 2,22) are maximal.
The maximal path (€,2,21,211,2112) have a maximal length among all maximal paths of t
and hence, the height of t is 4. In the poset induced by t, one has € < 2 <¢ 21 < 211 and
€ < 2 < 23. Finally, the planar rooted tree

5= (2.1.15)

is a prefix subtree of t, and, the planar rooted tree

vi= ifg\: (2.1.16)

being a suffix subtree of s rooted at the node 2, is a factor subtree of t rooted at 2.

2.2. Subcollections of planar rooted trees. By basically restraining the possible arities
of the internal nodes of planar rooted trees, we obtain several subcollections of PRT. We re-
view here the families formed by ladders, corollas, k-ary trees, and Schroder trees. Besides,
among these families, some admit alternative size functions.

2.2.1. Ladders and corollas. A ladder is a planar rooted tree of arity 1. The first ladders

6 6. % é . (2.2.4)

This set of ladders forms a subcollection Lad of PRT. Besides, a corolla is a planar rooted
tree of degree 1. The first corollas are

o A f A (2.2.2)

This set of corollas forms a subcollection Cor of PRT. Observe that (e, (1)) is the only planar

are

rooted that is both a ladder and a corolla.
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2.2.2. k-ary trees. Let k € N34. A k-ary tree is a planar rooted tree t such that all internal
nodes are of arity k. For instance, the first 3-ary trees are

Log ﬁ Eﬁ\?’ % (2.2.3)

This set of k-ary trees forms a subcollection Ary(k) of PRT expressing recursively as
3
Ary®) = [1} + {o} x Arg®", (2.2.4)
where 1 and e are both atomic. One can immediately observe that Ar’y(i) = Lad.

By structural induction (see Theorem 2.1.1) on Ary®) (which is an inductive subcollection
of PRT), it follows that for any k-ary tree t, the arity and the degree of t are related by

ari(t) — deg(t)(k — 1) = 1. (2.2.5)

This implies that a k-ary tree of a given arity has an imposed degree and conversely, a k-
ary tree of a given degree has an imposed arity. Hence, since the size of a k-ary tree t is
ari(t) + deg(t) and there are finitely many planar rooted trees of a fixed size, there are finitely
many k-ary trees of a fixed arity, and there are finitely many k-ary trees of a fixed degree.
As a consequence, the graded collections Ary(f) and Ary(,k) of all k-ary trees such that the size
of a tree of Ary(f) is its arity and the size of a tree of Ary(,k) is its degree are combinatorial.
Observe that Ary(f) ~ BT, where BT, is defined in Section 1.2.6. Moreover, the generating
series of Ary(,k) satisfies the algebraic equation

1= Gpn(t) + 5w (1) = 0. (2.2.6)
and it is known [DM47] that

#Ary®)(n) = m <k:>. (2.2.7)

For instance, the sequences of integers associated with Ary'¥) begin with
1,1,1,1,1,1,1,1, k=1, (2.2.8a)
1,1,2,5,14, 42,132,429, 1430, k=2, (2.2.8b)
1,1,3,12,55,273,1428, 7752, 43263, k=3, (2.2.8¢)
1,1,4,22,140,969, 7084,53820, 420732, k=4 (2.2.8d)

The second, third, and fourth sequences are respectively Sequences A000108, A001764,
and A002293 of [Slo]. These are known as the Fuss-Catalan numbers.

From now on, we call binary tree any 2-ary tree. If t is a binary tree and u is an internal
node of t, ul and u2 are nodes of t. We call ul (resp. u2) the left (resp. right) child of u,
and t-ul (resp. t-u?2) the left (resp. right) subtree of u in t. The left (resp. right) subtree
of t is the left (resp. right) subtree of the root of t. Besides, a left (resp. right) comb tree is
a binary tree t such that for all internal nodes u of t, all right (resp. left) subtrees of u are
leaves. The infix order induced by t is the total order on the set of its internal nodes defined
recursively by setting that all the internal nodes of t-1 are smaller than the root of t, and
that the root of t is smaller that all the internal nodes of t- 2.
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2.2.3. Schréder trees. A Schroder tree is a planar rooted tree such that all internal nodes
are of arities 2 or more. Some among the first Schroder trees are

AR Y PR e g R AR
This set of Schroder trees forms a subcollection Sch of PRT expressing recursively as
Sch = {1} + {8} x T>5(Sch), (2.2.10)
where 1 and e are both atomic.

By structural induction on Sch (which is an inductive subcollection of PRT), it follows
that there are finitely many Schroder trees of a given arity n. For this reason, the graded
collection Sch,; of all the Schroder trees such that the size of a tree of Sch; is its arity is
combinatorial. Conversely, considering the degrees of the trees for their sizes does not form
a combinatorial graded collection since there are infinitely many Schroder trees of degree
1 (the corollas). The generating series of Sch satisfies the algebraic quadratic equation

t — (1 + t)Gsen, () + 2Gsen, (1)* = 0. (2.2.11)

Let nar(n, k) be the number of binary trees of arity n having exactly k internal nodes having
an internal node as a left child. Then, for all 0 < k < n — 2, it is known [Nar55] that

1 n-2\/n-1
nar(n, k) = Bl < 1 > < b > (2.2.12)
These are Narayana numbers. The cardinalities of the sets Sch, (n) hence express by
#Schy(n) = Y 2% nar(n, k), (2.2.13)
ke[0,n—2]

for all n € N>o. The sequence of integers associated with Sch; begins by
1,1,3,11, 45,197,903, 4279, (2.2.14)
and forms Sequence A001003 of [Slo].

2.3. Syntax trees. We are now in position to introduce syntax trees. Such trees are,
roughly speaking, planar rooted trees where internal nodes are labeled by objects of a fixed
graded collection. These trees can be endowed with two size functions (where the size is the
degree or the arity), leading to the definition of two graded collections of syntax trees.

2.3.1. Collections of syntax trees. Let C be an augmented graded collection. A synfax
free on C (or, for short, a C-synfax tree) is a planar rooted tree t endowed with a map
w¢ : No(t) —» C sending each internal node u of t of arity k to an element of size k of C.
This map w; is the labeling map of t. We say that an internal node u of t is labeled by
x € C if w¢(u) = x. The collection C is the labeling collection of t. The underlying planar
rooted tree of t is the planar rooted tree obtained by forgetting the map w;. For any x € C,
the corolla labeled by x is the C-syntax tree © (x) having exactly one internal node labeled
by x and with |x| leaves as children. All the notions about planar rooted trees defined in
Sections 2.1 and 2.2 apply to C-syntax trees as well. More precisely, for any property P on
planar rooted trees, we say that t satisfies the property P if the underlying planar rooted
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tree of t satisfies P. Moreover, the notions of suffix, prefix, and factor subtrees of planar
rooted trees naturally extend on C-syntax trees by taking into account the labeling maps. In
graphical representations of a C-syntax tree t, instead of drawing each internal node u of t

by o, we draw u by its label w(u).

For instance, consider the labeling collection C := C(1)U C(2) LU C(3) where C(1) := {a,b},
C(2) := {c}, and C(3) := {d, e}, and the planar rooted tree

ti= . (2.3.1)

By endowing t with the labeling map defined by wi(€) := e, w(2) := d, w¢(21) := a, w(211) := ¢,
and w¢(23) := ¢, t is a C-syntax tree. This C-syntax tree is depicted more concisely as

~ (2.3.2)

We denote by PRTC the graded collection of all the C-syntax trees, where the size of a C-
syntax tree t is the size of its underlying planar rooted tree in PRT. When C is additionally
combinatorial, by structural induction on planar rooted trees, it follows that for any t €
PRT, there are finitely many labeling maps w; for t. For this reason, PRTC is in this case
combinatorial. Besides, let Lad®, Cor®, Ary<k)'c, and Sch® be respectively the subcollections
of PRTC consisting in the C-syntax trees whose underlying planar rooted trees are ladders,
corollas, k-ary trees, and Schréder trees. The concepts of inductive subcollections of PRT®
and of structural induction presented in Section 2.1.2 extend obviously on C-syntax trees.

2.3.2. Alternative definition and generating series. The graded collection PRT® can be
described as follows. Let S€ be the graded collection satisfying the relation

SC€ = {L}+ {e} x (CoS) (2.3.3)

where both 1 and e are atomic, and o is the composition product over combinatorial collec-
tions defined in Section 1.1.5. Then, the combinatorial collections PRT® and S€ are isomor-
phic through the map ¢ : PRT® — §€ of combinatorial collections recursively defined, for
any t € PRTC of root arity k, by

(2.3.4)

c g
B(0) 1 {J_ES ift=1,

(o, (wel€), (Pty), ..., d(tg)))) otherwise.

From this equivalence and (2.3.3), we obtain, when C is combinatorial, that the generating
series of PRTC satisfies

ngTc(l‘) =t+tGc (ngTc(f)) ’ (2.3‘5)



48 1. COMBINATORICS

where G¢(t) is the generating series of C. For instance, by considering the combinatorial
collection C defined above, we have G(t) = 2t + t2 + 2t3, so that

t+ (2t —1)Gppre(t) + tGppre(t)® + 2tGppre(t)® = 0. (2.3.6)

2.3.3. Subcollections of syntax trees. For well-chosen augmented combinatorial collec-
tions C, it is possible to recover a large part of the families of planar rooted trees described
in Section 2.2. Indeed, one has PRT>! ~ PRT, PRT">2 ~ Sch, and, when e}, is an object of
size k € N3y, PRT{*/ ~ Ar'y(k).

2.3.4. Alternative sizes. Let PRT¢ be the graded collection of all the C-syntax trees such
that the size of a tree is its arity. One has PRT¢ ~ S where S€ is the graded collection
defined in (2.3.3) wherein L is atomic and e is of size 0. When C is combinatorial, augmented,
and has no object of size 1, we can show by structural induction on PRTE that there are
finitely many C-syntax trees of a given arity n. For this reason, PRTE is combinatorial. In
this case, the generating series of PRTS satisfies

Gppre(t) = t + G (gmf(t» . (2.3.7)

Let also PRTS be the graded collection of all the C-syntax trees such that the size of a
tree is its degree. One has PRT,C ~ §C where S€ is the graded collection defined in (2.3.3)
wherein e is atomic and 1 is of size 0. When C is augmented and is finite, we can show by
structural induction on PRTY that there are finitely many C-syntax trees of a given degree n.
For this reason, PRT¢ is combinatorial. In this case, the generating series of PRTS satisfies

Gpprc(t) = 1+t G (gmg(t)) : (2.3.8)

Observe that PRT¢ is not an augmented graded collection.

2.4. Syntax tree patterns and rewrite systems. We focus now the theory of rewrite
systems on the particular case of syntax trees. Intuitively, a rewrite rule on syntax trees
works by replacing factor subtrees in a syntax tree by other ones. We explain techniques to
prove termination and confluence of these particular rewrite systems.

2.41. Occurrence and avoidance of patterns. Let C be an augmented graded collection,
and s and t be two C-syntax trees. For any node u of {, s occurs at position u in t if s is a
factor subtree of t rooted at u. In this case, we say that t admits an occurrence of the pattern
5. Conversely, t avoids s if there is no occurrence of s in t. By extension, t avoids a set P
of C-syntax trees if t avoids all the patterns of P. For instance, consider the combinatorial
collection C := C(2) U C(3) where C(2) := {a,b} and C(3) := {c}, and the C-syntax tree

b
c/ \b
f:i= /1N AN (2.4.1)
a b a c
/\ N /N /N
b
/\
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Then, t admits an occurrence of

/1N (2.4.2)

at position 1 and two occurrences of

a (2.4.3)

at positions 11 and 21.

2.4.2. Grafting of syntax trees. Let t be a C-syntax tree of arity n, i € [n], and s be a
C-syntax tree. The grafting of s onto the ith leaf u of t is the C-syntax tree v := to; s defined
as follows. The underlying planar rooted tree of v admits the tree language

N):=( N\ {u}p)U{uv:ve N(s)}, (2.4.4)
and the labeling map of t satisfies, for any w € N, (t),

ou(w) = {wt(w) if we N,(t), (2.45)

ws(v) otherwise (w = uv and v € N, (s)).

Observe that by Proposition 2.1.3, v is wholly specified by its tree language N'(tr) defined
in (2.4.4). In more intuitive terms, the tree t is obtained by connecting the root of s onto the
ith leaf of t. For instance, by considering the same labeling collection C as above,

1 ' ¢
b PN
s, (|:\ o3 VRN = a b (24.6)
a a c AR
/\ /N /N a C
/NN
The operations o; thus defined are binary products
o; : PRTC x PRT¢ — PRTY¢ (2.4.7)

on PRTY, in the sense of Section 1.1.5. We call each o; a grafting operation. Since, for any
C-syntax trees t and s, and i € [ari(t)],

ari(t o; s) = ari(t) + ari(s) — 1, (2.4.8)

these operations are +-compatible for the product + defined by n+m := n + m — 1 for all
n,mec N>1.

2.4.3. Complete grafting of syntax trees. Let t be a C-syntax tree of arity n, and let s,
..., 5, be C-syntax trees. The complete grafting of s, ..., s, onto t is the C-syntax tree
oM(t,sy,...,s,) defined by

o™ (t,81,...,8p) := (... ((tOpn Sn) On_1 Sn_t)...) 01 51. (2.4.9)
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In more intuitive terms, the tree o™ (t,51,...,5y) is obtained by connecting the root of each s;
onto the ith leaf of t. For instance, by considering the same labeling collection C as before,

. : c
. . AN
o) ’ T\ , oa o, /$\ , b = a c b . (2.4.10)
a VRN a .o 7\ /'N\ /\
o a /a\ /a\
The operations o™ thus defined are products
n

o : PRTC x (PRTE) — PRTS (2.4.11)

of arity n + 1 on PRTf. We call each o™ a complete grafting operation. Since, for any
C-syntax trees t, 54, ..., 5, such that n = ari(t),

ari <o(”)(t,51, . ,sn)> = ari(t) + ari(sy) + - -- + ari(sy) — n, (2.4.12)
these operations are +-compatible for the product + defined in Section 2.4.2. Moreover, to
gain concision, we shall denote by to[sy,...,s,] the C-syntax tree o™(t,s1,...,sp).

2.4.4. Rewrite systems. Let for any m,i € N34 the operation @ﬁm) defined as follows. For
any C-syntax trees t, t, 51, ..., 5, Where t is of arity n > i, we set
O (t,¢,81, ..., 8m) 1= to; (to[s1,...,5m]). (2.4.13)

These operations @Em) thus defined are products
o™ PRTS x DRTC x (pRTf>m ~ PRTS (2.4.14)

of arity m+2 on PRTE. It is easy to see that @Em)

in Sections 2.4.2 and 2.4.3.

is +-compatible for the product + considered

Let (PRTC,=) be a rewrite system. We denote by (PRT¢,~) the P-closure of (PRTT, =),
where

P = {eﬁ’“) ‘m,ic N>1}. (2.4.15)
We call (PRT{,~) the closure of (PRT¢,=). In other terms, ~ is the rewrite rule satisfying
to; (tolsy,...,sm]) ~ to; (Y o[s1,...,6m]) (2.4.16)

for any C-syntax trees t, ¢, v, 51, ..., 5, where t of arity n, i € [n], and v = t/. In intuitive
terms, one has q ~ ¢ for two C-syntax trees q and ¢’ if there are two C-syntax trees v and t/
such that vt = t' and, by replacing an occurrence of ¢ by ¢’ in g, we obtain g’. For instance, by
considering the same labeling set C as before, let (PRT¢,=>) be the rewrite system defined
by

c = N, o0 = N . (2.417)
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One has the following chain of rewritings

[ [} a
b P a
N a a PN a/ \b
C a ~ / \ /\ ~> a b ~> / 7N . (2.4.18)
/PN /\ a C /N VRN b a a
b ¢ /N /I\ b C a /\ 7N /N
I\ IN b AN \NVAY a
/N /\

Observe by the way that the right rotation operation on binary trees considered in Sec-
tion 1.3.3 (see (1.3.7)) can be expressed as the closure of the rewrite system (PRT?,—) such
that B := B(2) := {b} defined by

LN N (2.4.19)

In this dissertation, we shall mainly consider rewrite systems (PRTE,M) defined as clo-
sures of rewrite systems (PRT{,=) such that the number of pairs (t, t') satisfying t = t' is
finite. We say in this case that (PRT¢,~) is of finite type. In this context, the degree of
(PRTE,«») is the maximal degree among the C-syntax trees appearing as left members of
=. The arity of (PRTE,M) is the maximal arity among the C-syntax trees appearing as left
(or right) members of =.

2.4.5. Proving termination. We have observed in Section 1.4.2 that termination invariants
provide tools to show that a combinatorial rewrites ystem is terminating. This idea extends
on rewrite systems on syntax trees defined as closures of other ones in the following way.

Let (PRT¢, =) be a combinatorial rewrite system and (PRT¢,~) its closure. Assume that
6 : PRTS — Q is a termination invariant for (PRT{,=), where (Q, <) is a poset. We say that
0 is compatible with the closure if, for any C-syntax trees t and t’ such that v = v/, the
inequality

O(soi (tolqr,....qe]) <0 (s0; (Y olqr,...,qk])) (2.4.20)

holds for all C-syntax trees s, q1, ..., qr, Wwhere k := ari(t) = ari(t/). Now, as a consequence
of (2.4.16) and Lemma 1.4.1, one has the following result.

ProposiTION 2.4.1. Let C be an augmented combinatorial collection without object of
size 1, (PRTS,=) be a rewrite system, and (PRT¢,~) be the closure of (PRTS,=). If
0 : PRT{ — Q is a termination invariant for (PRT{,=) and 6 is compatible with the
closure, (PRTY,~>) is terminating.

Consider for instance the rewrite rule (PRTf,=>) defined by (2.4.17). By setting Q := N?
and < as the lexicographic order on N?, let us define the map 0 : PRTE — Q, for any C-syntax
tree t, by 0(t) := (deg(t), tam(t)), where

tam(t):= ) deglt-u2). (2.4.21)

uc N, (t)
u of arity 2
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In other words, tam(t) is the sum, for all internal and binary nodes u of t, of the number of
internal nodes appearing in the 2nd suffix subtrees of u. One can check that 6(t) < 8(t') for
all the C-syntax trees v and ¢’ such that t = t’. Indeed,

9< KR > =(1,0) < (2,0) =0 AN (2.4.22)

and

ol P |-eo<en-=-0| N | (2.4.23)

/7 N\ 7\

Moreover, the fact that 6 is compatible with the closure is a straightforward verification.
Therefore, the closure (PRTS,«») of (PRTE,@) is terminating.

2.4.6. Proving confluence. In the same way as the tool to show that a rewrite system
on C-syntax trees is terminating presented in Section 2.4.5, we present here a tool to prove
that rewrite systems on syntax trees defined as closures of other ones are confluent. This
criterion requires now some precise properties.

PRroPOSITION 2.4.2. Let C be an augmented combinatorial collection without object of
size 1, (PRT$,=) be a rewrite system, and (PRT{,~) be the closure of (PRT{,=). If
(PRTE,«») is terminating, is of finite type, has £ > 0 as degree, and all branching pairs of
(PRTY,~) consisting in trees with 2¢ —1 internal nodes or less are joinable, then (PRTE,M)
is confluent.

ProOE. Assume that all the hypotheses of the statement hold. Let t be a branching tree
of (PRTE,M) and {vq,t9} be a branching pair for t. We have thus t ~ t; and t ~ ty. By
definition of ~, there are four C-syntax trees t}, v}, t,, and v, such that t; = ¢}, t;, = t}, and
vy (resp. tp) is obtained by replacing an occurrence of t; (resp. t;) rooted at a node uy (resp.
ug) by v} (resp. tj) in t. We have now two cases to consider, depending on the positions of
the nodes u; and uy in t.

Case 1. Assume first that the occurrences of t; and t, at positions u; and uy in t do not
share any internal node of t. Then, v; (resp. t3) admits an occurrence of t;, (resp. t}) at a
position u;, (resp. uj). These positions uj and uj; are obtained from the original positions uy
and uy of the occurrences of ¢} and t, in t. Now, let ' be the tree obtained by replacing the
occurrence of t, at position u, by t; in 1. Equivalently, due to the above assumption, t' is the
tree obtained by replacing the occurrence of t; at position uj by t} in to. Thereby, we have
t1 ~ t and ty ~ t, showing that the branching pair {tj, s} is joinable.

Case 2. Otherwise, the occurrences of t; and t, at positions u; and uy in t share at least
one internal node of t. Denote by s the factor subtree of t, rooted at a node v, of the
smallest degree and whose internal nodes come from the internal nodes of t involved in the
occurrences of t; and t; at positions u; and uy. Observe that v = uy or v = uy. Let us denote
by v1 (resp. vp) the position of the occurrence of t; (resp. t;) in s. Let 51 (resp. s9) be the tree
obtained by replacing the occurrence of ] (resp. t;) at position vy (resp. vp) by v} (resp. t))
in s. Now, due to the above assumption, by the minimality of the degree of s, s has at most
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2¢ — 1 internal nodes. Now, since we have s ~ 51 and s ~ sy, s is a branching tree for ~ and
{s1,52} is a branching pair for s. By hypothesis, {s1,5,} is joinable, so that there is a tree s’
such that s; > ¢ and sy ~ 5. By setting t' as the tree obtained by replacing the occurrence
of s at position v by s in t, we finally have t; ~> ¢ and ty ~> ¥, showing that {t1,to} is joinable.
We have shown that all branching pairs of ~» are joinable. Since (PRTE,«») is terminating,
this implies by the diamond lemma (Lemma 1.4.2) that (PRT¢,~) is confluent. O

Proposition 2.4.2 leads to an algorithmic way to check if a terminating rewrite system
(PRTY,~) defined as the closure of an other one (PRTS,=>) is confluent by enumerating all
the C-syntax trees t of degrees at most 2¢ — 1 (where ¢ is the degree of (PRTE,M)) and by
computing the parts G of the rewriting graphs of (PRT¢,~-) consisting in the trees reachable
from t. If each G contains exactly one normal form (which correspond to a vertex with no
outgoing edge in Gy), (PRTE,M) is confluent.

For instance, by considering the same labeling set C as above, let (PRT¢,=) be the

rewrite system defined by

s = N , N = /N . (2.4.24)

The degree of the closure (PRT¢,~) of (PRTE,=>) is £ := 2 and it is possible to show that
(PRTE,’\/)) is terminating. Consider

ti= a (2.4.25)

b
b \
b
I
a ' , (2.4.26)
b .
7\ \ a b b
/ \ ’ \ ’ \
b — a — b
’ a a \ b \

and shows that (PRTE,«») is not confluent. Indeed, t is a non-joinable branching tree. On
the other hand, consider the rewrite system (PRT¢,=) defined by
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The degree of the closure (PRT(E,M) of (PRTf,ﬁ) is £ := 2 and here also, it is possible to
show that (PRT¢,~>) is terminating. Consider

t= b (2.4.28)

a C-syntax tree of degree 2¢ — 1 = 3. The graph G; associated with t is of the form

b

a  a
. VANVAN ,
N / \ .
o ;o
, b\ ,b . , (2.4.29)
/a\ ~ b a /’ /a\
P IO
a N — . b
/ b b \

This graph satisfies the required property stated above, and, as a systematic study of cases
shows, all other graphs G; where s is a C-syntax tree of degree 3 or less, also. For this
reason, (PRT¢,~) is confluent.

3. Combinatorial objects

This last section of the chapter contains a list of definitions about combinatorial objects
appearing in some next chapters.

3.1. Other kinds of trees. Let us set some definitions about two other kinds to trees:
rooted trees and colored syntax trees.

3.1.1. Rooted trees. Let RT be the graded collection satisfying the relation
RT = {e} x S(RT). (3.1.1)

where e is an atomic object called node. We call rooted tree each object of RT. By definition,
arooted tree tis an ordered pair (e, [ty, ..., ) where [t;,..., t[ is a multiset of rooted trees.
Like the case of planar rooted trees, this definition is recursive. For instance,

(0.0), (o, 1(e,0)]), (o,1(e,0), (0,06)]), (o,1(e,0),(e,0),(e,0)f) (o (e (e,0),(e0))),
(3.1.2)
are rooted trees. If t = (o, {t1,..., () is a rooted tree, each t;, i € [k], is a suffix subtree of t.

Rooted trees are different kinds of trees than planar rooted trees presented in Section 2.
The difference is due to the fact that rooted trees are defined by using multisets of rooted
trees, while planar rooted trees are defined by using lists of planar rooted trees. Hence, the
order of the suffix subtrees of a rooted tree is not significant.
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By drawing each rooted tree by a node ¢ attached below it to its subtrees by means of
edges —, the rooted trees of (3.1.2) are depicted by

o,g, g%, d@b' é%. (3.1.3)

By definition of the product and multiset operations over combinatorial collections, the size
of a rooted tree t satisfies
=1+ ) Jt]. (3.1.4)
iclk]
The sequence of integers associated with RT begins by

1,1,2,4,9,20, 48,115, (3.1.5)
and forms Sequence A000081 of [Slo].

3.1.2. Colored syntax trees. Let € be a set of colors and C be a ¢-colored collection
(see Section 1.1.4). A C-colored C-syntax tree is a triple (a,t, u) where t is a C-syntax tree,
a € ¢ u e ¢t and for any internal nodes u and v of t such that v is the ith child of u,
out(y) = in;(x) where x (resp. y) is the label of u (resp. v). The set of all €-colored C-syntax
trees is denoted by CPRTC. This set is a ¢-colored collection by setting that out(((a, t, u))) := a
and in((a, t,u)) := u for all (a,t, u) € CPRT®. By a slight abuse of notation, if u is an internal
node of t, we denote by out(u) (resp. in(u)) the color out(x) (resp. word of colors in(x))
where x is the label of u. We say that a ¢-colored C-syntax tree t is monochrome if C is a
monochrome colored collection. In graphical representations of a ¢-colored C-syntax tree
(a,t,u), we draw t together with its output color above its root and its input color u(i) below
its ith leaf for any i € [|u]].

For instance, consider the set of colors € := {1,2} and the ¢-colored collection C defined
by C := C(2) U C(3) with C(2) := {a,b}, C(3) := {c}, out(a) := 1, out(b) := 2, out(c) := 1,
in(a) := 11, in(b) := 21, and in(c) := 221. The tree

1

]

C

e
b T, (3.1.6)
/N 2 PN
C a

2 1 VAR / \
2 21 1 1

is a ¢-colored C-syntax tree. Its degree is 5, its arity is 8, and its height is 3. Moreover, its
output color is 1 and its word of input colors is 21222111. Besides, (1, 1,1) and (1, 1, 2) are
two ¢-colored C-syntax trees of degree 0 and arity 1.

Let (a,t, u) and (b, s, v) be two €-colored C-syntax trees and i € [|ari(t)|]. If b = u(i), the
grafting on s onto the ith leaf of t is defined by

(a,t,u)o; (b,s,v):=(a,to;5,u < v), (3.1.7)

where u «; v is the word obtained by replacing the ith letter of u by v, and the second
occurrence of o; in (3.1.7) is the grafting of syntax trees defined in Section 2.4.2. For instance,
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by considering the same labeling €-colored collection as above,

1 2 '
a
' 1 Ve
a b a \/C 318
VAN e} = / \ N 1.
a C 3 I\a b ( )
/7 N\ VAR 2 7\ 1 1 /\a 21
1 1 221 1 1 2 VZRN

Let CPRT¢ be the ¢-colored collection of the ¢-colored C-syntax trees. The operations
o; thus defined are binary products

o; : CPRT¢ x CPRT¢ — CPRT¢ (3.1.9)

on CPRTY, in the sense of Section 1.1.5. We call each o; a grafting operation. By seeing
CPRTE as a graded collection (see Section 1.1.4), the o;, i € N34, are +-compatible products,
where + is the operation considered in Section 2.4.2. Observe also that, due to the condition
on the colors between the two operands to the operation, the o; are partial products.

Most of the notions exposed in Section 2.4 about syntax trees and rewrite systems on
syntax trees naturally extend on colored syntax trees like, among others, the notions of
occurrences of patterns, the complete grafting operations, and the criteria offered by Propo-
sitions 2.4.1 and 2.4.2 to respectively prove the termination and the confluence of rewrite
system on syntax trees.

3.2. Configurations of chords. Configurations of chords are very classical combinato-
rial objects defined as collections of diagonals and edges in regular polygons. The literature
abounds of studies of various kinds of configurations. One can cite for instance [DLRS10]
about triangulations, [FN99] about noncrossing configurations, and [CP92] about multi-trian-
gulations. We provide here definitions about them and consider a generalization of configu-
rations wherein the edges and diagonals are labeled on a set.

3.2.1. Polygons. A polygon of size n > 1 is a directed graph p on the set of vertices
[n +1]. An arc of p is a pair of integers (x,y) with 1 < x <y < n + 1, a diagonal is an arc
(x, y) different from (x,x + 1) and (1, n + 1), and an edge is an arc of the form (x,x + 1) and
different from (1, n + 1). We denote by A, (resp. 9,, 8,) the set of all arcs (resp. diagonals,
edges) of p. For any i € [n], the ith edge of p is the edge (i,i + 1), and the arc (1,n + 1) is the
base of p.

In our graphical representations, each polygon is depicted so that its base is the bottom-
most segment, vertices are implicitly numbered from 1 to n + 1 in the clockwise direction,
and the diagonals are not drawn. For example,

3 4
/p_ o7 .O\

pi=, 4 R (3.2.1)
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is a polygon of size 5. Its set of all diagonals is
D, = {(1,3),(1,4),(1,5),(2,4),(2,5),(2,6),(3,5),(3,6), (4,6) }, (3.2.2)

its set of all edges is
&, = {(1,2),(2,3),(3,4),(4,5),(5,6) }, (3.2.3)
and its set of all arcs is

A, = Dy U8B, U {(1,6)}. (3.2.4)

3.2.2. Configurations. For any set S, an S-configuration (or a configuration when S is
known without ambiguity) is a polygon ¢ endowed with a partial function

¢t A > S. (3.2.5)

When ¢.((x,y)) is defined, we say that the arc (x,y) is labeled and we denote it by c(x, y).
When the base of ¢ is labeled, we denote it by ¢y, and when the ith edge of ¢ is labeled, we
denote it by ¢;.

In our graphical representations, we shall represent any S-configuration ¢ by drawing a
polygon of the same size as the one of ¢ following the conventions explained before, and by
labeling its arcs accordingly. For instance

¢i= ( ) (3.2.6)

is an {a, b, ¢ }-configuration. The arcs (1,2) and (1, 4) of ¢ are labeled by a, the arcs (2,5) and
(4,5) are labeled by b, and the other arcs are unlabeled.

3.2.3. Additional definitions. Let us now provide some definitions and statistics on con-
figurations. Let ¢ be a configuration of size n. The skelefon of ¢ is the undirected graph
skel(c) on the set of vertices [n + 1] and such that for any x < y € [n + 1], there is an arc
{x,y} in skel(c) if (x, ) is labeled in c. The degree of a vertex x of ¢ is the number of vertices
adjacent to x in skel(c). The degree degr(c) of ¢ is the maximal degree among its vertices.
Two (non-necessarily labeled) diagonals (x,y) and (x’, ') of ¢ are crossingif x < x’' <y <y’
or x' < x <y < y. The crossing of a labeled diagonal (x,y) of ¢ is the number of labeled
diagonals (x’,y’) such that (x,y) and (x’,y’) are crossing. The crossing cros(c) of ¢ is the
maximal crossing among its labeled diagonals. When cros(c) = 0, there are no crossing diag-
onals in ¢ and in this case, ¢ is noncrossing. A (non-necessarily labeled) arc (x’, y’) is nested
in a (non-necessarily labeled) arc (x,y) of ¢ if x < x’ < ¥’ < y. We say that ¢ is nesting-free if
for any labeled arcs (x,y) and (x’,y’) of ¢ such that (x’,y’) is nested in (x,y), (x,y) = (x',¥).
Besides, ¢ is acyclic if skel(c) is acyclic. When ¢ has no labeled edges nor labeled base, ¢ is
white. If ¢ has no labeled diagonals, ¢ is a bubble. A friangle is a configuration of size 2.
Obviously, all triangles are bubbles, and all bubbles are noncrossing.
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3.3. Prographs. We present here prographs, that are combinatorial objects modeling
operations with several inputs and several outputs. These objects are elements of free pros
(see Section 5.1 of Chapter 2) and admit many different definitions. A first one consists in
defining prographs (called in this context diagrams) through an equivalence relation [Laf11].
A second one consists in defining prographs (called in this context directed (m, n)-graphs)
by graphs satisfying some conditions [Mar08]. We chose to define these objects by using
the tools offered by the theory of bigraded collections. Our approach is however similar to
the one of [Laf11].

For all bigraded collections C considered in this section, if x is an object of index (p, q) €
N?, the inpuf (resp. outpuf) arity of x is |x|; := p (resp. |x|; := q).

3.3.1. Sequences of wires. Let Wir be the bigraded collection satisfying

(3.3.4)
1] otherwise.

Wir(p, q) := {
We call 1, the wire and each element 1, the sequence of wires of arity p. Each 1, is depicted
by p vertical lines. For instance, 15 is depicted as

111

3.3.2. Preprographs. From now on, C is a bigraded collection such that C(p,q) = @ if
p=0orq=0.

An elementary prograph x on C (or, for short, an elementary C-prograph) is an object
a of C(p,q). We represent x as a rectangle labeled by a with p incoming edges (below
the rectangle) and q outgoing edges (above the rectangle). For instance, if a € C(2, 3), the
elementary prograph a is depicted as
123

g P
. 333
:(é\: 559

1 2

An enriched elementary prograph x on C (or, for short, an enriched elementary C-
prograph) is a triple (k,a,f) where k,¢ € N, and a is an elementary C-prograph. These
objects form a bigraded collection where the index of (k,a, ¢) is (k + |a]; + ¢,k + |a]; + £). We
represent x by drawing from left to right 1, a, and 1,. For instance, the enriched elementary
prograph (1, a, 2) where a € C(2,3) is depicted as

I :éi I I (5:3.4)

A preprograph x on C (or, for short, a C-preprograph) is a sequence (xy,...,xg) of
enriched elementary C-prographs such that |x;|; = |xi+1]; for any i € [k — 1]. These objects
form a bigraded collection PPrg® where the index of x is (|xg|;, |x1];). We represent x by
drawing each enriched elementary prograph x;, i € [k], vertically, where x; is at the top and
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xp is at the bottom. We moreover draw dashed lines for all i € [k — 1] between x; and x;1.
For instance, the C-preprograph

x:=((1,a,5),(5,b,2),(7,a,1)) (3.3.5)
where a € C(2,2) and b € C(3,1) is depicted as

(3.3.6)

3.3.3. Prographs. Let (PPrg®,=) be the rewrite system satisfying

((k1,a, kQ + ]b|l + k3) , (k1 + Iah + kQ,b, k3)) = ((k1 + Ia|l + kQ,b, k3) , (k1,a, kg + [bIT + k3))
(3.3.7)
where a and b are elementary C-prographs and ky, ko, ks > 0. Pictorially,

1. (33.8)

If x := (x1,...,x%) and y := (y1,...,¥) are two C-preprographs such that |x|; = |y

1, we
denote by xoy the C-preprograph (x1,..., Xk, ¥1,...,¥:). Let also x be the ternary product on
PPrg® defined by x(x,y, z) := x oy oz where x, y, and z are three C-preprographs satisfying
xls = lyl, and [y]; = |2],.

Let (PPrg®,=,) be the {*}-closure of (PPrg®,=) (it is possible to define a product + on
N? so that « is +-compatible) and < be the reflexive, symmetric, and transitive closure of
=,. Let the bigraded collection Prg® defined by

Prg® := PPrg®/., + Wir. (3.3.9)

We call prograph on C (or, for short, a C-prograph) any element x of Prgc. When x
is an object of PPrg®/,,, we represent x by considering the drawing of any preprograph
of the «<-equivalence class of x and by letting the elementary prographs constituting x to
move vertically along the edges. When x is an object of Wir, we represent x as explained
in Section 3.3.1. For instance, the prograph having the preprograph of (3.3.6) in its <«-

equivalence class is depicted as

AN : (3.3.10)

g &
The degree deg(x) of a prograph x is defined in the following way. When x is an object

of PPrg©/,,, deg(x) is the length of x’ where x’ is any preprograph of the «-equivalence
class x. In other terms, deg(x) is the number of elementary prographs constituting x. When
x is an object of Wir, deg(x) := 0. For instance, the prograph of (3.3.10) has 3 as degree, and
each sequence of wires 1,, p € N, has 0 as degree.
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3.3.4. Operations on prographs. Let x and y be two C-prographs such that |x|; = |y|,.
The vertical composition x oy of x and y is defined as follows. When x (resp. y) is a
sequence of wires, x oy is equal to y (resp. x). Otherwise, x and y are not sequences of
wires, and x o y is the C-prograph [x’ o ¥']., where x’ and ¥y’ are respectively any elements
of the «-equivalence classes x and y, and o is the operation on preprographs defined in
Section 3.3.3. For instance,

AN . (3.3.11)

&I UIRL - R 1L

Let x and y be two C-prographs. The horizontal composition x *y of x and y is defined
as follows. If x and y are both the sequences of wires 1, and 1, for some p,q € N,

1p*1g:=1piq- (3.3.12)
If x is the sequence of wires 1, for a p € N and y is an object of PPrg®/.,,
I,y :=[((p+ki,a1,b),.... 0+ keoar, &), (3.3.13)

where ((k1,a1,4),..., (k. a5, ¢:)) is any preprograph in the <-equivalence class y. Similarly,
if x is an object of PPrg®/,, and y is the sequence of wires 1, peN,

xx1p:=[((k1,a1,8 +p),....(kr,ar, & + D)., (3.3.14)

where ((ky,a1,41),...,(ky, ap,¢:)) is any preprograph in the «<-equivalence class x. Finally,
when x and y are both objects of PPrgC/ -, xxy is defined, by using the particular cases for
the horizontal composition explained above and the vertical composition, by

x#y = (X))o (L, *y). (3.3.15)

For instance,

(3.3.16)

3.4. Alternating sign matrices. We recall here some definitions about alternating sign
matrices and usual statistics on them.

3.4.1. Alternating sign matrices and six-vertex configurations. An alternating sign ma-
trix [MRRS83], or an ASM for short, of size n is a square matrix of order n with entries in
the alphabet {0, +,-} such that every row and column starts and ends by 0 or by + and in
every row and column, the + and the - alternate. For instance,

064500
5;[+.604 (3.4.1)
0+ -+0
00+00
is an ASM of size 5. The number a, of these objects of size n satisfies

(3i + 1)!
an=|[] i (3.4.2)
0<i<n—1
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a formula conjectured in [MRR83] and proven independently by Zeilberger [Zei96] and
Kuperberg [Kup96].

A six-vertex configuration of size n is an n x n square grid with oriented edges so that
each vertex has two incoming and two outgoing edges. There are six possible configurations
for each vertex, whence the name. A six-vertex configuration satisfies the domain wall
boundary condition if all its horizontal (resp. vertical) edges on the boundary are oriented
inwardly (resp. outwardly). Figure 1.4b shows an example of such an object. In what follows,
we shall exclusively and implicitly consider six-vertex configurations satisfying the domain
wall boundary condition.

Six-vertex configurations of size n are in one-to-one correspondence with ASMs of the
same size. To compute the ASM in correspondence with a six-vertex configuration, we
replace each of its vertices by a symbol 0, +, or - according to the rules described in Table 1.2.
Reciprocally, to recover a six-vertex configuration from an ASM 6, we first replace each

Statistics ne sw se nw oi io

ASM entry 0 0 0 0 + -
Six-vertex-configuration T T T
v v J\

TaBLE 1.2. Correspondence between entries of ASMs, vertices of six-vertex
configurations, and statistics on six-vertex-configurations.

nonzero entry of 6 by the corresponding vertex configuration (see the last two columns of
Table 1.2). Then, for each zero entry of §, we look at the sum ¢ (resp. a) of the entries (a +
counts as 1 and a - counts as —1) to the left (resp. above) of it and in the same row (resp.
column). By the alternating property of the ASMs, ¢ and a belong to {0,1}. Now, set in §
the configuration «— (resp. ~—) if £ = 1 (resp. ¢ = 0) together with the configuration | (resp.
[)if a =1 (resp. a = 0). Figure 1.4 shows an example.

[=f Nelelele]

cococo+ o
L +to +o0o

> oo+ o000
S coococo+
o [oleol Nolole]

z

(B) The six-vertex configuration in
correspondence with 6.

FIGURE 1.4. An ASM and a six-vertex configuration in correspondence.
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3.4.2. Statistics on alternating sign matrices. It is possible to define several statistics on
ASMs by counting how many entries of an ASM play a special role, seen as vertices of the
six-vertex configurations in correspondence.

Let us denote by ne(s) (resp. sw(é), se(S), nw(S), oi(S), io(S)) the number of vertices
ne (resp. sw, se, nw, oi, i0) in the six-vertex configuration in bijection with the ASM & (see
Table 1.2). Let 3 := {se, nw, sw, ne} be the set of the statistics counting the four configurations
of 0 and M := {io, 0i} be the set of the statistics counting the two nonzero configurations.

Let us end this section on ASMs by stating the following result establishing some sym-
metries satisfied by these statistics.

PRroposITION 3.4.1. Let 6 be an ASM of size n. Then,

se(8) = nw(8), ne(s) = sw(s), 0i(8) = io(S) + n. (3.4.3)



CHAPTER 2

Algebraic combinatorics

One of the main activities in algebraic combinatorics consists in developing interactions
between combinatorics (enumerative combinatorics and even computer science) and alge-
bra. The benefits are twofold: one obtains combinatorial properties and results by seeing
combinatorial objects under an algebraic framework, and studying algebraic structures with
the help of combinatorics leads to general algebraic results.

The first direction consists in endowing collections of combinatorial objects with oper-
ations. This provides a framework to collect combinatorial and enumerative properties on
the objects by exploring natural and usual algebraic questions on the obtained algebraic
structures. To be a little more precise, let C be a collection and K(C) be the linear span
of C where K is any field. To get a better understanding of properties of the objects of C,
we endow K (C) with operations or co-operations. In this way, we can ask about the behav-
ior of these operations under different bases of K(C) (leading to discovering links between
different products, for instance, the shifted shuffle product and the shifted concatenation
products of permutations are the same ones [DHT02, DHNT11]), minimal generating sets
of K(C) (leading to describe the objects of C as assemblies of elementary building blocks),
morphisms involving K (C) and other linear spans of collections (leading to discover symme-
tries of C—useful for enumeration problems—, or establishing links between C and other
collections [LR98, DHT02, HNTO05]).

The second direction consists, on the contrary, in seeing abstract algebraic structures as
linear spans of combinatorial objects endowed with operations. This process is known as a
combinatorial realization of an algebraic structure. To be more concrete, given a category
of algebras defined by the relations their (co)operations have to satisfy, the problem consists
in understanding the free object on a set & of generators. This reinforces the understanding
of the category since all other ones are, in most cases, quotients or substructures of free
ones. The literature contains a lot of such constructions. For instance, free Lie algebras
are realized in terms of Lyndon words and concatenation operations [Reu93], free pre-Lie
algebras in terms of rooted trees and grafting operations [CLO1], free dendriform algebras
in terms of binary trees and shuffling operations [Lod01], free duplicial algebras in terms of
binary trees and over and under operations [Lod08], and free Zinbiel algebras using words
and half-shuffle operations [Lod95].

Additionally to very classical algebraic structures like magmas, monoids, groups, posets,
and associative algebras, in our work we consider Hopf bialgebras [Car07, GR16], oper-
ads [Mar08,LV12,Mé15], and pros [Lei04, Mar08]. The purpose of this chapter is to present
a unified approach to work with these structures. We introduce in this way the notion of

63
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polynomial spaces and of biproducts, that are operations working with several inputs and
several outputs. All the aforementioned algebraic structures can be seen as particular cases
of these objects.

This chapter begins in Section 1 by defining polynomial and series spaces on collections.
Then, in Section 2, we introduce biproducts, bialgebras, and list some examples of such
algebraic structures. Finally, in Sections 3, 4, and 5, we provide the mains definitions and
properties of Hopf bialgebras, operads, and pros used in the next chapters.

1. Polynomial spaces

We introduce here the notion of polynomial spaces and series spaces. All the algebraic
structures considered in this dissertation are polynomial or series spaces endowed with some
operations or co-operations. A set of operations, analogous to the operations on graded
collections of Section 1.1.5 of Chapter 1, over graded polynomial spaces are considered. We
also review some links between changes of bases of polynomial spaces, posets, and incidence
algebras.

1.1. Series and polynomials on collections. Intuitively, a series (resp. polynomial) on
a collection C is a formal sum (resp. finite formal sum) of objects of the C with coefficients
in a field K. In what follows, K can be any field of characteristic O.

1.1.1. Rational functions. In a combinatorial context, it is nevertheless convenient to set
K as the space Q(qo, q1,...) of rational functions on the formal parameters q;, i € N. Let us
recall some classical notations. For any i € N,

Mg :=1+q+q>+---+q1, n € Ny, (1.1.1a)
1 ifn=0,
(n)q! = ! (1.1.1b)
(n)g ((n —1)g,)! otherwise (n € Nx4),
<n1 * n2> = M ny,ny € N. (1.1.1¢)
ny, ng q (nl)qi ! (n2)qi !
Elements (1.1.1a) are known as g-analogs of integers. Indeed, the specialization qg; := 1 in

(n)g is equal to n. Elements (1.1.1b) are g-factorials and (1.1.1¢c) are g-binomials.

1.1.2. Series and polynomials. Let C be an I-collection. A series on C (or, for short, a
C-series) is a map f : C — K. The coefficient f(x) of x € C in f is denoted by {x,f). The
support of f is the set

Supp(f) := {x € C:{(x,f) # 0}, (1.1.2)

where the symbol 0 of (1.1.2) is the zero of K. A polynomial on C (or, for short, a C-
polynomial) is a C-series having a finite support. A C-series f is a C-monomial if Supp(f)
is a singleton. We say that f is homogeneous if there is an i € I such that Supp(f) C C(i).
For any subset X of C, the characteristic series of X is the C-series ch(X) defined, for any
x € C, by

uxmx»:{ieK ifxeX (1.1.3)

0 € K otherwise.
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Given two C-series f and g, the scalar product of f and g is the scalar
(f.9) =Y (x.f)(x.9) (1.1.4)
xeC

of K. Of course, when f or g are C-polynomials, (f,g) is well-defined. When f and g are
both C-series, (f,g) may not. This notation for the scalar product of C-series is consistent
with the notation {x, f) for the coefficient of x in f because by (1.1.4), the coefficient (x, f)
and the scalar product (ch({x}),f) are equal.

When C is a graded collection and f is a C-polynomial, the degree deg(f) of f is undefined
if Supp(f) = ¥ and is otherwise the greatest size of an object appearing in Supp(f).

1.1.3. Polynomial spaces. The C-polynomial space is the set K(C) of all the C-poly-
nomials. We say that C is the underlying collection of K(C). For any property P of collec-
tions (see Section 1 of Chapter 1), we say that K(C) satisfies the property P if C satisfies P.
This set K{C) is endowed with the following two operations. First, the addition

+:K{C) x K(C) - K(C) (1.1.5)
is defined, for any f1,f, € K(C) and x € C, by
(x, f1 + fo) 1= (x, f1) + (x, f2) . (1.1.6)
Second, the multiplication by a scalar
K x K{(C) - K(C) (1.1.7)
is defined, for any f ¢ K(C), A € K, and x € C, by
(xc, L-f)=A{x,f). (1.1.8)

Endowed with these two operations, K (C) is a K-vector space. Moreover, K{C) decomposes
as a direct sum
K(C) = EPK(Cli)). (1.1.9)
icl
We call each K{C(i)) the i-homogeneous component of K(C). In the sequel, we shall also
write K(C) (i) for K(C(i)).

Besides, by using the linear structure of K (C), any C-polynomial f can be expressed as
the finite sum of C-monomials

f=3(x.f)-ch({x}), (1.1.10)
xeC
which is denoted, by a slight abuse of notation, by
f=) (x.f)x. (1.1.11)
xeC

The notation (1.1.11) for f as a linear combination of objects of C is the sum notation of
C-polynomials. By using this notation, it appears that the set {ch({x}):x € C} forms a basis
of K(C). This basis is called fundamental basis of K(C), and, by a slight but convenient
abuse of notations, each basis element ch({x }), x € C, is simply denoted by x.
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We would like to emphasize the fact a polynomial space K (C) is always seen through its
explicit basis C (contrarily to working with a vector space 9’ without explicit basis). In the
sequel, we shall define (co-)operations on C which extend by linearity on K(C). Properties
of such (co-)operations (like associativity or commutativity) can be defined and checked only
on C.

Besides, we are sometimes led to consider several bases of K (C) and work with many of
them at the same time. In this case, to distinguish elements expressed on different bases, we
denote them by putting elements of C as indices of a letter naming the basis. For instance,
the elements of the B-basis of K(C) are denoted by B,, x € C.

Let K(Cy) and K (Cy) be two polynomial spaces such that C; and C, are both I-collections.
A linear map
¢ :K{(Cy) = K{(Cy) (1.1.12)
is a polynomial space morphism if for all i € I and all x € Cy(i), ¢(x) € K(Cy(i)). Observe
that any combinatorial collection morphism ¥ : C; — C, gives rise to a polynomial space
morphism ¢ : K(C;) - K(Cy) obtained by extending  linearly. Besides, we say that K (Cy)
is a subspace of K(Cy) if there is an injective polynomial space morphism from K{(Cy)
to K <C1 >

1.1.4. Graded combinatorial polynomial spaces. When C is a graded combinatorial col-
lection, as a particular case of (1.1.9), K(C) decomposes as a direct sum
K(C) = BK(C) (n). (1.1.13)
neN
Moreover, since C is combinatorial, each K{(C(n)), n € N, is finite dimensional. For this
reason, the Hilbert series of K{(C), defined by
FCx(cy(t) = Y dimK(C) (n) t", (1.1.14)
neN
is a well-defined series. We can observe that the Hilbert series %(xc)(t) of K(C) and the
generating series G¢(t) of C are the same power series.

1.1.5. Duality. The dual of K(C) is the K-vector space K(C)" defined by
K(C)" := HK(C) (i), (1.1.15)

icl
where for any i € I, K(C) (i)* is the dual space of K{(C) (i). If C is combinatorial, all K{(C) (i)
are finite dimensional spaces, so that K(C) (i)* =~ K(C) (i), and hence,
K(C)" ~ K(C). (1.1.16)

For this reason, we shall identify K (C) and K (C)" in this work once C is combinatorial. The
duality bracket between K (C) and K (C)" is the linear map

(-, =):K(C)®@K(C)" - K (1.1.47)
defined, for all x,x’ € C, by

(1.1.18)

1 ifx=x,
(x,x'):={ ifx=x

0 otherwise.
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If 9 is a K-vector space, ¥“* denotes the space of all tensors on 9 of order k € N. The
duality bracket extends for any k € N on K (C)'Xk oK (C)*®k linearly by

(X1 ® -+ @xp,x; @ @x3) 1= [ | (i, %) (1.1.19)
ic[k]

for any x;,x; € C, i € [k].

1.1.6. Rewrite systems and quotient spaces. Any rewrite system (C,=>) gives rise to a
subspace Rc,) of K(C) generated by all the C-polynomials x’ — x whenever x and x’ are
two objects of C such that x = x’. We call Ri¢ ) the space induced by (C,=). Conversely,
when R is a subspace of K (C) such that there exists a rewrite system (C,=) such that R and
R(c,—) are isomorphic, we say that (C,=) is an orientation of ®R. When (C,=) is convergent,
one has a concrete description of the quotient space K(C) /., provided by the following
result.

ProposiTiON 1.1.1. Let (C,=) be a convergent rewrite system. Then, as spaces
K <C> /g{‘(cﬁ) ~ K <9:(c,:>)> . (1120)

Prook. First, observe that since (C,=>) is convergent, (C,=>) is terminating and admits a
set F(c—) of normal forms. Moreover, since (C,=) is confluent, for any object x of C, there
is a unique normal form 7n(x) such that x = n(x). Let 9’ be the subspace of K (C) generated
by all the C-polynomials n(x) — x such that x € C, and let us show that R, is isomorphic
to 9. Let y — x be an element of R(¢c_,) such that x,y € C and x = y. Then, n(y) — y and
n(x) — x are elements of 9. Now, since x = y and (C,=>) is confluent, the two normal forms
n(x) and n(y) are equal. This implies that n(x) —x — (n(y) —y) = y —x, showing thaty —x € 9.
By linearity, this implies that Rc ) is a subspace of 4. Conversely, let n(x) —x be an nonzero
element of 9 where x € C. By definition, there is a chain x = y; = .- = y, = n(x) with
ke Nand y; € C, i € [k]. Hence, the C-polynomials n(x) — ¥r, ¥ — Yk-1, ---» ¥2 — Y1, ¥1 — X
belong to R(c—). By summing all these C-polynomials, we obtain that n(x) — x belongs to
Ric—). By linearity, this implies that 4’ is a subspace of ®c_,). Now, let B be the family
of all the C-polynomials of the form n(x) — x where x is an object of C which is not a
normal form for (C,=) (otherwise, the polynomial would be zero). Since all the elements
of B are linearly independent, B is a basis of 9. Hence, the linear map ¢ : 9 — 9’ satisfying
¢(n(x)—x) := x for allx € C\ F(c ) is an isomorphism. This shows that Rc ) is isomorphic
to K(C\ Fc)). The statement of the proposition follows. O

1.1.7. Series spaces. The C-series space is the set K({C)) of all C-series. Most of the
definitions concerning C-polynomials and C-polynomial spaces developed in Section 1.1.3
remain valid in the context of C-series. For instance, K((C)) is a vector space (for the
similar operations of addition and multiplication by a scalar as the ones of C-polynomials)
and each element of K((C)) can be expressed by a sum notation (1.1.11), which is possibly
infinite. One of the main differences of features between K(C) and K((C)) is that the first
one admits C as a basis, while the second does not.
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Observe that a generating series of a combinatorial graded collection is an element
of K((S({t}))), where {t} is the graded collection wherein ¢ is an atomic object and S is
multiset operation over graded collections (see Sections 1.1.2 and 1.1.6 of Chapter 1). Since
the introduction of formal power series, a lot of generalizations were proposed in order to
extend the range of enumerative problems they can help to solve.

The most obvious ones are multivariate series allowing to count objects not only with
respect to their sizes but also with respect to various other statistics. This encompasses
the case of the generating series of combinatorial multigraded collections (see Section 1.1.3
of Chapter 1). Such series are elements of K ((S({f,...,t}))) where all the t;, i € [k], are
atomic objects. Another one consists in considering noncommutative series on words [Eil74,
SS78,BR10] (and hence, elements of K ((A*)), where A is an alphabet), or even, pushing the
generalization one step further, on elements of a monoid [Sak09] (and hence, elements of
K{{J1)) where Jf is a monoid). Besides, as another generalization, series on trees have
been considered [BR82, Boz01]. Series on operads (see Section 4.1 about these algebraic
structures) increase the list of these generalizations. Chapoton is the first to have considered
such series on operads [Cha02,Cha08,Cha09]. Several authors have contributed to this field
by considering slight variations in the definitions of these series. Among these, one can cite
van der Laan [vdL04], Frabetti [Fra08], and Loday and Nikolov [LN13].

1.2. Operations over graded polynomial spaces. In the same way as operations over
graded collections allow to create new graded collections from already existing ones, there
exist operations over graded polynomial spaces. Some of these are consequences of the
definitions of operations over graded collections. We present here the main ones. In what
follows, K(C), K(Cy) and K(Cy) are three graded polynomial spaces.

1.2.1. Direct sum. The sum of two graded collections translates as the direct sum of the
associated graded polynomial spaces. Indeed,

K(Cy + Cp) ~ K(Cy) &K (Cy). (1.2.1)

An isomorphism between the two spaces of (1.2.1) is provided by the map ¢ : K{(C;y + Cp) —
K{(Cy) ® K(Cy), linearly defined for any x € C; + Cy by

x € K(Cy) ifx e Cy,

(1.2.2)
x € K(Cy) otherwise (x € Cy).

1.2.2. Tensor product. The product of two graded collections translates as the tensor
product of the associated graded polynomial spaces. Indeed
K{(Cy x Cp) = K(C1) @ K(Cs). (1.2.3)

An isomorphism between the two spaces of (1.2.3) is provided by the map ¢ : K{(Cy x Cp) —
K{(C1) ® K{Cy), linearly defined for any (x1,x2) € C; x Cy by

B((x1, x2)) = 21 ® Xo. (1.2.4)
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1.2.3. Tensor algebras. If 4 is a K-vector space, the fensor algebra of 9’ is the space
T9) defined by
TV := PV~ (1.2.5)
keN
A basis of T4 is formed by all tensors on any basis of 4. The list operation applied to a
graded collection translates as the tensor algebra of the associated graded polynomial space.
Indeed, for any k > 0,

K (T(C)) ~ K(C)** (1.2.6)
and
K({T(C)) ~ TK(C). (1.2.7)
An isomorphism between the two spaces of (1.2.7) is provided by the map ¢ : K(T(C)) —
TK (C), linearly defined for any (x4, ...,xx) € T(C) by
O(x1,...,Xp)) i= X1 R+ @ Xk (1.2.8)

1.2.4. Symmetric algebras. If 4 is a K-vector space, the symmetric algebra of 4 is the
space S9’ defined by
SV = TV, (1.2.9)

where 9g is the subspace of TK (C) consisting in all the tensors
URXI RV -URX®X1 QV, (1.2.10)

where u,v € T9 and x1, x5 € 4. A basis of S9 is formed by all monomials on any basis of
9). The multiset operation applied to a graded collection translates as the symmetric algebra
of the associated graded polynomial space. Indeed,

K (S(C)) ~ SK(C). (1.2.11)

An isomorphism between the two spaces of (1.2.11) is provided by the map ¢ : K(S(C)) —
SK(C), linearly defined for any ]xy,...,x{ € S(C) by

d(locr, .., xef) =" Ly (1.2.12)

where ¢ is the number of distinct elements of {xy,..., x| and each a;, i € [¢], denotes the
multiplicity of y; in Jxq, ..., x%f.

1.2.5. Exterior algebras. If 9 is a K-vector space, the exterior algebra of 9 is the space
E4) defined by

EV := TV /q,, (1.2.13)
where 9 is the subspace of T4 consisting in all the tensors
URXI RXoRV+URX QXL RV, (1.2.14)

where u,v € T9 and x1,x9 € 9. A basis of E4) is formed by all monomials on a basis of 4’
without repeated variables. The set operation applied to a graded collection translates as the
exterior algebra of the associated graded polynomial space. Indeed,

K (E(C)) ~ EK(C). (1.2.15)
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An isomorphism between the two spaces of (1.2.15) is provided by the map ¢ : K(E(C)) —
EK(C), linearly defined for any {xi,...,xr} € E(C) by

O({xq, ..., xR }) = 2x1...Xp- (1.2.16)

1.3. Changes of basis and posets. It is very usual, given a polynomial space K{(C),
to consider a poset structure on C to define new bases of K(C). Indeed, such new bases
are defined by considering sums of elements greater (or smaller) than other ones. In this
context, incidence algebras of posets and their Mobius functions play an important role. We
expose here these concepts.

1.3.1. Incidence algebras. One of the first apparitions of incidence algebras in combi-
natorics is due to Rota [Rot64]. These structures, associated with any locally finite poset,
provide an abstraction of the principle of inclusion-exclusion [Sta11] through their M&bius
functions. Indeed, the usual inclusion-exclusion principle comes from the Mobius function
of the cube poset.

Let (Q, <) be a locally finite I-poset and G® be the I-collection of all the ordered pairs (x,y)
of objects of Q such that x < y, called pairs of comparable objects. The index of (x, y) is the
index of x in Q (or equivalently, the index of y in Q). The incidence algebra of (Q, x) is the
polynomial space K (6@> endowed with the linear binary product x (the notion of products in
polynomial spaces is presented in the following Section 2 but here, only elementary notions
about these are needed) defined, for any objects (x,y) and (x',¥’) of BY by

(x,y') ify=ux,

(x,y)* (x',p') = { (1.3.1)

0 otherwise.
This product is obviously associative. Moreover, on each i-homogeneous component of
K(8?), i € I, the 8%polynomial
1= ) (x,x) (1.3.2)
xeCli)
plays the role of a unit, that is, f x 1; = f = 1; x f for all f € K(B°) (i). Let for any i € I the
G%-polynomial ¢;, called i-zeta polynomial of (Q, <), defined by

Gi= Y. (x,y). (1.3.3)

x,yeCli)
Yy

This %-polynomial encodes some properties of the order <. For instance, the coefficient in
¢ * ¢ of each (x,y) € BY(i) is the cardinality of the interval [x,y] in (Q, <). The i-Mé&bius
polynomial of (Q, <) is the B%polynomial y; satisfying

pixGo=1; = G . (1.3.4)

In other words, p; is the inverse of ¢; with respect to the product . Recall that, as exposed
in Section 1.1.2, polynomials on collections are functions associating a coefficient with any
object. For this reason, ¢; and p; are functions associating a coefficient with any pair of com-
parable objects of Q. We have presented the elements of incidence algebras as polynomials
of pairs of comparable elements, but in the literature [Stal1], it is most common to see these
elements as maps associating a coefficient with each pair of comparable elements. These
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two points of view are therefore equivalent but the definition of the product of incidence
algebras in terms of polynomials is simpler.

THEOREM 1.3.1. Let (Q, <) be a locally finite I-poset. Then, the i-M&bius polynomial p;,
i €1, of (O, <) is a well-defined element of K (B?) and its coefficients satisfy ((x,x), p;) = 1
for all x € Q(i), and

(z)m) == Y ((x,9)m) (1.35)

yeQli)
xy<z

for all x,z € Cl(i) such that x # z.

PROOE. Let f be a G°-polynomial satisfying f » ¢; = 1;. By using the definitions of * and
of ¢;, we obtain

Yo (wnflcz) =) (xx). (1.3.6)
x,y,2z€0(i) x€0(i)
xy<z

This leads to the fact that ((x,x),f) = 1 for all x € Q(i), and, for all x, z € Q(i) such that x # z,

Y (w)f) =0 (1.3.7)
yeali)
ry<z
Then, (1.3.7) rewrites as
((c,z),fy+ Y ((x,9).f) =0. (1.3.8)
yeq(i)
xXY<z

Moreover, in the same way, one can prove that if f' is a 3%-polynomial satisfying ¢; x f' = 1;,
the coefficients of f’ satisfy the same relations as the ones of f. Recall now that in any
algebraic structure endowed with a unitary and associative product, if an element has an
inverse, it is unique. For this reason, p; = f. Hence, (1.3.8) implies that the coefficients
of p; satisfy (1.3.5). Finally, since all coefficients appearing in p; are well-defined, p; is a
well-defined G°-polynomial. O

Theorem 1.3.1 provides a recursive way to compute the coefficients of p;, i € I, as a
consequence of the finiteness of each interval of Q(i).

1.3.2. Changes of basis. Let C be a combinatorial I-collection and < be a partial order
relation on C such that (C, %) is an I-poset. Consider the family

{Bf,xeC} (1.3.9)

of elements of K(C) defined, from the fundamental basis of K{(C), by

BS := Zy. (1.3.10)

yeC
=y

Observe that since C is combinatorial and < preserves the indices of the objects of C, each
B is a homogeneous C-polynomial. We call the family (1.3.9) the B=-family of K (C).
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ProposITION 1.3.2. Let (C, <) be a combinatorial I-poset. The BS-family forms a basis
of K(C) and

x =Y ((x,y)pm) By (1.3.11)

yeC
=y

for all x € C(i), i € I, where p; is the i-Mo6bius polynomial of (C, <).
ProoE. Let us compute the right member of (1.3.11) by using (1.3.10). Then, for any x €

Cl(i), i € I, by using the relations satisfied by the coefficients of p; provided by Theorem 1.3.1,
we obtain

S (e vl m)BY =Y (e wh )Y 2

yeC yeC zeC
<y <y y=<z
=Y D () |2
C C
0 \L552, (1.3.12)

=<(x'x)'lli>x+z Z (. 9), i) | 2

zeC yeC
X<z \x<y<z

=x + 0.

Therefore, (1.3.11) holds. Finally, since C is a basis of K(C) and, as we have shown, any
x € C can be expressed as a linear combination of elements of the B=-family, this family is
a basis of K(C). O

2. Bialgebras

Bialgebras are polynomial spaces endowed with operations. These operations are very
general in the sense that they can have several inputs and outputs. These structures encom-
pass all the algebraic structures seen in this work.

2.1. Biproducts and duality. Polynomial spaces are rather poor algebraic structures.
It is usual in combinatorics to handle spaces endowed with several products. When the
products are compatible with the sizes of the underlying combinatorial objects, all this form
a graded algebra. This notion is detailed here, as well as the concepts of coproduct, duality,
and coalgebras and bialgebras.

2.1.1. Biproducts. Let C be an I-collection. A biproduct on K(C) is a linear map
O:K(C)*P - K(C)*? 2.1.41)

where p,q € N. The arity (resp. coarity) of [0 is p (resp. q). Any biproduct of arity p and
coarity g can be seen as an operation taking p elements of K(C) as input and outputting
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q elements of K(C). This biproduct is depicted by a rectangle labeled by its name, with p
incoming edges (below the rectangle) and q outgoing edges (above the rectangle) as

4
>§< . (2.1.2)
o
Under a concrete point of view, given any objects x, ..., x, of C,
Oy @ 0xp) = Y. 55 el o gy, (21.3)
V1,050 €C

where the Sl(jxi@'"@x"’y 197 ape coefficients of K. These coefficients are called sfructure

coefficients of [0 and wholly determine the behavior of (0. We say that [ is degenerate if all
its structure coefficients are zero.

The set of all the biproducts of arity p and coarity g on K(C) has a structure of a K-
vector space. Indeed, if [J; and [y are two such biproducts, the addition of [J; and [, is the
biproduct [J; + [y defined by

(O +09) (04 @ -+ @xp) =0y @ -+ - @xp) + Loy @ -+ @ xp) (2.1.4)

for any objects xy, ..., x, of C. Moreover, for any coefficient A € K, if [ is such a biproduct,
the multiplication by a scalar of ] by A is the biproduct A[] defined by

AO)(x1 ® -+ ®xp) 1= A0(x1 @ -+ - R xp) (2.1.5)
for any objects x4, ..., x, of C.

2.1.2. Dual biproducts. Assume that C is combinatorial so that we can identify K(C)
with its dual K{C)" as mentioned in Section 1.1.5. Given a biproduct (J on K{(C) of arity p
and coarity q, the dual biproduct of (I is the biproduct

O K(CY*™ - K(C)™*P (2.1.6)
of arity q and coarity p, linearly defined, for all y,...,y, € C, by

D@ @y i= Y. (D@ ®x), 5@ ®Y) Xt @ @ Xp. (2.1.7)

Let us observe that in (2.1.7), the coefficient (J(x1 ® - @ xp), ¥1 ® - -+ ® ¥q) is the structure
coefficient Sg@'"@x"'y’@mm ) of 0. Hence, if one sees the structure coefficients of [ as a
matrix whose rows are indexed by the x; ® - - - ® x, and the columns by the 1 ® - - - ® yq, the

structure coefficients of (0" is the transpose of this matrix.
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2.1.3. Products. A product is a biproduct of coarity 1. In this section, x is a product of
arity p € N.

For any ¢ > 1, let T;(x) be the biproduct

Tyw) : <K<c>®f)®"

~ K(C)*P - K(C)** (2.1.8)
defined linearly by

Te(*) (X141 @+ @ X1 D X192+ @Xp2 @+ @ Xpp D+ @ Xp)
= x (X @ @) Ox (Xt @ @ Xgp) @ D (X @ DXgp), (21.9)

for any x4, ..., X1,p, X014, ..., Xop, -+, X1, .., Xep € C. Graphically, Ty(x) is the biproduct

/.\ : /.\

xX1,1 XA X1,2 Xy¢,2 X1,p X¢,p

(2.1.10)

This product Ty(x) can be seen as the ¢th-tensor power of x seen as a linear map. For this
reason, Ty(x) is called the ¢th tensor power of x. For instance, when  is a binary product,
one has
Tolx) : K(C)**? - K(C)** (2.1.11)
and
(1,1 ® x9,1) To(x) (xx1,2 @ X02) = (1,1 * X1,2) @ (X215 * X22) (2.1.12)
for all x11,x01,X12,x20 € C. In (2.1.12), since x and Ty(x) are binary products, we denote
them in infix way. We follow this convention in all this text. Graphically, Ty (x) is the biproduct

<

(2.1.13)
X114 X214 X1,2 X22
Let us now list some properties a product can satisfy.
When [ is endowed with an associative binary product +, if for any xy,...,x, € C one
has
* (X1 ® - ®@xp) € K(C) (ind(xy)+ - - - +ind(xp)), (2.1.14)

we say that x is +-compatible. In the particular case where C is a graded collection and *
is +-compatible, x is graded. If {B, : x € C} is a basis of K{C) such that, for any objects x,
..., xp of C there is an x € C satisfying

* (By, ®-+-®By,) = By, (2.1.15)

we say that the B-basis of K(C) is a set-basis (or a multiplicative basis) with respect to x.
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Assume now that * is of arity 2. The associator of * is the ternary product
(= — ) K(C)®K(C)®K(C) - K(C) (2.1.16)
defined linearly for all x1, x2,x35 € C by
(21, X0, X3)% = (X1 * Xg) * X3 — X1 * (Xg * X3). (2.1.17)

When for all x1,x9,x35 € C,
(x1,x2, 23), = 0, (2.1.18)
we say that x is associative. The commutator of x is the binary product
[-, -] : K{(C)® K(C) = K(C) (2.1.19)
defined linearly for all xq,x9 € C by
[x1, 0]y 1= 24 * Xp — X9 * X1. (2.1.20)
When for all xq,x5 € C,
[x1,x2], = 0, (2.1.21)

the product x is commutative. When there is an element 1, of K(C) such that, for all x € C,
x*x1,=x=1,*x, (2.1.22)

we say that x is unitary and that 1, is the unit of x. This element 1, of K{C) can be seen
as a product of arity O, that is 1, : (K(C>®O = K) - K(C) is the map sending linearly the
multiplicative unit of K to the element 1, of K(C). Observe that if 1, is a graded product, 1.
is necessarily of degree O.

Finally, any product x on C of arity p gives rise to a product * on K(C) defined linearly,
for any objects xy, ..., xp of C, by

*(x1, ..., xp) if x(x1,...,xp) is well-defined,

*oy ®@---®xp) 1= {0 (2.1.23)

otherwise.
This product * is the linearization of .

2.1.4. Coproducts. A coproduct is a biproduct of arity 1. Let A be a product of coarity
q € N. Observe that the dual of a coproduct is a product and conversely.

All the properties of products defined in Section 2.1.3 hold for coproducts in the following
way. For any property P on products, we say that A safisfies the property “coP” if the dual
product x5 of A satisfies P. For instance, A is cograded if x5 is graded, and A is coassociative
if x5 is associative.

2.2. Polynomial bialgebras. We now consider polynomial spaces endowed with a set
of biproducts. The main definitions and properties of these structures are listed.
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2.2.1. Elementary definitions. A polynomial bialgebra is a pair (K(C), B) were K(C)
is a polynomial space endowed with a (possibly infinite) set 93 of biproducts. Let (K(Cy), $By)
and (K{Cy), %Bs) be two polynomial bialgebras. These algebras are pi-compatible if there
exists a bijective map p : By — 9B, that sends any biproduct of #3; to a biproduct of %3y
of the same arity and coarity. When (K(Cj), ;) and (K(Cz), %B,) are p-compatible, a p1-
polynomial bialgebra morphism (or simply a polynomial bialgebra morphism when there
is no ambiguity) from K (Cy) to K(Cy) is a polynomial space morphism ¢ : K(C;) — K(Cy)
such that

(6%) (Olxr @ -~ @ xp)) = ((O)) (dlx1) @ -+ @ Playp)) (2.2.1)

for all biproducts O or arity p and coarity q of $By, and x4, ...,x, € Cy, where ¢“9 is the qth
tensor power Tq(¢) of ¢. Graphically, (2.2.1) reads as

q
\(;)/ - (2.2.9)
5) (9

Besides, when (K(Cj), %) and (K(Cy),%By) are p-compatible, (K(Cy),$By) is a sub-
bialgebra of (K(Cy), %) if there is an injective p-polynomial bialgebra morphism from
K(Cy) to K(Cy). Let (K(C), %) be a polynomial bialgebra. For any subset & of K(C), the
bialgebra generated by & is the smallest sub-bialgebra K (C)® of K (C) containing &. When
K(C)® = K(C) and & is minimal with respect to the inclusion among the subsets of & sat-
isfying this property, ® is a minimal generating set of K(C). A polynomial bialgebra ideal
of K(C) is a subspace 9 of K(C) such that

O @ @x4®f x40 ®x) € PR(C)T @9 @K (C)* 7 (2.2.3)
jelal

for all biproducts [0 of 6B of arity p and coarity q, i € [p], f € 9, and x, € C where r € [p]\{i}.
Given a polynomial bialgebra ideal 4’ of K(C), the quotient bialgebra K{C) /¢ of K{(C) by
9) is defined in the usual way.

When 93 contains only products (resp. coproducts), (K(C), %) is a polynomial algebra
(resp. polynomial coalgebra).

2.2.2. Combinatorial polynomial bialgebras. In practice, and even more so in this dis-
sertation, most of the encountered polynomial bialgebras are of the form (K(C), 63) where
C is a combinatorial I-collection and 93 contains only products and coproducts. When all
products (resp. coproducts) of $B are +-compatible (resp. +-cocompatible) for some associa-
tive binary products + on I, we say that K{C) is a combinatorial bialgebra. In most practical
cases, C is a graded, a bigraded, or a colored combinatorial collection.
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Let us assume that (K{(C), $) is a combinatorial bialgebra. The dual bialgebra of K{C)
is the bialgebra (K(C)", %*) where $* is the set of the dual biproducts of the biproducts
of &.

It is very common, given a combinatorial bialgebra (K (C), %), to endow C with a struc-
ture of a combinatorial poset (C, <) in order to construct B¥-families (see Section 1.3.2). For
instance, when a biproduct [0 has complicated structure coefficients, considering an adequate
partial order relation < on C such that the BS-family is a set-basis with respect to (I allows
to infer properties of [J (such as generating sets of K(C), a description of the nontrivial
relations satisfied by these generators, or even freeness properties).

2.2.3. Set-theoretic algebras. When (K{(C), %) is a polynomial algebra such that its fun-
damental basis is a set-basis with respect to all the products of &, each product * of & is the
linearization of a product x on C. In this case, it is possible to forget the linear structure of
K(C) and work only with C and its set of products & := {x : x € ]. We say in this case
that C is a sef-theoretic algebra.

A large part of the concepts presented above about bialgebras work for the particu-
lar case of set-theoretic algebras with some adjustments. For instance, to define quotients
of a set-theoretic algebra (C, ¥%’), we do not work with polynomial algebra ideals but with
congruences of set-theoretic algebras. To be a little more precise, a set-theoretic algebra
congruence is a relation = on C which is an equivalence relation satisfying

* (Xt ey X, Xty Xt s Xp) = % (Xt oo, X, XY, Xty v s Xp) (2.2.4)
for all products * of arities p, i € [p], xi;,x; € C, xj € C, j € [p] \ {i}, whenever x; = x;.

In the sequel, if “N” is the name of an algebraic structure, we call “set-N” the corre-
sponding set-theoretic structure. For instance, a set-theoretic unitary associative algebra is
a monoid. We shall further encounter in this way set-operads, colored set-operads, and
set-pros.

2.3. Types of polynomial bialgebras. A fype of polynomial bialgebra is specified by
biproduct symbols together with their arities and coarities, and the possible relations between
them (like, for instance, associativity, commutativity, cocommutativity, or distributivity). In this
section, we list some of the very ordinary types of polynomial bialgebras in combinatorics,
and give concrete examples for each of them. Hopf bialgebras are other very important
types of polynomial bialgebras and are presented in Section 3.

2.3.1. Associative algebras. An associative algebra is a polynomial space endowed with
an associative binary product. An associative algebra is unifary if its product is unitary.
Besides, an associative algebra is commutative if its product is commutative. To perfectly
fit to the definition of types of bialgebras given above, the type of unitary associative and
commutative algebras is made of a product symbol % of arity 2 and a product symbol 1 of
arity 0 together with the relations (fy, fo, f3)« = 0, [f1, fol« = 0, f x 1(A) = Af = 1(A) x f, where A
is any coefficient of K, and f4, fo, and f3 are any elements of the space.
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Concatenation algebra. Let A := {ay,...,a,} be an alphabet. The concatenation product
is the binary product - on K(A*) defined as the linearization of the concatenation product
on A*. Since - is graded and all K(A") are finite dimensional for all n € N, (K(A*),) is a
combinatorial algebra. Moreover, - is associative, noncommutative, and admits the empty
word € as unit so that (K(A*),-) is a unitary noncommutative associative algebra.

Shuffle algebra. The shuffle product is the binary product L on K(A*) linearly and
recursively defined by

ullle:=u =:€llu, (2.3.1a)

ua Wvb:=(uwvb)-a+ (uawv)-b (2.3.1b)

for any u,v € A* and a,b € A, where - is the concatenation product of words. Intuitively, L
consists in summing in all the ways of interlacing the two operands. For instance,
aiaq LW asai1ay = a1aq0o01ay + Aq1aoAoa1aq + A10oa1Ao01 + A1A0A1A1A2
+ doa1Ao01aq + AoA1a1A901 + AoA1A1A1A2 + AoA1A1A0A1
+ asa1aq1a1ag + asa1a1aq1ay (232)
= 2(11(12(12(11(11 + aiasa1asAy + a1aqa1a1ag + AoA1A2A1Ay
+ 2(12611(11(12(11 + 3(12(11(11611(12.
Since W is graded and all K(A") are finite dimensional for all n € N, (K(A*), ) is a com-

binatorial algebra. Moreover, LU is associative, commutative, and admits € as unit so that
(K(A*), ) is a unitary commutative associative algebra.

2.3.2. Coassociative coalgebras. A coassociative coalgebra is a polynomial space en-
dowed with a coassociative coproduct. A coassociative coalgebra is counitary if its coprod-
uct is counitary. Besides, a coassociative coalgebra is cocommutative if its coproduct is
cocommutative.

Deconcatenation coalgebra. let A. be the dual coproduct of the concatenation product -
of K(A*) considered in Section 2.3.1. By (2.1.7), for all u € A*,

A(u) = Z (v-w,u)veaw = Z VR Ww. (2.3.3)
v,weA* v,weA*
v-w=u
For instance,
A(ajaiag) = € @ a1a1as + a1 @ a1as + a1a; @ dg + A1a10y ® €. (2.3.4)

This coproduct is known as the deconcatenation coproduct and endows K (A*) with a struc-
ture of a counitary coassociative noncocommutative coalgebra.

Unshuffle coalgebra. Let A, be the dual coproduct of the shuffle product L of K({A*).
Again by (2.1.7), for all u € A*,

Ay (u) = Z (viw,u)vew. (2.3.5)
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The coefficient (v L w, u) counts the number of ways to decompose u as two disjoint sub-
words v and w, and thus,

Ay (u) = Z Up, ® U|p,. (2.3.6)

Py, Py Clluf]
DPyuPy=[|ul]

This coproduct can also be expressed by

Ayla)=eRa+a®e (2.3.7)
for any a € A, and
Awu) = [ | Aw) (2.3.8)
ieflul]

for any u € A* where the product of (2.3.8) denotes the iterated version of the 2nd tensor
power Ty(-) of the concatenation product -. This product Ty(-) is associative due to the fact
that - is associative, and hence, its iterated version is well-defined. For instance,
Aplaiaiag) = e@ay +ay1 ®€) Tol)) (e@ay +ay ® €) Taol) (e®@ag + as ® €)
=€ aia1ag + as @ a1aq + a1 K a1as + a1ds Q@ aq
+a; ®@aqas + a1de ® Ay + a1 @ dg + A1A102 ® € (2.3.9)
= €Raia1dy + s @ a1ay + 2a41 ® aay
+ 2a1a0 ® ay + a1ay @ Az + A1a1ds ® €.

This coproduct is known as the unshuffling coproduct and endows K (A*) with a structure
of a counitary coassociative cocommutative coalgebra.

2.3.3. Dendriform algebras. A dendriform algebra [Lod01] is a polynomial space K (C)
endowed with two binary products < and > satisfying

(fi <fo) <fs=Ffi<(fo<fs)+f1 <(fo>fs), (2.3.10a)
(ft > fo) < fs = f1 > (f2 < f3), (2.3.10b)
(ft < fo) > f5+ (fi > fo) > f5 = f1 > (fa > f3), (2.3.10¢)

for all fillef?) € K<C>

Dendriform algebra structure. A polynomial algebra (K(C),«), where x is a binary
product, admits a dendriform algebra structure if its product can be split into two operations

* =< + >, (2.3.11)

where < and > are two non-degenerate binary products such that (K(C), <, >) is a dendri-
form algebra. Observe that if (K(C),*) admits a dendriform algebra structure, * is associa-
tive. The associativity of < + > is a consequence of Relations (2.3.10a), (2.3.10b), and (2.3.10c)
of dendriform algebras.
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Codendriform coalgebra structure. By dualizing the notion of dendriform algebra struc-
ture, one obtains the notion of codendriform coalgebras [Foi07]. More precisely, a coden-
driform coalgebra is a polynomial space K (C) endowed with two binary coproducts A and
A, such that the dual products < and > of respectively AL and A, endow K{(C) with a
dendriform algebra structure.

In the same way as above, we say that a polynomial coalgebra (K(C), A), where A is a
binary coproduct, admits a codendriform algebra structure if its coproduct can be split into
two operations

A=A+ A, (2.3.12)
where A and A, are two non-degenerate binary coproducts such that (K(C),A,, A, ) is a
codendriform colalgebra.

Bidendriform bialgebra structure. A bialgebra (K(C), , A), where * is a binary product
and A is a binary coproduct, admits a bidendriform bialgebra structure [Foi07] if K(C) ad-
mits both a dendriform algebra (K(C), <, >) and a codendriform coalgebra (K(C), AL, A,)
structure with some extra compatibility relations between the products < and > and the
coproducts A and A..

One among the main benefits of showing that K(C) admits a bidendriform bialgebra
structure relies a rigidity theorem [Foi07] implying several properties of K (C). For instance,
when K(C) is a Hopf bialgebra (see Section 3), the fact that K (C) admits a bidendriform bial-
gebra structure implies its self-duality, its freeness as an associative algebra, and its freeness
as a coassociative coalgebra.

Remarks and generalizations. We invite the reader to take a look at [LR98, Agu00,
Lod02,Foi07, EFMPO08, EFMO09, LV12] for a supplementary review of properties of dendri-
form algebras.

Besides, in the recent years, a lot of generalizations of dendriform algebras and their
dual notions were introduced, each of them splitting an associative product in different ways
and in more that two pieces. Tridendriform algebras [LR04], quadri-algebras [AL04], ennea-
algebras [Ler04], m-dendriform algebras of Leroux [Ler07], m-dendriform algebras of Nov-
elli [Nov14], and polydendriform algebras (see Chapter 5) are examples of such structures.

Shuffle dendriform algebra. Consider on K (A*) the binary products < and > defined
linearly and recursively by

u<e:=u=:€>u, (2.3.13a)
w>e=:0:=€<w, (2.3.13b)
ua <v:=(uwv)-a, (2.3.13¢)
u>vb:=(uwv)-b (2.3.13d)

for any u,v € A*, w € A*, and a,b € A, where - is the concatenation product of words. In
other words, u < v (resp. u > v) is the sum of all the words w obtained by shuffling u and
v such that the last letter of w comes from u (resp. v). For example,

aias < Aoaq1aq4 = A1A2a1a1A9 + AoA1A101A9 + Ao1A1A1A9 + AoA1A1A1A2
(2.3.14a)
= a1a2a1a1ay + 3(12(11(11(11(12,
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ajaq > o104 = A1A920900101 + A1A0A2A1A1 + A1A02a1A201 + AoA1A20 101
+ aga1a1agay + aoa1aqagay (2.3.14Db)
= 2a1a9a9a10q + A1A2a109A1 + Aod1AA1A1 + 2a9a1a1000;.
These two products endow K (A*) with a structure of a dendriform algebra. Moreover, the
products < and > divide the shuffle product into two parts in the sense that

ulv=u<v+u>v (2.3.15)

for all u,v € A*. This shows that (K(A*), 1) admits a dendriform algebra structure and
offers a way to recover the recursive definition (see (2.3.1a) and (2.3.1b)) of L. This recursive
description of the shuffle product was known since Ree [Ree58].

Max dendriform algebra. Assume here that A is a totally ordered alphabet by a; < a; if
i <j. Consider on K(A*) the binary products < and > defined linearly by

v if >
w <y u-v if maxg(u) > maxg(v) (2.3.16a)
otherwise,
v if
I LA max (u) < max(v) (2.316b)
0 otherwise,

for all u,v € A*, where - is the concatenation product of words. These two products endow
K (A*) with a structure of a dendriform algebra. Moreover, we have here - =< + > where
- is the associative algebra product of concatenation of K(A™*).

2.3.4. Pre-Lie algebras. A pre-Lie algebra is a polynomial space K{C) endowed with a
binary product « satisfying

(fi ~fo) D fs —frn(fonfs) = (ft D f3) D fo = f1 D (fs A fo) (2.3.17)

for all f1,fo,f3 € K(C). This relation (2.3.17) of pre-Lie algebras says that the associator
(=, —, =)~ is symmetric in its two last entries.

Pre-Lie algebras were introduced by Vinberg [Vin63] and Gerstenhaber [Ger63] inde-
pendently. These structures appear under different names in the literature, for instance as
Vinberg algebras, left-symmetric algebras, or chronological algebras. The appellation pre-
Lie algebra is now very natural since, given a pre-Lie algebra (K(C), ), the commutator
of ~ endows K(C) with a structure of a Lie algebra. In the context of combinatorics, sev-
eral pre-Lie products are defined on combinatorial spaces by summing over all the ways to
compose (in a certain sense) two combinatorial objects. For this reason, in an intuitive way,
pre-Lie algebras encode the combinatorics of the composition of combinatorial objects in all
possible ways [Cha08]. For more details on pre-Lie algebras, see [Man11].

Pre-Lie algebras from associative algebras. When (K (C), ) is a an associative algebra,
* satisfies in particular (2.3.17) since both left and right members are equal to zero. For this
reason, (K(C),*) is a pre-Lie algebra.
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Pre-Lie algebra of rooted trees. Recall that RT is the graded combinatorial collection
of all rooted trees (see Section 3.1.1 of Chapter 1). Consider now on K(RT) the products
A® K (RTY?® — K (RT) defined linearly for all k > 1 and all rooted trees 4, ..., t by

AR (@ @) 1= (0, 1t 1) (2.3.18)

Intuitively, A¥) consists in grafting all the trees t,, ..., t, onto a common root. This product is
symmetric with respect to all its inputs. Now, let .~ be the binary product on K(RT) defined
linearly and recursively by

5. ti= A (51 Qs ) + Zk(k)(m R R85 1R (5 N t) DS Q-+ R 5p) (2.3.19)
iclk]

for any s,t € RT where s = (o, 51, ...,5]). Intuitively, .\ consists in summing all the ways
of connecting the root of the second operand on a node of the first. For example,

Ao é&?ﬁx s

This product endows K (RT) with a structure of a pre-Lie algebra.

The free objects in the category of pre-Lie algebras have been described by Chapoton
and Livernet [CLO1]. They have shown that the free pre-Lie algebra generated by a set & is
the combinatorial space of all rooted trees whose nodes are labeled on &, and the product
of two such rooted trees is the sum of all the ways to connect the root of the second tree
to a node of the first. Thereby, the pre-Lie algebra (K(RT), ) is the free pre-Lie algebra
generated by a singleton.

2.3.5. About bialgebras. In the field of algebraic combinatorics, many types of bialgebras
have emerged recently. As previously mentioned, bidendriform bialgebras [Foi07] are one of
these. In [Lod08], Loday defined the notion of triples of operads, leading to the constructions
of various kinds of bialgebras and analogs of the Poincaré-Birkhoff-Witt and Cartier-Milnor-
Moore theorems (see also [Cha02]). He defined, among others, infinitesimal bialgebras,
forming an example of combinatorial bialgebras having one associative binary product and
one coassociative binary coproduct satisfying a compatibility relation. Moreover, in [Foil2],
Foissy considered algebraic structures, named Dup-Dendr bialgebras, having two binary
products satisfying the duplicial relations [BF03, Lod08], two binary coproducts such that
their dual products satisfy the dendriform relations, and such that these four (co)products
satisfy several compatibility relations. These structures lead to rigidity theorems, in the
sense that any Dup-Dendr bialgebra is free as a duplicial algebra. In the same way, Foissy
introduced also in [Foil5] structures named Com-PreLie bialgebras, that are spaces with an
associative and commutative binary product, a pre-Lie product, and a binary coproduct that
satisfy compatibility relations.
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3. Hopf bialgebras in combinatorics

Hopf bialgebras are polynomial spaces endowed with an associative product * and a
coassociative coproduct A satisfying a kind of commutativity relation very natural in combi-
natorics. We list the basic concepts related with these structures and provide some examples.

3.1. Hopf bialgebras. A Hopf bialgebra is a polynomial space K{(C) endowed with a
binary product * and a binary coproduct A such that (K {C), %) is a unitary associative algebra,
(K(C),A) is a counitary coassociative coalgebra, and, for all fi, fo € K(C),

Alfy x f2) = Alf1) Talx) Alfa). (3.1.1)
The dual bialgebra of a Hopf bialgebra is still a Hopf bialgebra.
Let us now provide some classical definitions about Hopf bialgebras.

3.1.1. Primitive and group-like elements. An element f of K(C) is primitive if A(f) =
1®f +f ®1. The set Pk c) of all primitive elements of K (C) forms a subspace of K(C) and
the commutator [—, —], endows Pk c) with a structure of a Lie algebra. Besides, an element
f of K(C) is group-like if A(f) = f ® f.

3.1.2. Convolution product and antipode. Given two Hopf bialgebras (K (Cy), %1, Aq) and
(K(C2),*, Ag), if w and ' are two Hopf bialgebra morphisms from K(Cj) to K(Cy), the
convolution of w and w' is the map

w*w :K{(Ci) - K(Cy) (3.1.2)
defined linearly, for any x € Cy, by
Wrw)x)i= Y ERTaly) w0 (a), (3.1.3)
y1.92€Cy

where the é’(AZ'*) are the structure coefficients of Ay. This convolution product is associative,
as a consequence of the fact that A, is coassociative and *y is associative.

Now, let (K(C),*,A) be a Hopf bialgebra. Let v : K(C) — K(C) be the linear map
defined as the inverse of the identity map Idkcy on K(C). This map v is the anfipode of
K {(C) and it can be undefined in certain cases.

3.1.3. Combinatorial Hopf bialgebras. In algebraic combinatorics, one encounters very
particular Hopf bialgebras. A combinatorial Hopf bialgebra is a Hopf bialgebra (K (C), *, A)
which is graded and combinatorial (that is K(C) is a graded combinatorial space, and * and
A are respectively graded and cograded) and such that C is connected as a graded collection
(as a consequence, K(C) (0) is of dimension 1 and can be identified with K).

All combinatorial Hopf bialgebras admit a unique well-defined antipode v. Indeed, con-
sider a combinatorial Hopf bialgebra (K (C), *, A) and let us denote by 1 its unique element
of C(0). We can consider, without loss of generality that 1 is the unit of x. The antipode v
must satisfy

(3.1.4)

1 ifx=1,
(v Idgcy) (x) = {

0 otherwise.
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Hence, we obtain

1 ifx=1,

N e hy(yy) xyp = { _ (3.1.5)

Y152EC 0 otherwise.

Now, by using the fact that A is counitary and cograded, we obtain
v(l) =1, (3.1.6)

and, for any x € Aug(C),
v(x) = - Z EXV N 91) + 3. (3.0.7)
y1.92€C
Yol

Therefore, (3.1.6) and (3.1.7) imply that the antipode of K(C) is well-defined can be computed
by induction.

3.2. Main Hopf bialgebras in combinatorics. Hopf bialgebras are a heavily studied
subject. In the last years, many Hopf bialgebras have been introduced involving a very wide
range of combinatorial spaces. Let us review the main examples.

3.2.1. Shuffle deconcatenation Hopf bialgebra. Let A := {ay,...,a,} be an alphabet. The
concatenation product - and the unshuffling coproduct A, (see Section 2.3.2) endow K (A*)
with a structure of a combinatorial Hopf bialgebra (K(A*),-, A.). Its dual bialgebra is the
Hopf bialgebra (K (A*), 1, A.) where w is the shuffle product and A. is the deconcatenation
coproduct (see again Section 2.3.2).

3.2.2. Noncommutative symmetric functions. Consider the graded combinatorial poly-
nomial space Sym := K(Comp) of the compositions. Let {Sy: A € Comp} be the basis of
the complete noncommutative symmetric functions of Sym and * be the binary product
defined linearly, for any A\, u € Comp, by

S)‘*SH = SA'H’ (321)

where A - u is the concatenation of the compositions (seen as words of integers). Moreover,
let A be the binary coproduct defined linearly, for any A € Comp, by

A= [] Y St @S | (3.2.2)
jelen)] n,mel\)l\
n+ms=A;

where the product of (3.2.2) denotes the iterated version of 2nd tensor power Ty(x) of x, and
for any n > 1, Sy is the basis element indexed by the composition of length 1 whose only
part is n, and Sy is identified with the unit 1 of K. For instance,

AS121) =(1@S1 +S1®@1) Tolx) (1 @Se +S1 @St +So®1) Tolx) 1 @Sy + Sy @1)
=1®S121 + S1 @ S111 + 31 ® Si2 + S1 ® So1 + 2511 @ S11 + S11 ® S (3.2.3)
+So®S11 +S111 @S1 +S19®@S1 + St ®S1 + Siy ® 1.

The product * and the coproduct A endow Sym with a structure of a combinatorial Hopf
bialgebra.
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Moreover, let {Ry : A € Comp} be the family defined by
R, = Z (—1)N-twg | (3.2.4)

peComp
AZp

where < is the refinement order of compositions. For instance,
Ro1o = Sp12 — Spz — S32 + Ss. (3.2.5)

By triangularity, this family forms a basis of Sym and is known as the basis of ribbon
noncommutative symmetric functions. On this basis, one has, for any A, u € Comp,

R/\ * R/J, = R)\*p, + R)\Dp,l (326)
for any A, u € Comp, where A - p is the concatenation of the compositions and

AD> M= ()\1, eey )\g()\)_1, )\g()\) + 1, 42, ..., [l/g(“)) . (3.2.7)
For instance,

Rz110 * Riso = Rs110140 + Ragzo. (3.2.8)

This Hopf bialgebra Sym is usually known as the Hopf bialgebra of noncommuta-
tive symmetric functions. To explain this name, consider a totally ordered alphabet A :=
{ai,ay, ...} where 1 <i < jimplies a; < a;. Now, let the series

Ra(A)i= Y wu, (3.2.9)

ucA*
cmp(u)=X

of K({A*)) defined for all A € Comp, where cmp is defined in Section 1.2.3 of Chapter 1.
Observe that all Ry(A) are polynomials when A is finite, but are series in the other case. For
instance,

Rgl({a1,02}) = aQ1aq1a9041 + A1AoAo0q + AgAoq9o01, (32106)
R21({a1,(12,a3}) = 100201 + a1azaq + a1azas + AoAoA
(3.2.10b)
+ aoaza41 + AoA30a9 + A3A3A1 + A3A309,
Rigi({ay,as, asz}) = asaiasay + asajazay + asaiasds + asa;asay + dza;asaq (52.10¢)
.2.1UC

+ aza1azas + A30200A1 + A3000301 + A3A20309.

The linear span of all the Ry(A), A € Comp, is the space of noncommutative symmetric
functions on A. The associative algebra structure of Sym is compatible with these series in
the sense that

Ra(A) - R,(A) = (Ry xR, (A) (3.2.11)

for all A, u € Comp, where the product - of the left member of (3.2.11) is the usual product
of noncommutative series of K ({A*)).

This Hopf bialgebra has been introduced in [GKL*95] as a generalization of the usual
symmetric functions [Mac15]. This generalization is a consequence of the fact that there is
a surjective morphism from Sym to the algebra of symmetric functions.
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3.2.3. Free quasi-symmetric noncommutative symmetric functions. Consider the gra-
ded combinatorial polynomial space FQSym := K (&) of the permutations. Let {F;:0 € &}
be the basis of the fundamental free quasi-symmetric functions of FQSym and * be the
binary product defined linearly, for any o,v € &, by

FoxFyi= Y (1,0 WD) Fy, (3.2.12)
e

where v is the word obtained by incrementing each letter of v by |o|, and w is the shuffle

product of words defined in Section 2.3.1. For instance
Fo1 xFio = Forss + Fosis + Fosar + Fsprs + Fsgur + Fauon. (3.2.13)

This product is known as the shiffed shuffle product. Let also A be the binary coproduct
defined linearly, for any r € G, by

A(Fy) := Z Fstatn(t)...nti) @ Fstdin(i+t)...n(xp) (3.2.14)
0<i<|n]

where std is defined in Section 1.2.5 of Chapter 1. For instance
A(Fuo513) = 1 ® Fuosts + F1 @ Fous + Foy @ Faig + Fors @ Fio + Faou ® Fy + Fuosiz @ 1. (3.2.15)

The product * and the coproduct A endow FQSym with a structure of a combinatorial Hopf
bialgebra.

This Hopf bialgebra FQSym is usually known as the Hopf bialgebra of free quasi-
symmetric functions. Indeed, as for Sym, there is a way to see the elements of FQSym as
noncommutative series. For this, consider a totally ordered alphabet A := {ay,ay, ...} where
1 <i <jimplies a; < aj. Let the series

Fo(A):i= Y u, (3.2.16)

ucA*
std(u)=0""

of K((A*)) defined for all 0 € &. For instance
F312({a1,a2,a3}) = 20201 + AoA3AQ1 + A3A3A1 + A3A3A9, (32176)
F132({a1,ag,a3}) = a1a-2aq1 + aA1azaq + a1azas + A2A3A9. (3.2.17b)

Furthermore, the Hopf bialgebras FQSym and Sym are related through the injective
morphism of Hopf bialgebras ¢ : Sym — FQSym defined linearly by

d(RN):= Y. F (3.2.18)

0cs
Des(6’1)=Des(>\)

for all A € Comp. For instance,
®(Ro1) = F319 + Fizo. (3.2.19)

Observe, with the help of (3.2.10b), (3.2.17a), and (3.2.17b), in particular that (3.2.19) holds
on the noncommutative series associated with the elements of Sym and FQSym, that is,
Ry1(A) = Fz12(A) + Fuz2(A).
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This Hopf bialgebra has been introduced by Malvenuto and Reutenauer [MR95] and
is sometimes called the Malvenuto-Reutenauer algebra. Due to its interpretation [DHT02]
as an algebra of noncommutative series F;(A), it is also called the algebra of free quasi-
symmetric functions. Other classical examples include the Poirier-Reutenauer Hopf bial-
gebra of tableaux [PR95], also known as the Hopf bialgebra of free symmetric functions
FSym [DHTO02, HNTO05]. This Hopf bialgebra is defined on the combinatorial space of all
standard Young tableaux. The Loday-Ronco Hopf bialgebra [LR98], also known as the Hopf
bialgebra of binary search trees PBT [HNTO05] is defined on the combinatorial space of
all binary trees. As other modern examples of combinatorial spaces endowed with a Hopf
bialgebra structure, one can cite WQSym [Hiv99] involving packed words, PQSym [NTO07]
involving parking functions, Bell [Rey07] involving set partitions, Baxter [LR12, Gir12a] in-
volving ordered pairs of twin binary trees, and Camb [CP17] involving Cambrian trees.
The study of all these structures uses a large set of tools. Indeed, it relies on algorithms
transforming words into combinatorial objects, congruences of free monoids, partials orders
structures and lattices, and polytopes and their geometric realizations. Besides, a polynomial
realization of a combinatorial Hopf bialgebra K(C) consists in seeing K(C) as an algebra
of noncommutative series so that its product is the usual product of series and its coproduct
is obtained by alphabet doubling (see for instance [Hiv03]). In this text, only the polynomial
realizations of Sym and FQSym have been detailed, but all the Hopf bialgebras discussed
here have polynomial realizations.

3.2.4. Congruences and Hopf sub-bialgebras of FQSym. It is worth to note that some
of the structures discussed above (and many other ones) can be constructed through con-
gruences of the free monoid A* where A := {aj,ay,...}. Indeed, if = is a congruence of
A*, one can construct a family {Py)_ : 0 € &} where [0]= is the =-equivalence class of the
permutation o seen as a word on A by identifying each letter i of o with the letter a; of A,
and, for any 0 € 6,

P i= Y Fo. (3.2.20)

oelo]=

Of course, the elements (3.2.20) do not form a Hopf sub-bialgebra of FQSym without
precise properties on =. Let us state them. First, we consider that A is totally ordered by the
relation < satisfying a; < a; if i <j. For any interval | of A and any word u on A, we denote
by uj; the subword of u consisting in the letters belonging to J. We say that = is compatible
with the restriction of alphabet intervals if, for any interval | of A and any u,v e A*, u=v
implies uj; = v;. We say that = is compatible with the destandardization process if, for
any u,v € A*, u = v if and only if std(u) = std(v) and u and v have the same commutative
image.

THEOREM 3.2.1. Let = be a monoid congruence of A* compatible with the restriction
of alphabet intervals and with the destandardization process. Then, the elements (3.2.20)
form a combinatorial Hopf sub-bialgebra of FQSym whose bases are index by the =-
equivalence classes of permutations.
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This way to construct combinatorial Hopf sub-bialgebras of FQSym has been introduced
in [HNO7]. One can see also [Hiv99, Gir11, NT14] where properties of this construction are
studied.

Let us now provide some examples of congruences satisfying the requirements of The-
orem 3.2.1.

Sylvester congruence. The sylvester congruence [HNTO05] is the finest monoid congru-
ence = of A* satisfying, for any u € A* and a,b,c € 4,

acub = caub, a<b<ec. (3.2.21)
For example, the =-equivalence class of the permutation 15423 (see Figure 2.1) is
{12543,15243,15423,51243,51423,54123 }. (3.2.22)

The set of all =-equivalence classes of permutations of size n are in one-to-one correspon-

12543

15243

/N

15423 51243

N/

51423

54123

FIGURE 2.1. The sylvester equivalence class of the permutation 15423.

dence with the set of all binary trees with n internal nodes. A possible bijection between
these two sets is furnished by the binary search tree insertion algorithm [Knu98].

Plactic congruence. The plactic congruence [LS81,Lot02] is the finest monoid congru-
ence = of A* satisfying, for any a,b,c € A4,

acb = cab, axbx<e, (3.2.23a)
bac = bca, a<b<xec. (3.2.23b)

The set of all =-equivalence classes of permutations of size n are in one-to-one correspon-
dence with the set of all standard Young tableaux [LS81,Ful97]. A possible bijection between
these two sets is furnished by the Robinson-Schensted correspondence [Sch61].

Baxter congruence. The Baxter congruence [Girl2b] (see also [Rea05, LR12]) is the
finest monoid congruence = of A* satisfying, for any u,v € A* and a,b,c¢,d € 4,

cuadvb = cudavb, agxb<c<xd, (3.2.244a)

budavc = buadvec, a<b=xc<d (3.2.24Db)

The set of all =-equivalence classes of permutations of size n are in one-to-one correspon-
dence with the set of all ordered pairs of twin binary trees, objects introduced in [DG94].
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A possible bijection between these two sets uses the classical binary search tree insertion
algorithm together with a variant of it where the last inserted node becomes the root of the
tree [Gir12b].

Bell congruence. The Bell congruence [Rey07] is the finest monoid congruence = of A*
satisfying, for any u € A* and a,b,c € A,

acub = caub, a < b < cand for all letters d of u,c < d. (3.2.25)

The set of all =-equivalence classes of permutations of size n are in one-to-one correspon-
dence with the set of all set partitions of [n]. A possible bijection between these two sets uses
a variant of the patience sorting algorithm [Rey07].

Hypoplactic congruence. The hypoplactic congruence [KT97,KT99] is the finest monoid
congruence = of A* satisfying, for any u € A* and a,b,c € A,

acub = caub, axb<eg, (3.2.26a)

buca = buac, a<bxec (3.2.26b)

The set of all =-equivalence classes of permutations of size n are in one-to-one correspon-
dence with the set of all compositions of size n.

Total congruence. The totfal congruence is the monoid congruence = satisfying u = v
if u and v have the same commutative image. There is exactly one =-equivalence class of
permutations of size n.

3.2.5. Hopf bialgebra of colored permutations. Let, for any ¢ > 1, the graded combi-
natorial polynomial space FQSymw) = K<G(€)> of the ¢-colored permutations. Let {Fs ) :
(o,u) € 6“)} be the basis of the fundamental ¢-free quasi-symmetric functions of FQSymw).
The space FQSymw) is endowed with a binary product * similar to the product of FQSym
(see (3.2.12)) wherein the letters of the permutations and their colors are shuffled. For in-
stance, in FQSym(S),

Fuous) x Fus) = Faos435) + Fusess) + Fs12,5.3)- (3.2.27)

Let also A be the binary coproduct defined in FQSym“) in a similar way as the coproduct
of FQSym (see (3.2.14)). Again in this case, the colors follow the letters of the permutations.
For instance, in FQSym("),

Fuii0,41) = 1 @ Fsig,411) + Fri) @ Fruoa1) + Fror,41) ® Frany + Frsiou11) ® 1. (3.2.28)

The product x and the coproduct A endow FQSymw) with a structure of a combinatorial
Hopf bialgebra.

These Hopf bialgebras have been introduced in [NT10]. Obviously, they provide a gen-
eralization of FQSym since since FQSym = FQSym(” and, for any ¢ > 1, FQSymw) is a Hopf
sub-bialgebra of FQSym ‘",
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3.2.6. Hopf bialgebra of uniform block permutations. A uniform block permutation (or
a UBP for short) of size n is a bijection 7 : 19 — 7° where 717 and 7€ are set partitions of [n],
and, for any e € 79, #e = #s(e). These objects are obvious generalizations of permutations
since a permutation is a UBP where 7 and 7¢ are sets of singletons. For instance, the map
7t defined by

n({1,4,5)) = {2,5,6}, nl{2}):= {1}, 7({3,6}):= {34} (3.2.20)

is a UBP of size 6. We denote by UBP the graded combinatorial collection of all UBPs. The
sequence of integers associated with UBP starts by

1,1,3,16,131, 1496, 22482, 426833, (3.2.30)
and is Sequence A023998 of [Slo].

The graded combinatorial polynomial space UBP := K(UBP) admits a combinatorial
Hopf bialgebra structure defined through its basis {F, : m € UBP} (see [AO08]). This Hopf
bialgebra contains FQSym.

3.2.7. Hopf bialgebra of matrix quasi-symmetric functions. A packed matrix is a ma-
trix with entries in N such that each row and each column contains at least one nonzero
entry. We denote by M the graded combinatorial collection of all packed matrices, where
the size of a packed matrix is the sum of its entries.

The graded combinatorial polynomial space MQSym := K(M) admits a combinatorial
Hopf bialgebra structure defined through its basis {My;: M € M} of the quasi-multiword
functions. Let x be the binary product defined linearly, for any M;, M, € M in the following
way. The product My, x My, is the sum of all the My, such that the packed matrix M is
obtained by horizontally concatenating N; and N, where N; (resp. Ny) is obtained from M;
(resp. Ms) by inserting some null rows, and so that Ny and N, have both a same number of
rows. For example,

M{Q 1 . (3.2.31)
01

21
01

}*M“:/)]:M[ 2113
0100

]+M[ (1)(3)]+M[ (2]+M[

; B

2100 210 00153
0100 001 210 0}
0013 010 0100
There is also a binary coproduct A defined on MQSym that, on the basis of quasi-multiword
functions, splits the packed matrices horizontally and delete the columns of zeros.

This Hopf bialgebra has been introduced in [Hiv99] (see also [DHT02]).

4. Operads in combinatorics

We regard here operads as polynomial algebras and provide the main definitions used
in the following chapters. We also give examples of some usual operads.

4.1. Operads. Operads have been introduced in the field of algebraic topology [May72,
BV73]. Here we see operads under a combinatorial point of view. The notions of oper-
ads, nonsymmetric operads, free operads, presentations by generators and relations, Koszul
duality, and algebras over operads are reviewed.
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41.1. Nonsymmetric operads. A nonsymmetric operad (or a ns operad for short) is
a graded augmented polynomial space K(C) endowed with a set of binary linear products
{oi 11 € N34 ). These products have to satisfy several relations. First, when x € C(n) and
izn+1,foranyy e C,

xo;y =0. (4.11)
Moreover, the products o;, i € N4, satisfy
0; : K(C)(n)® K(C)(m) - K(C) (n + m — 1), n,m € Nyy,i € [n]. (4.1.2)

This is equivalent to the fact that if x € C(n), y € C(m), and i € [n], xo;y € K(C)(n + m —1).
For any x € C(n), y € C(m), and z € C(k), one must have

(xoiy)oisj1z=x0;(yojz), i€[n]je[m] (4.1.3a)
(x [eF] y) Oj+m-1Z = (x Oj Z) oy, i< j S [n], (4.13b)

Finally, we demand the existence of an element 1 of K{C) (1) satisfying, for any x € C(n),
lojx=x=x0;1, i €[n]. (4.1.4)

Let us now provide an intuitive meaning of these relations. Any element f of K(C)(n)
is seen as a product of arity n, depicted as

, (4.1.5)

and where the inputs are indexed from 1 to n from left to right. The o; act by composing
these products: for any f € K{(C)(n), g € K(C)(m), and i € [n], f o; g is the product obtained
by plugging the output of g onto the ith input of f. This is depicted as

(4.1.6)

n+m-1 "

(4.1.7)
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can be formed by two ways: by starting by composing f and g, and the result with h, or by
starting by composing g and h, and the result with f. Relation (4.1.3b) says that the product

can be formed by two ways: by starting by composing f and g, and the result with h, or
by starting by composing f and h, and the result with g. Finally, Relation (4.1.4) says that 1
behaves as an identity product, so that

(4.1.9)

Let us fix some vocabulary. Each element f of K(C)(n) is of arity n. The arity of f is
denoted by |f|. The maps o;, i > 1, are partial composition maps. Relation (4.1.3a) is the
series associativity relation, while (4.1.3b) is the parallel associativity relation. The element
1 of arity 1 satisfying (4.1.4) is the unit of K(C). This element is unique.

Since a ns operad is a particular polynomial algebra, all the properties and definitions
about polynomial algebras exposed in Section 2.2 remain valid for ns operads (like ns operad
morphisms, ns suboperads, generating sets, operad ideals and quotients, efc.). Observe
also, from (4.1.2) that the o;, i € N34, are not graded products. Nevertheless, these partial
composition maps are +-compatible products where + is the operation satisfying n+m :=
n+m—1for any n,m € N34. As a side remark, since C augmented, one can see the partial
composition maps as graded products on the space K(Sus_4(C)). In this way, when C is
combinatorial, one can see K{C) as a particular combinatorial algebra (see Section 2.2.2).

4.1.2. Additional definitions. Given a ns operad K (C), the complete composition maps
of K(C) are, the linear maps o™, n € N5, satisfying

o K{(C)(n) @ K(C)(my) ® --- @ K(C) (mp) = K(C)(mq + --- + my) (4.1.10)
defined linearly, for any x € C(n) and y4,...,y, € C, by
ol (x@y ® - @yn):i=(...((x 0n ¥n) On—t ¥n-1)...) 01 ¥1. (4.1.11)

To gain concision, we shall denote by f o [g1,...,gn] the element o™ (f @ g1 ® --- ® gn) of
K{(C), forall f € K(C)(n) and g1, ..., gn € K(C). Under this notation, we call o the complete
composition map of K(C).

Let us now provide some particular definitions about ns operads that do not come from
the general ones of polynomial algebras of Section 2.2.
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An element f of arity 2 of K(C) is associative if f o1 f = fog f. If K(Cy) and K(Cy)
are two ns operads, a ns operad antimorphism is a graded polynomial space morphism
¢ : K(C1) - K(Cy) such that ¢(fo; g) = ¢(f)on_i+1 $(g) for any element f of arity n of K(Cy),
any g € K(Cy), and i € [n]. A symmetry of K{C) is either a ns operad automorphism or
a ns operad antiautomorphism of K(C). The set of all symmetries of K(C) forms a group
for the map composition, called group of symmetries of K(C).

Given two ns operads K(Cy) and K{Cy), the Hadamard product of K{Cy) and K(Cy)
is the ns operad denoted by K (C;) 1K {Cs) and defined on the polynomial space K (CixCy)
where 11 is the Hadamard product of graded collections (see Section 1.1.5 of Chapter 1). The
partial compositions o;, i € N34, are defined linearly by

(1, X2) 0 (¥1,¥2) := (x4 0; 1, X2 0; ¥2), (4.1.12)

for any (xi,xs) € (CixCy)(n), (y1,¥2) € CixCy, i € [n], where the second (resp. third)
occurrence of o; in (4.1.12) is a partial composition map of K{Cy) (resp. K(Cy)).

4.1.3. Free ns operads. Let & be an augmented graded collection. The free ns operad
over & is the ns operad

FO(®) := K(PRT?), (4.1.13)
where PRTf is the graded collection of all the ®-syntax trees (see Section 2.3 of Chapter 1).

The space FO(®) is endowed with the linearizations of the grafting operations o;, i € Ny,
defined in Section 2.4.2 of Chapter 1. The unit of FO(®) is the only &-syntax tree L of arity 1.

Let also
©®:06 — FO(®) (41.14)

be the inclusion map, that is the map sending any x € & to the corolla ® (x) (see Section 2.3.1
of Chapter 1).

41.4. Evaluations and treelike expressions. Let now K(C) be a ns operad. Since C is
a graded augmented collection, one can consider the free ns operad FO(C) of the C-syntax
trees. The evaluation map of K(C) is the map

ev:FO(C) - K(C) (4.1.15)
defined linearly by induction, for any C-syntax tree t, by

evl] i {1 c K(C) ift=1,

(4.1.16)
wi(€)ofev(ly),...,ev(tg)] otherwise,

where o is the complete composition map of K(C), wi(€) is the label of the root of t, and k
is the root arity of t. This map ev is the unique surjective ns operad morphism from FO(C)
to K(C) satisfying ev(® (x)) = x for all x € C.

For any subset S of C, an S-freelike expression of an element f of K(C) is an element
g of FO(S) such that ev(g) = f. A treelike expression can be thought as a factorization in a
ns operad.
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4.1.5. Presentations by generators and relations. A presentation of a ns operad K(C)
consists in a pair (&, R) such that ® is an augmented graded collection, & is a subspace of
FO(®) and

K(C) =~ FO(8)/() (41.17)
where (R) is the ns operad ideal of FO(®) generated by R. We call & the set of generators
and R the space of relations of K(C).

We say that a presentation (&, R) of K(C) is quadratic if R is a homogeneous subspace
of FO(®) consisting in syntax trees of degree 2. Besides, we say that (&, R) is binary if &
has only elements of size 2. By extension, we say also that K(C) is quadratic (resp. binary)
if it admits a quadratic (resp. binary) presentation.

In practice, to establish presentations of ns operads, we use rewrite systems on syntax
trees (see Section 2.4 of Chapter 1).

THEOREM 4.1.1. Let K(C) be a ns operad, & be a subcollection of C, and R be a
subspace of FO(®) of syntax trees of degrees 2 or more. If

(i) the collection & is a generating set of K(C);
(ii) for any f € R, ev(f) = 0;
(iii) there exists a rewrite system (PRT®,=) being an orientation of R, such that its
closure (PRTf,M) is convergent, and its set of normal forms g(pRT? ~) is isomor-
phic to C,

then (8, R) is a presentation of K(C).
Prookr. By definition of the evaluation map ev: FO(C) — K{(C) and by (ii), the map
¢ :FO(8)/i¢) — K(C) (4.1.18)

defined linearly for any x € C by ¢([x]) := ev(x), where [x] is the image of x through the
canonical surjection from FO(C) to FO(C)/(x), is a ns operad morphism. Moreover, by (i),
and since R has no element of degree 0 or 1, ¢([g]) = g for all g € &. This implies that ¢ is
surjective.

Besides, (iii) and Proposition 1.1.1 imply, as spaces, the isomorphisms
FO(®)/i) =~ K <9;(PRT%)> ~ K(C) (4.1.19)

This, together with the fact that ¢ is surjective implies that ¢ is a ns operad isomorphism.
Hence, K (C) admits the claimed presentation. O

In practice, there are at least two ways to use Theorem 4.1.1 to establish a presentation of
a ns operad K (C). The first one is the most obvious: it consists first in finding a generating
set & of K(C), then conjecturing a space of relations ® and a rewrite system (PRT?,=)
such that all conditions (i), (ii), and (iii) are satisfied. This can be technical (especially to
prove that the closure (PRTT,M) is convergent), and relies heavily on computer exploration.
The second way requires as a prerequisite that K(C) is combinatorial (and hence, all its
homogeneous components are finite dimensional). In this case, we need here also to find
a generating set ® of K(C), a space of relations ® and a rewrite system (PRT?,=>) such
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that (i), (ii) hold. The difference with the first way occurs for (iii): it is now sufficient to
prove (PRT?,~:) is terminating (and not necessarily convergent). Indeed, if (PRTf,M) is
terminating, since K (C) is combinatorial,

dimK(C(n)) = #Fppre ) (n) > dimFO(&(n))/(x) (4.1.20)

for all n > 1. The inequality of (4.1.20) comes from the fact that, since we do not know if
(PRT?,M) is confluent, it can have more normal forms of arity n than the dimension of
FO(®)/(%) in arity n. It follows from (4.1.20), by using similar arguments as the ones used in
the proof of Theorem 4.1.1, that there is a ns operad isomorphism from FO(®)/(x) to K(C).

4.1.6. Koszulity and Koszul duality. In [GK94], Ginzburg and Kapranov extended the
notion of Koszul duality of quadratic associative algebras to quadratic ns operads. Starting
with a ns operad K (C) admitting a binary and quadratic presentation (&, ®) where & is finite,
the Koszul dual of K (C) is the ns operad K (C)', isomorphic to the ns operad admitting the
presentation (&, R*) where R* is the annihilator of R in FO(®) with respect to the scalar
product

(-, =) : FO(8)(3) ® FO(6)(3) —» K (4.1.21)

linearly defined, for all x,x’,y,y’ € &(2), by

1 ifx=x,y=y,andi=i"=1,
<@ (x)oi®(¥),© (x’) oy @ (Y')> =91 ifx=x,y=y9,andi=i =2, (4.1.22)
0 otherwise.
Then, with knowledge of a presentation of K{C), one can compute a presentation of K{C )!.
A quadratic ns operad K(C) is Koszul if its Koszul complex is acyclic [GK94, LV12].

Furthermore, when K (C) is Koszul and admits an Hilbert series, the Hilbert series of K{(C)
and of its Koszul dual K (C)' are related [GK94] by

Fx(c) <—%K<C>z(—t)> — t. (4.1.23)

Relation (4.1.23) can be used either to prove that a ns operad is not Koszul (it is the case
when the coefficients of the hypothetical Hilbert series of the Koszul dual admits coefficients
that are not nonnegative integers) or to compute the Hilbert series of the Koszul dual of a
Koszul operad.

In all this work, to prove the Koszulity of a ns operad K(C), we shall make use of a
tool introduced by Dotsenko and Khoroshkin [DK10] in the context of Grobner bases for
operads, which reformulates in our context, by using rewrite rules on syntax trees, in the
following way.

LemmMA 4.1.2. Let K(C) be a ns operad admitting a quadratic presentation (&, R). If
there exists an orientation (PRT®,=) of R such that its closure (PRT®,~) is a convergent
rewrite system, then K(C) is Koszul.
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When (PRT?,M) satisfies the conditions contained in the statement of Lemma 4.1.2, the
set of &-syntax trees that are normal forms Fppre ) forms a basis of FO(8)/(«), called
Poincaré-Birkhoff-Witt basis. These bases arise from the work of Hoffbeck [Hof10] (see
also [LV12]).

4.1.7. Algebras over ns operads. Any ns operad K (C) encodes a type of graded polyno-
mial algebras, called algebras over K (C) (or, for short, K (C)-algebras). A K{C)-algebra is
a graded polynomial space K (D), where D is a graded collection, and endowed with a linear
left action

-1 K(C) (n) @ K(D)*" — K(D), n>1, (4.1.24)
satisfying the relations imposed by the structure of a ns operad of K(C), that are
(foig) (a1 ® - ®@anim-1) =
f-la1® - Rai10F- (@@ @ Airm-1) RAizm @+ RAnim-1), (4.1.25)

for all f € K(C)(n), g € K(C)(m), i € [n], and a3 ® -+ ® dnsm-1 € K(D)*™ . In other
words, any element f of K(C) of arity n plays the role of a linear operation

f: K(D)*" - K(D), (4.1.26)

taking n elements of K(D) as inputs and computing an element of K (D). Under this point
of view, Relation (4.1.25) reads as

_

a +++ Anim-1

(4.1.27)

Notice that, by (4.1.25), if & is a generating set of K{C), it is enough to define the action
of each x € & on K (D)*"! to wholly define -.

By a slight but convenient abuse of notation, for any f € K(C) (n), we shall denote by
flai,...,an), or by as fay if f has arity 2, the element f - (a4 ® --- ® a,) of K(D), for any
a1 ® - ®an € K(D)*". Observe that by (4.1.25), any associative element of K (C) gives rise
to an associative operation on K (D).

The class of all the K (C)-algebras forms a category, called category of K (C)-algebras,
wherein morphisms

¢ : K(Dy) — K(Dy) (4.1.28)

between two K (C)-algebras K (D;) and K (Dy) are K (C)-algebra morphisms, that are graded
polynomial algebra morphisms satisfying

¢(f(ar,...,an)) = f(¢(ai), ..., ¢(an)) (4.1.29)
for all ay,...,a, € K(D1) and f € K(C) (n), n € N34.



4. OPERADS IN COMBINATORICS 97

4.1.8. Set-operads. Following Section 2.2.3, in a ns set-operad K(C), any partial compo-
sition of two elements of C belongs to C. We say in this case that the fundamental basis of
K{C) is a set-operad basis. Besides, by extension, if K{C) is a ns operad admitting a basis
C’ which is a set-operad basis, we say that K(C) is a sef-operad. To study a set-operad K(C),
it is in some cases convenient to forget about its linear structure and see it as a graded collec-
tion C endowed with partial composition maps o;, i € N>4. We will follow this idea multiple
times in the sequel. In the context of set-operads, a K (C)-algebra is called a C-monoid.

We now state some useful lemmas and notions about ns set-operads.

LEMMA 4.1.3. Let C be a ns set-operad generated by a set & of generators. Then any
object x of C different from the unit can be written as x = yo; g, wherey € C(n), n € N34,
g € ®,and i € [n].

Lemma 4.1.3 is a consequence of the fact that, since & is a generating set of C, any object
of C admits a treelike expression being a &-syntax tree.

Now, let C be a ns set-operad. Given a subset S of C, the S-degree of an object x of C
is defined by

degs(x) := max {deg(t) : t € FO(S) and ev(t) = x }. (4.1.30)

Of course, the set appearing in (4.1.30) could be empty or infinite, so that some elements of
C could have no S-degree.

4.1.9. Left expressions in ns sef-operads and hook-length formula. Let C be a ns set-
operad, S be a subset of C, and x be an object of C. An S-leff expression of x is an expression
for x of the form

X = ( . (51 Oj, 52) Ojy « - ) Oj,_4 S¢ (4131)

where sy,...,50 € Sand iy,...,ip—1 € N3q.

A linear extension of a syntax tree t is a linear extension of the poset Q; induced by t (see
Section 2.1.5 of Chapter 1). Left expressions and linear extensions of treelike expressions in
ns set-operads are related, as shown by the following lemma.

LEMMA 4.1.4. Let C be a combinatorial ns operad and S be a subset of C. Then, for
any object x of C, the set of all the S-left expressions of x is in one-to-one correspondence
with the set of all pairs (t,u) where t is an S-treelike expression of x and u is a linear
extension of t.

A famous result of Knuth [Knu98], known as the hook-length formula for trees, stated
here in our setting, says that given a syntax tree t, the number of linear extensions of the
poset induced by t is

deg(t)!
hi( = et (4.1.32)
nve}ﬁ(t) deg(tv)

A subset S of C finitely factorizes C(1) if any element of C(1) admits finitely many

factorizations on S with respect to the operation oj.
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When S finitely factorizes C(1), the number of S-treelike expressions for any object x
of C is finite. Hence, in this case, we deduce from Lemma 4.1.4 and (4.1.32) that the number
of S-left expressions of x is

Y hk(). (4.1.33)
teFO(S)
ev(t)=x

4.1.10. Colored operads. Let € be a set of colors. A nonsymmetric ¢-colored operad (or
a ns C-colored operad for short) is a polynomial space K (C) where C is a €-colored collection
and K(C) is endowed with a set of partially defined binary linear products {o; : i € N1} of
the form (4.1.2). The following conditions have to hold. First, the partial composition x o; ¥
is defined if and only out(y) = in;(y) for any x € C(n), y € C(m), and i € [n]. Moreover,
when they are well-defined, Relations (4.1.2), (4.1.3a), and (4.1.3b) have to hold. Finally, we
demand the existence of a set of elements {1, : a € €} of arity 1 satisfying

out(ly) = a = in(l,), a€c¢, (4.1.34a)

lgo1x =x=x0;1p, x € C(n),a,be¢icn],neNyy, (4.1.34Db)

whenever out(x) = a and in;(x) = b. We call each 1, a € €, the unit of color a. For any
nonnegative integer k, a ns k-colored operad is a ns €-colored operad where € is a k-colored
collection. A ns monochrome operad is a ns €-colored operad where € is monochrome.

To describe free ns colored operads, we need the notion of €-colored syntax trees (see
Section 3.1.2 of Chapter 1). Let & be a €-colored graded collection. The free ns ¢-colored
operad over & is the ns ¢-colored operad

FCO(®) := K (CPRT?), (4.1.35)

where CPRT? is the ¢-colored collection of all the ¢-colored &-syntax trees. The space
FCO(®) is endowed with the linearizations of the grafting operations o;, i € N34, defined in
Section 3.1.2 of Chapter 1. The units of color a, a € €, are the trees of degree 0 and arity 1
with output and input colors equal to a.

LEMMA 4.1.5. Let C be a combinatorial ns €-colored set-operad and S be a subset of C
such that S finitely factorizes C(1). Then, any element of C admits finitely many S-treelike
expressions.

All the notions developed in the above sections about ns operads extends on ns colored
operads by taking colors into account. Classical references about colored operads are [BV73,
Yau16].

41.11. Categorical point of view. In the same way as a monoid Jf can be seen as
a category with exactly one object x (the elements of Jf are interpreted as morphisms
¢ :x — x), a ns operad O can be seen as a multicategory with exactly one object x. In this
case, the elements of O of arity n € N> are interpreted as multimorphisms ¢ : x™ — x. The
complete composition maps of O translate as the composition of multimorphisms.
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In a similar way, a ns €-colored operad G can be seen as a multicategory having ¢ as set
of objects (see [Cur12]). In this case, the elements of G having u; ... u, € €" as word of input
colors and a € € as output color are interpreted as multimorphisms ¢ : uy x --- x u, — a.
The complete composition maps of G translate as the composition of multimorphisms, where
the constraints imposed by the colors in G become constraints imposed by the domains and
codomains of multimorphisms.

41.12. Enrichments. Ns operads can have some additional structure. Let us now de-
scribe some usual enrichments of operads. In what follows, K(C) is a ns operad.

Basic ns set-operads. When K (C) is a ns set-operad, let for any y € C(m) the maps

of:Cln) - Cln+m—1), neNsyicln) (4.1.36)

4

defined by

of (x):=x0;y (4.1.37)
for all x € C. When all the maps o}, y € C, are injective, K(C) is a basic ns set-operad and
C is a basic ns set-operad basis of K{C). This notion is a slightly modified version of the

original notion of basic set-operads introduced by Vallette [Val07].
Rooted ns operads. The ns operad K (C) is rooted if there is a map
root : C(n) — [n], n € N3y, (4.1.38)

satisfying, for all x € C(n), y € C(m), and i € [n],

root(x) + m — 1 if i < root(x) -1,
root(x o; y) = { root(x) + root(y) — 1 if i = root(x), (4.1.39)
root(x) otherwise (i > root(x) + 1).

We call such a map a root map. More intuitively, the root map of a rooted ns operad
associates a particular input with any of its basis elements and this input is preserved by
partial compositions. It is immediate that any ns operad K(C) is rooted for both the root
maps root;, and rootg which send respectively all objects x of C of arity n to 1 or to n. For
this reason, we say that K(C) is nontrivially rooted if it can be endowed with a root map
different from root;, and rootg. These notions are slight variations of ones introduced first
in [Chal4].

Cyclic ns operads. Finally, K(C) is cyclic if there is a map

p:K{(C)(n) - K{(C)(n), n € N3y, (4.1.40)

satisfying, for all f € K(C) (n), g € K(C)(m), and i € [n],
p(1) =1, (4.1.414q)
p"Mf) = f, (4.1.41b)

plf o1 g) = {p(g) emplf) =1, (41.41¢)

plfloin g otherwise.

We call such a map p a rofation map. Intuitively, a rotation map in a ns operad acts by
transforming its 1st input of an element f in an output, its 2nd input in a 1st input, its 3rd
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input in a 2nd input, and so on, and its output in a last input. This notion has been introduced
in [GK95].

41.13. Symmetric operads. Let Per be the ns operad defined by Per := K (Aug(&)) with
the partial compositions defined as follow. For all 0 € &(n), v € &(m), and i € [n],

ogojvi=01)...00 —-1)v{1)...v(m)o'(i +1)...0'(n), (4.1.42)

where, for any j € [m],

V(i) := v(j) + oli) -1, (4.1.43)
and, or any j € [n],
0j if 0; < oy,
T o< o (41.44)
oj + m —1 otherwise.

For instance, here are two examples of compositions in Per:

123 05 12 = 1234, (4.1.45q)

7415623 o, 231 = 941675823. (4.1.45b)

This ns operad is known as the associative noncommutative operad or more prosaically,
the operad of permutations.

A symmetric operad, or an operad for short, is a ns operad K(C) together with linear
maps
-:K(C) (n) ® Per(n) - K(C) (n), n>1, (4.1.46)
satisfying, for any x € C(n), y € C(m), 0 € &(n), ve &(m), and i € [n],
(x-0)o; (y-v) =(xogy)-(00;v), (4.1.47)

and in such a way that - also is a symmetric group action. Note that any operad K (C) is also
(and thus can be seen as) a ns operad by forgetting its action of Per.

A simple permutation is a permutation o such that for all factors u of o, if the letters
of u form an interval of N then |u| = 1 or |u| = |0|. For instance, the permutation 624135
is not simple since the letters of the factor u := 2413 form an interval of N. On the other
hand, the permutation 5137462 is simple.

PROPOSITION 4.1.6. As a ns operad, Per is minimally generated by the set of all simple
permutations of sizes 2 or more.

One of the simplest examples of symmetric operads is the commutative associative
operad Com. This operad is defined as Com := K(C) where C is the augmented graded
collection satisfying C(n) := {a,} for all n € N3, its partial compositions satisfy

an Oj Om = Gnim-1, (4.1.48)

for any n,m € N34 and i € [n], and Per acts trivially on Com.
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There is also a notion of algebras over symmetric operads. An algebra over K(C)
(or, short, a K(C)-algebra) is an algebra K(D) over K(C) seen as a ns operad. We ask
additionally that the relation

(f . (5)(01, N ,an) =f (a6_1(1), .. .a6—1(n)) (4.1.49)
holds for any f € K(C) (n), 0 € &(n), a1,...,a, € K(D), n € Nx.

4.2. Main operads in combinatorics. This section contains a list of common ns operads
studied or encountered in the sequel. A classical text containing a list of definitions of operads
is [Zin12].

4.2.1. Associative operad. The associative operad As is defined as the operad Com seen
as a nonsymmetric one (see Section 4.1.13).

The ns operad As is a set-operad and its Hilbert series satisfies
t

=1

Moreover, As admits the presentation (&, R) where & := {ay} and R is the space generated

by

Fas(t) (4.2.1)

© (ag) o1 © (ag) — © (ag) 02 ® (ag). (4.2.2)

Any algebra over As is a space K (D) endowed with a binary associative operation.
4.2.2. Magmatic operad. Let Mag := K <Ary(f)> be the ns operad where for any binary
trees t and s, the partial composition t o; s is the grafting of s onto the ith leaf of t, seen as

syntax trees. In other terms, Mag is the operad FO(C) where C := C(2) := {a}. This ns
operad is the magmatic operad.

The ns operad Mag is a set-operad and its Hilbert series satisfies

1 -1 -4t
Fontogt) = —— .

Moreover, Mag admits the presentation (&, R) where

& e { :(C)\:} (4.2.4)

and R is the trivial space. Any algebra over Mag is a space K (D) endowed with a binary
operation which do satisfy any required relation.

(4.2.3)

4.2.3. Duplicial operad. Let Dup := ]K<Aug(Ar'y(.2))> be the ns operad where for any
nonempty binary trees t and s, the partial composition to; s consists in replacing the ith (with
respect to the infix order) internal node u of t by a copy of 5, and by grafting the left subtree
of u to the first leaf of the copy, and the right subtree of u to the last leaf of the copy. For

instance,
o6 m = . (4.2.5)
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This ns operad is the duplicial operad [Lod08].

The ns operad Dup is a set-operad and its Hilbert series satisfies

1 -2t -1 -4t
%Dup(t) = ot .

Moreover, Dup admits the presentation (&, R) where

{ J{qj fﬁ} (4.2.7)

and R is the space generated by, by denoting by « (resp. >) the first (resp. second) tree
of (4.2.7),

(4.2.6)

(K)o 0 (K) —0(K) oo (L), (4.2.8a)
© ()01 @(K) —@(K) 0y ® (), (4.2.8D)
()01 (>)—@(»)oe(>). (4.2.8¢)

Any algebra over Dup is a space K (D) endowed with two binary relations « and > such
that both « and > are associative (as consequences of (4.2.8a) and (4.2.8b)), and, for any
x,y,z €D,

x<y)>z=x<(ly> z). (4.2.9)

These structures are called duplicial algebras.

4.2.4. Operad of rational functions. The graded vector space of all commutative rational
functions K(U), where U is the infinite commutative alphabet {u;, uy, ...}, has the structure
of a ns operad RatFct introduced by Loday [Lod10] and defined as follows. Let RatFct(n) be
the subspace K(uy, ..., u,) of K(U) and

RatFet := () RatFet(n). (4.2.10)
n>1
Observe that since RatFct is a graded space, each rational function has an arity. Hence, by
setting fi(uy) := 1 and fo(uy, uy) := 1, fy is of arity 1 while f, is of arity 2, so that f; and f, are
considered as different rational functions. The partial composition of two rational functions
f € RatFct(n) and g € RatFct(m) satisfies, for any i € [n],

foig:=f (ui,. o Uio, Ui e+ Uirm—1, Uismy - - - ,Un+m_1) g (Lli,. . .,ui+m_1) . (4211)

This ns operad is the operad of rational functions. The rational function f of RatFct(1)
defined by f(u;) := 1 is the unit of RatFct. As shown by Loday, this operad is (nontrivially)
isomorphic to the operad Mould introduced by Chapoton [Cha07].

4.2.5. Diassociative operad Let the operad Dias := K(C) where C is the augmented
graded collection satisfying C(n) := {en, : k € [n]} for all n € N54. The partial compositions
of Dias are defined by

enem—1k+m—1 if I <k,
Cnk Oi me = Y Cnem-1kre—1 Ifi =R, (4.2.12)
Cnim-1k otherwise (i > k),

forall n,m € N34, k € [n], £ € [m], and i € [n]. This operad is the diassociative operad.
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The ns operad Dias is a set-operad and its Hilbert series satisfies

Fpias(t) = - (4.2.13)
Moreover, Dias admits the presentation (&, R) where
& = {22,1, 22,2} (4.2.14)

and R is the space generated by, by denoting by - (resp. F) the first (resp. second) element
of (4.2.14),

©(Ho@(H) —e(H)og@(H), ©@(H)o1®(H)—o(H)op®(F), (4.2.15a)
©H o) —@(F)o@(H), (4.2.15b)
©@(Foe(H)-oF)welr), @ o) -k o). (4.2.15¢)

This operad, by its presentation by generators and relations, has been introduced in [Lod01].
Its realization in terms of the elements ¢, , and the partial compositions maps (4.2.12) appears
in [Cha05]. Any algebra over Dias is a space K (D) endowed with two binary relations 4 and
F such that both 4 and F are associative (as particular consequences of (4.2.15a) and (4.2.15¢)),
and, for any x,y,z € D,

(xdy)dz=x4(yF z), (4.2.16a)
(xkFy)dz=xt(yz), (4.2.16b)
(xdy)Fz=xF(yt z). (4.2.16¢)

These structures are called diassociative algebras.

4.2.6. Dendriform operad. The dendriform operad Dendr is the ns suboperad of RatFct
generated by the set {u% u%} [Lod10]. This operad admits the presentation (&, ®) where

&= 6(2):= {<,>} (4.2.17)
and R is the space generated by
© (<) 01 @ (<) =@ (<) 02 ® (<) — @ (<) 02 ® (>), (4.2.18a)
®(<)o1 ®(>) —©®(>)0p ®(<), (4.2.18b)
©(>)o1 @(<)+@(>)o1®@(>) —@(>) 02 ®(>). (4.2.18c¢)

This operad, by its presentation by generators and relations, has been introduced in [Lod01].
It is shown here that Dendr is the Koszul dual of Dias and that these operads are Koszul
operads. Hence, the Hilbert series Fpengr(f) of Dendr satisfies, by (4.1.23),

1 -2t -1 -4t

9?LDendr(t) = ot

(4.2.19)

This shows that Dendr is, as a combinatorial polynomial space, the space K <Aug(Ary(,2))>.
Moreover, the operads Dias and Dendr are Koszul dual one of the other. Finally, any algebra
of Dendr is a dendriform algebra (see Section 2.3.3).
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The free dendriform algebra over one generator is the space Dendr, that is the linear
span of all nonempty binary trees, endowed with the linear operations

<,>:Dendr ® Dendr — Dendr, (4.2.20)

defined recursively, for any nonempty tree s, and binary trees t; and t, by

§<bi=s5=Id>5, (4.2.214)
b <s5:=0=:5> 4, (4.2.21D)
/5\ < 5= /5\ + /5\ , (4.2.21¢)
17 to t th<s 17 to>s
5> A = /5\ + %)\ . (4.2.214d)
7] to s> to s <Y to

Note that neither & < & nor &4 > & are defined. We have for instance,

4.2.7. Operad of gravity chord diagrams. The operad of gravity chord diagrams Grav
is an operad defined in [AP15]. This operad is the nonsymmetric version of the gravity
operad, a symmetric operad introduced by Getzler [Get94]. Let us describe this operad.

A gravity chord diagram is a configuration ¢ (see Section 3.2 of Chapter 1) where each
arc can be blue (drawn as a thick line) and that satisfies the following conditions. By denoting
by n the size of ¢, all the edges and the base of ¢ are blue, and if (x,y) and (x’,y’) are two
blue crossing diagonals of ¢ such that x < x’, the arc (x’,y) is not labeled. In other words,
the quadrilateral formed by the vertices x, x’, y, and y’ of ¢ is such that its side (x’,y) is not
labeled. For instance,

(4.2.23)

is a gravity chord diagram of arity 7 having four blue diagonals (observe in particular that, as
required, the arc (3,5) is not labeled). For any n > 2, Grav(n) is the linear span of all gravity
chord diagrams of size n. Moreover, Grav(1) is the linear span of the singleton containing
the only polygon of arity 1 where its only arc is not labeled. The partial composition of
Grav is defined, in a geometric way, as follows. For any gravity chord diagrams ¢ and 0 of
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respective arities n and m, and i € [n], the gravity chord diagram co; 0 is obtained by gluing
the base of ? onto the ith edge of ¢, so that the arc (i,i + m) of ¢ o; 0 is blue. For example,

@ o5 Z _ . (4.2.94)

5. Pros in combinatorics

We regard here pros as polynomial algebras and provide the main definitions used in
the following chapters. We also give examples of some usual pros.

5.1. Pros. Pros can be thought as variations of operads allowing multiple outputs for
some elements. Surprisingly, pros appeared earlier than operads in the work of Mac
Lane [ML65]. Intuitively, a pro is a space K(C) wherein elements are biproducts (see Sec-
tion 2.1.1) and is endowed with two operations: an horizontal composition and a vertical
composition. The first operation takes two operators x and y of K(C) and builds a new one
whose inputs (resp. outputs) are, from left to right, those of x and then those of y. The
second operation takes two operators x and y of K(C) and produces a new one obtained
by plugging the outputs of y onto the inputs of x. Basic and modern references about pros
are [Lei04] and [Mar08].

5.1.1. Categorical definition. A product category (or, for short, a pro) is a category &
endowed with a associative bifunctor x :  x P — &P such that the objects of & are the
elements of Nand x *y :=x +y forall x,y ¢ N.

This formal definition of pros is not combinatorial. Let us provide in the next section a
more concrete one.

5.1.2. Axioms of pros. A pro is a bigraded polynomial space K (C) endowed with a binary
linear product

*:K(C)(p,q) x K(C)(p".q) - K(C)(p+pP.a+4q). p.rp.a.q9 =0, (5.1.1)
called horizontal composition and a binary linear product o is a map of the form
0:K(C)(q,r) x K(C)(p.q) » K(C)(p,r),  p.qr>0, (5.1.2)

called vertical composition. We demand, for any p € N, the existence of an element 1, of
K(C) (p, p) called unit of arity p. The input (resp. outpuf) arity of f € K(C)(p,q) is |[f|; := p
(vesp. x|, = q)

These data have to satisfy for all x,y,z,x’,y’ € C the six relations

(xxy)*z=2x=*(y*2z), (5.1.3)
(xoy)oz=x0(yoz), x|y = 1911, %] = |2y, (5.1.4)
(xoy)x(x' oy) =(xxx)o(y*y), if x|y = |¥], x|y = 9]y, (5.1.5)
Ip*1g = 1piq, p.q >0, (5.1.6)
x*xlg=x=1Tpxx, (5.1.7)
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xoly, =x=140x, p,q =0, if |x|y = p,|x]; = q. (5.1.8)

Since a pro is a particular polynomial algebra, all the properties and definitions about
polynomial algebras exposed in Section 2.2 remain valid for pros (like pros morphisms,
sub-pros, generating sets, pro ideals and quotients, efc.).

5.1.3. Free pros. Let & be a bigraded collection such that &(p,q) =@ if p = 0 or q = 0.
The free pro over & is the pro

FP(®):= K (Prg®), (5.1.9)

where Prg?® is the bigraded collection of all the &-prographs (see Section 3.3 of Chapter 1).
The space FP(®) is endowed with linearizations of the horizontal composition of prographs
and of the vertical composition of prographs (see Section 3.3.4 of Chapter 1). The unit of
arity p, p > 0, is the sequence of wires 1,. Notice that by the above assumption on &, there
is no elementary &-prograph in FP(G) with a null input or output arity. Therefore, 1 is the
only element of FP(G) with a null input (resp. output) arity. In this dissertation, we consider
only free pros satisfying this property.

Let us now state some definitions and properties about free pros.

Let FP(®) be a free pro. Since FP(®) is free (and, by convention, & has no generator of
input or output arity 0), any B-prograph x can be uniquely written as

X=X % %Xy (5.1.10)

where the x; are ®-prographs different from 1y, and ¢ > 0 is maximal. We call the word
dec(x) := (x1,...,x¢) the maximal decomposition of x and the x; the factors of x. Notice
that the maximal decomposition of 1 is the empty word. We have in FP(&), for instance,
by setting & as the bigraded collection defined by & := 6(2,2) L 6(3,1) where &(2,2) := {a}
and &(3,1) := {b},

, ‘ (5.1.11)

An &-prograph x is reduced if all its factors are different from 1. For any &-prograph
x, we denote by red(x) the reduced &-prograph admitting as maximal decomposition the
longest subword of dec(x) consisting in factors different from 1,. We have in FP(®&), for
instance,

. . (5.1.12)

d \n 5 d n
By extension, we denote by red(FP(®)) the set of all the reduced ®-prographs. Note that 1
belongs to red(FP(®)).

Besides, we say that a &-prograph is indecomposable if its maximal decomposition con-
sists in exactly one factor. Note that 1, is not indecomposable while 1; is.
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LEMMA 5.1.1. Let x and y be two &-prographs such that x = red(y). Then, by de-
noting by (x4, ...,xy) the maximal decomposition of x, there exists a unique sequence of
nonnegative integers py, ..., Pe, Pe+1 such that

y=1p xxy%Lp, kxo%---xxp%1p,,,. (5.1.13)

LEMMA 5.1.2. Letx, y, z, and t be four &-prographs such that x *y = zot. Then, there
exist four unique elements x1, X9, 1, Yo of P such that x = x10X9, y = y1 0¥, Z = X1 * Y14,
and t = xg * yo.

5.2. Main pros in combinatorics. This section contains a short list of common pros
(see [Laf03,Laf11] for many examples of pros).

5.2.1. Pro of maps. Let Map be the bigraded collection wherein for any p,q € N,
Map(p, q) is the set of maps from [p] to [q]. We endow K (Map) with an horizontal compo-
sition * defined linearly, for any maps f € Map(p1,q1), g € Map(ps, q2), and x € [py + q1],
by

f(x) if x & [|fl],

(5.2.1)
glx) + |f], otherwise.

(f % g)lx) := {
We endow the polynomial space K (Map) with a vertical composition o defined linearly, for
any maps f € Map(p1,q1), g € Map(pz, p1), and x € [ps], by
(f o g)(x) = flg(x)). (5.2.2)
The unit 1, of arity p € N is the identity map on [p].

For instance, by denoting maps of Map by words (the ith letters of the words being the
images of i), one has

3115 % 133 = 3115799, 3115 € Mapl4,6), 133 € Map(3,5), (5.2.3a)
1994244 03312 = 2212, 1224244 € Map(7,6), 3312 € Mapl(4, 7). (5.2.3b)

By seeing each map f € Map(p, q) as an operator with p inputs and q outputs where each
ith input is connected to the f(i)th output, (5.2.3a) and (5.2.3b) read respectively as

123456 12345 1234567891011
in?nnn onoao Knnnlﬂnnnnnn
@S )+ A\ ) = (A4 ) (5.2.4a)
AN bil IRV
1234 123 1234567
23456 1234567 123456
T\n?\nn IK{TDDDD Kinnnn

IWANDERER DN G\ (5.2.4b)
IS

Observe hence that the horizontal composition of K (Map) is a shifted concatenation of
words and that the vertical composition of K(Map) is a functional composition. We call
K (Map) the pro of maps.
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5.2.2. Pro of increasing maps. Let NDMap be the bigraded collection wherein for any
p.q € N, NDMap(p, q) is the set of nondecreasing maps from [p] to [q], that is the maps
f such that i < j implies f(i) < f(j). Since the operations % and o of K(Map) are stable
in K(NDMap) and the identity maps 1,, p € N, are nondecreasing maps, K(NDMap) is a
sub-pro of K(Map). In particular, we call K(NDMap) the pro of nondecreasing maps.

5.2.3. Pro of permutations and props. Let Per be the bigraded subcollection of Map
consisting in all bijective maps. Hence, Per(p, q) = # when p + g. Since the operations * and
o of K(Map) are stable in K (Per) and the identity maps 1,, p € N, are bijections, K (Per) is a
sub-pro of K(Map). It is moreover possible to show that the singleton & := {21} C Per(2,2)
is a minimal generating set of K (Per). We call K (Per) the pro of permutations.

A prop is a pro K{C) containing K (Per) as a sub-pro.
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CHAPTER 3

Enveloping operads of colored operads

The content of this chapter comes from [CG14] and is a joint work with Frédéric Chapo-
ton. We include here some new results that do not appear in the aforementioned publication
like the Koszulity of some of the constructed operads.

Introduction

In [Cha07], Chapoton considered a ns operad structure on the objects called noncross-
ing trees and noncrossing plants. These objects can be depicted as simple graphs inside
regular polygons, and are some kinds of noncrossing configurations that are well-known
combinatorial objects [FN99,FS09]. The partial compositions of these ns operads have very
simple graphical descriptions and it is tempting and easy to generalize this composition as
much as possible, by removing some constraints on the objects. This leads to a very big ns
operad of noncrossing configurations. This research initially started as a study of this ns
operad, with possible aim the description of its suboperads.

This study has led us to the following results. First, we introduce a general functorial
construction from ns colored operads to ns operads, which is called the enveloping operad.
This can be compared to the amalgamated product of groups, in the sense that it takes a
compound object to build a unified object in the simplest possible way, by imposing as few
relations as possible. The main interest of this construction relies on the fact that a lot of
properties of an enveloping operad (as e.g,, its Hilbert series and a presentation by generators
and relations) can be obtained from its underlying ns colored operad.

Next, we consider the ns operad BNC of bicolored noncrossing configurations, defined
by a simple graphical composition, and show that it admits a description as the enveloping
operad of a very simple ns colored operad on two colors called Bubble. We also obtain a
presentation by generators and relations of the ns colored operad Bubble.

Then this understanding of the operad BNC is used to describe in details some of its
suboperads, namely those generated by two chosen generators among the binary generators
of BNC. This already gives an interesting family of operads, where one can recognize
some known ones: the operad of based noncrossing trees NCT [Cha07], the operad of
noncrossing plants NCP [Cha07], the dipterous operad [LR03,Zin12], and the 2-associative
operad [LR06,Zin12]. Our main results here are a presentation by generators and relations
for all these suboperads except one, and also the description of all the generating series. It
should be noted that the presentations are obtained in a case-by-case fashion, using similar
techniques involving rewrite rules on syntax trees (see Section 2.4 of Chapter 1).

111
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This chapter is organized as follows. In Section 1, the general construction of enveloping
operads is given and its properties described. Next, in Section 2, we introduce the operad
BNC and prove that this operad is isomorphic to an enveloping operad. Finally, in Section 3,
several suboperads of BNC are considered, in a more or less detailed way.

Note. This chapter deals only with ns set-operads and ns colored set-operads. For this
reason, “operad” means “ns set-operad”. Moreover, we consider only colored operads G such
that G(1) is trivial, that is G(1) = {1. : ¢ € [k]}. Moreover, all considered colored operads are
k-colored operads (see Section 4.1.10 of Chapter 2).

1. Enveloping operads of colored operads

The aim of this section is twofold. We begin by introducing the main object of this chap-
ter: the construction which associates an operad with a colored one, namely its enveloping
operad. We finally justify the benefits of seeing an operad O as an enveloping operad of a
colored one B by reviewing some properties of O that can be deduced from the ones of G.

1.1. The construction. Let us now introduce the construction associating a (noncolored)
operad with a colored one. We begin by giving the formal definition of what enveloping oper-
ads of colored operads are, and then, give a combinatorial interpretation of the construction
in terms of anticolored syntax trees.

1.1.1. Enveloping operads. Let G be a k-colored operad. Recall that Aug(B) is the set

B\ B(1). The enveloping operad Hull(B) of @ is the smallest (noncolored) operad containing
Aug(B). In other terms,

Hull(B) := FO (Aug(6)) /-, (1.1.4)

where = is the smallest operad congruence of FO(Aug(B)) satisfying
©(x)oi @) =o(xoy), (1.1.2)
for all x,y € Aug(B) such that x o; y are well-defined in G. Observe that in (1.1.1), FO(Aug(B))

is the free noncolored operad generated by Aug(B), where Aug(B) is here a combinatorial
graded collection whose input and output colors are forgotten.

1.1.2. Reductions. Let t be a syntax tree of FO(Aug(B)) and e be an edge of t connecting
two internal nodes r and s respectively labeled by x and y, such that s is the ith child of r
and, as elements of G, in;(x) = out(y). Then, the reduction of t with respect to e is the tree
obtained by replacing r and s by an internal node labeled by x o; y (see Figure 3.1). This tree
is an element of FO(Aug(G3)).

F1GURE 3.1. The reduction of syntax trees. The internal node s is the ith child of r.
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1.1.3. Anticolored syntax trees. Let C be a k-colored collection. A k-anticolored syntax
free on C (or for short, a k-anticolored C-syntax tree) is a (noncolored) C-syntax tree t such
that for any internal nodes r and s of t such that s is the ith child of r, we have in;(x) # out(y)
where x (resp. y) is the label of r (resp. s). The set of all k-anticolored C-syntax trees is
denoted by Anti(C). Observe that the leaf 1 is a k-anticolored syntax tree. Since anticolored
syntax trees are particular syntax trees, the usual terminology and tools about them applies
(see Section 2 of Chapter 1).

1.1.4. The operad of anticolored syntax trees. For any k-colored operad 6, the set
Anti(Aug(B)) is endowed with an operad structure for the partial composition defined as
follows. Let s and t be two anticolored syntax trees on Aug(B). If out(t) # in;(s), 5 o; t is the
anticolored syntax tree obtained by grafting the root of t on the ith leaf of s. Otherwise,
when out(t) = in;(s), 5 o; t is the anticolored syntax tree obtained by grafting the root of t on
the ith leaf of s and then, by reducing the obtained tree with respect to the edge connecting
the nodes r and s, where r is the parent of the ith leaf of s and s is the root of t (see
Figure 3.2).

/rjl,\ xXojy
725 W

(D) 5 0; t if out(t) = in;(s)
(c) 50; tif out(t) £ in;(s)

F1GURE 3.2. The two cases for the partial composition of two anticolored trees
s and t. In (d), j is the index of the ith leaf of s among the children of the
internal node r.

ProposITION 1.1.1. For any colored operad B, the operads Hull(G) and Anti(Aug(B)) are
isomorphic.

PRrROOE. Let ¢ : Hull(@) — Anti(Aug(B)) be the map associating with any =-equivalence
class of syntax trees on Aug(B), the only anticolored Aug(B)-syntax tree on belonging to it.
To prove the statement, let us show that ¢ is a well-defined operad isomorphism.

For that, let ~ be the closure of the rewrite relation = of reduction with respect to the
partial compositions operations of trees. The axioms of operads ensure that ~ is confluent,
and since any rewriting decreases the degrees of the trees, ~ is terminating. The normal
forms of ~+ are the trees that cannot be reduced, and thus, are anticolored Aug(B)-syntax
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trees. Since by definition of =, s ~ t implies s = t, the application ¢ is well-defined and is a
bijection.

Finally, let [s]-,[t|]= € Hull(8), s := ¢([s]=), and t := ¢([t]=). The only anticolored syntax
tree in [s0; t]- is obtained by grafting s and t together and performing, if possible, a reduction
with respect to the edge linking them. Since the obtained tree is also the anticolored syntax

tree s o; t of Anti(Aug(B)), ¢ is an operad morphism. O

Proposition 1.1.1 implies that the elements of Hull(8) can be regarded as anticolored
trees, endowed with their partial composition defined above. We shall maintain this point of
view in the rest of this chapter by setting Hull(B) := Anti(Aug(8)).

1.1.5. Functoriality. Let G; and G, be two k-colored operads. Given ¢ : G; — G, a
colored operad morphism, let the map Hull(¢) : Hull(8;) — Hull(G,) be the unique operad
morphism satisfying

Hull(g) (® (x)) = ® (6(x)) (1.1.3)

for any x € G;.

THEOREM 1.1.2. The construction Hull is a functor from the category of colored operads
to the category of operads that preserves injections and surjections.

Prookr. For any colored operad 6, Hull(B) is by definition an operad on anticolored
syntax trees on Aug(B). Moreover, by induction on the number of internal nodes of the
anticolored syntax trees, it follows that for any colored operad morphism ¢, Hull(¢) is a
well-defined operad morphism.

Since Hull is compatible with map composition and sends the identity colored operad
morphism to the identity operad morphism, Hull is a functor. It is moreover plain that if ¢
is an injective (resp. surjective) colored operad morphism, then Hull(¢) is an injective (resp.
surjective) operad morphism. O

Theorem 1.1.2 is rich in consequences: Propositions 1.2.2, 1.2.3, 1.2.5, 1.2.4 of next section
directly rely on it.

Notice that Hull is a surjective functor. Indeed, since an anticolored syntax tree on a
1-colored collection is necessarily a corolla, for any operad O, Hull(O) contains only corollas
labeled on Aug(O) and it is therefore isomorphic to O.

Notice also that Hull is not an injective functor. Let us exhibit two 2-colored operads
not themselves isomorphic that produce by Hull two isomorphic operads. Let G be the
2-colored operad where G(2) := {ay} with out(ay) := 1 and iny(ag) := iny(ay) := 2, and for
all n > 3, G(n) := @. Due to the output and input colors of a,, there is no nontrivial partial
composition in G. On the other hand, let FAs be the 2-colored operad where, for all n > 2,
FAs(n) := {b,} with out(b,) := 1, iny(b,) := 1, and in;(b,) := 2 for all 2 < i < n. Nontrivial
partial compositions of FAs are only defined for the first position by b, o1 by, := by,m_1, for
any n,m > 2. One observes that Hull(8) and Hull(FAs) are both the free operad generated
by one element of arity 2 with no nontrivial relations, and hence, are isomorphic. The
isomorphism between Hull(G) and Hull(FAs) can be described by a left-child right-sibling
bijection [CLRS09] between binary trees and planar rooted trees.
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1.1.6. Example. Consider the 2-colored operad FAs defined in the previous section. The
elements of Hull(FAs) are anticolored syntax trees on Aug(FAs). Because of the output and
input colors of the elements of FAs, Hull(FAs) contains trees where all internal nodes have
no child in the first position. For instance,

bz bs
PR . VRN
by by o bs  _ by b, (1.1.4)
/N I\ T TR/ AN -
b2 b2 b3

/\ NN

is a partial composition in Hull(FAs) which does not require any reduction. On the other
hand,

\ ]
bs b2 //b4\\
Moo N = (1.1.5)
/A /\

is a partial composition requiring a reduction.

1.2. Bubble decompositions of operads and consequences. Let O be an operad. We
say that 3 is a k-bubble decomposition of O if G is a k-colored operad such that Hull(3) and
O are isomorphic. In this case, we say that the elements of G are bubbles. As we shall show,
since a bubble decomposition G of an operad O contains a lot of information about O, the
study of O can be confined to the study of G. Then, the main interest of the construction Hull
is here: the study of an operad O is confined to the study of one of its bubble decompositions.
Since colored operads are more constrained structures than operads, this study is in most
cases simpler than the direct study of the operad itself.

1.2.1. Hilbert series. Let ¢ € [k] be a color. The c-colored Hilbert series of 6 is the

series

Be(zy,...,2g) = xgi Gaug@(0,...,0,%:,0,...,0,21,...,2p), (1.2.1)
where Gaygg) is the generating series of the colored collection Aug(G) (see Section 1.1.4 of
Chapter 1). In more concrete terms, B.(zy,...,z) is the series wherein the coefficient of

zy" ... z," counts the nontrivial elements of G having ¢ as output color and «, inputs of color
a for all a € [k].

ProposITION 1.2.1. Let G be a k-colored operad. Then, the Hilbert series 9((t) of the
enveloping operad of G satisfies

GO(t) = t + FCu(t) + -+ - + FC(1), (1.2.2)
where for all c € [k], the series 9(.(t) satisfy
e (t) = Be(FC(t) — FC(1), ..., FC(t) — FCe(1)).

Note that Proposition 1.2.1 implies that, if the colored Hilbert series of G is algebraic, the
Hilbert series of Hull(B) also is. Nevertheless, as we shall see, rationality is not preserved.
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1.2.2. Suboperads and quotients.

ProprosiTION 1.2.2. Let G be a colored operad and G’ be one of its colored suboperads
(resp. quotients). Then, the enveloping operad of @' is a suboperad (resp. quotient) of the
enveloping operad of G.

1.2.3. Generating sets.

ProrosiTION 1.2.3. Let G be a colored operad admitting & as a generating set. Then,
the enveloping operad of G is generated by

Hull(®) := {®(g):g € 6} (1.2.3)
1.2.4. Symmetries.

ProrosITION 1.2.4. Let G be a colored operad and G its group of symmetries. Then,
the group of symmetries of the enveloping operad of G is Hull(G) where

Hull(G) := {Hull(¢): ¢ € G}. (1.2.4)
1.2.5. Presentations by generators and relations.

ProposITION 1.2.5. Let G be a colored operad admitting a presentation (&, «<»). Then, the
enveloping operad of 8 admits the presentation (Hull(®), «»'), where «' is the equivalence
relation satisfying

s 't ifand only if s < t, (1.2.5)

where s’ (resp. t') is the Hull(®)-colored syntax tree obtained by replacing any node labeled
by x of s (resp. t) by ® (x).

2. The operad of bicolored noncrossing configurations

In this section, we shall define an operad over a new kind of noncrossing configurations.
In order to study it and apply the results of Section 1, we shall see this operad as an enveloping
operad of a colored one.

2.1. Bicolored noncrossing configurations. Let us start by introducing our new com-
binatorial object, some of its properties, and its operad structure.

2.1.1. Bicolored noncrossing configurations. A bicolored noncrossing configuration (or,
for short, a BNC) is a noncrossing configuration (see Section 3.2 of Chapter 1) where each
arc can be either blue (drawn as a thick line) or red (drawn as a dotted line) and such that
all red arcs are diagonals. We say that ¢ is based if its base is blue and nonbased otherwise.
Besides, we impose by definition that there is only one BNC of size 1: the segment consisting
in one blue arc. Figure 3.3 shows a BNC.

When the size of ¢ is not smaller than 2, the border of ¢ is the word bor(c) of length n
such that, for any i € [n], bor(c); := 1 if the ith edge of ¢ is uncolored and bor(c); := 2
otherwise. See Figure 3.3 for an example.
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FIGURE 3.3. A nonbased BNC of size 9. Blue arcs are (1,2), (2,8), (4,6), (7,8),
and (9,10), and red arcs are (2,6) and (2,10). All other arcs are uncolored.
The border of this BNC is 211111212.

2.1.2. Operad structure. From now on, the arity |c| of a BNC ¢ is its size. Let ¢ and
be two BNCs of respective arities n and m, and i € [n]. The partial composition co; 0 =: ¢ is
obtained by gluing the base of ? onto the ith edge of ¢, and then,

(1) if the base of 0 and the ith edge of ¢ are both uncolored, the arc (i,i + m) of e
becomes red;

(2) if the base of ? and the ith edge of ¢ are both blue, the arc (i,i + m) of ¢ becomes
blue;

(3) otherwise, the base of » and the ith edge of ¢ have different colors; in this case, the
arc (i,i + m) of ¢ is uncolored.

For aesthetic reasons, the resulting shape is reshaped to form a regular polygon. For in-

stance,
<_/ 24.1a)
Q (2.1.1D)
VO (2.1.1¢)
<\I/ (2.1.1d)

are partial compositions in BNC.
ProposSITION 2.1.1. The set of all the BNCs, together with the partial composition maps
o; and the BNC of arity 1 as unit form an operad, denoted by BNC.

2.2. The colored operad of bubbles. We now define a colored operad involving par-
ticular BNCs and perform a complete study of it.
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2.2.1. Bubbles. A bubble is a BNC of size no smaller than 2 with no diagonal (hence the

name). For instance,
{ ﬁ (2.2.1)

o——o0

is a bubble of size 6 and whose border is 111221.

2.2.2. Colored operad structure. Let b be a bubble of arity n. Let us assign input and
output colors to b in the following way. The output color out(b) of b is 1 if b is based and 2
otherwise, and the color in;(b) of the ith input of b is the ith letter of the border of b.

Let us denote by 14 and 1, two virtual bubbles of arity 1 such that out(1,) := iny (1) := 1
and out(1y) := iny (1) := 2.

ProposITION 2.2.1. The set of all the bubbles, together with the partial composition
map o; of BNC and the units 1, and 1, form a 2-colored operad, denoted by Bubble.

Notice that any bubble b is wholly encoded by the pair <out(b), (ini(b))ie[b[>' Therefore,
Bubble is a very simple colored operad: for any n, the set of elements of arity n > 2 is
[2] x [2]" and the partial composition, when defined, is a substitution in words. For instance,

C o o X O j = i_}? (2.2.2)

of Bubble can be expressed concisely as
(1,22211) o3 (2,2112) = (1,22211211). (2.2.3)

2.2.3. Colored Hilbert series. Since Bubble contains by definition all the bubbles, the
colored Hilbert series of Bubble satisfies

the partial composition

n (zg + Z2)2
Bi(z1,20) = Balz1,20) = ;(Zl +2o)" = m (2.2.4)

2.2.4. Generating set.

ProproOSITION 2.2.2. The set

Bubble := {A Lo N o A Lo s} (2.2.5)

of bubbles of arity 2 is the unique minimal generating set of Bubble.
2.2.5. Symmetries. The complementary cpl(b) of a bubble b is the bubble obtained by
swapping the colors of the edges of b (blue edges become uncolored and conversely). The

returned ret(b) of b is the bubble obtained by applying to b the reflection through the vertical
line passing by its base. Figure 3.4 shows examples of these symmetries.

PRroPOSITION 2.2.3. The group of symmetries of Bubble is generated by cpl and ret and
satisfies the relations

ret = ret™, cpl=cpl™, retcpl = cplret. (2.2.6)
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L)

A) Complementary.

(B) Returned.

)

FIGURE 3.4. The complementary and the returned of a bubble.

2.2.6. Presentation by generators and relations.

THEOREM 2.2.4. The 2-colored operad Bubble admits the presentation (Spypble,

< is the equivalence relation satisfying

@)oo (l) o of)ael’) o

20
I b

(o}
)
—_ SN SN SN S~—
[0}
=
—
~
\_/2—/\./\_/\_/

o2

~
(¢}
iy
o~
I/)i/)io
~— I

[¢]
iy

P
< —
[©]
-
—
o
<~

O
@9@@@@@@@@@@
> >

R d

4

A

g

Rd

119

<) where

©( ) oo () « ©(\)we(.), (227a)

©(7)o0(A) © 0 )eee(l) o o()ee(l,), 227)
©(A)o1@ () © @(\)oee(A) « @ )ee(A), 227
©(A)ere (%) o ©(\) 2o () o @) e (), 227d)
©( )o@ (L) © ©(f)0ne(l) o o(A)we(S,), 227e)
()o@ (A) o @(/)ee(l,) « ®(A)ee (), (2271
©(\)o1o(A) © ©(/)20(A) « ©(A)2e(A), (227g)
O(A\)o1@ (L) © ©(/)2e(A) © ©(A)2e (), (227h)
©(L)o1®(°) o ©(L)ewe(l) o ©(A)wel(), 227)
©(L)o1@ () © @) e (l) o @(A)we(l.), 227
©(A)e1@ () © ©(A)eee(A) « ©(L)2e(A), (227K
O(A)o1@(°%) © @(A)ee(\) © @) 2o (), 227)
©(L)o1@(Ly) © ©(L)2e(l) © ©(A)ee(S,), (227m)
O ()o@ (A) o @(L)0e (L) © @(A)ene(l,), (227n)
©(A) 1@ (A) © ©(L)2e(A) © @(A)ee(A), (2270)
)

Moreover, the set of the colored Gpyphie-syntax trees avoiding the frees appearing as sec-

ond, third or fourth members of Relations (2.2.7a)—

basis of Bubble.

(2.2.7p) is a Poincaré-Birkhoff-Witt

ProoEe. To prove the presentation of the statement, we shall show that there exists a col-
ored operad isomorphism ¢ : FCO (&pyphie) /= — Bubble where = is the operad congruence

generated by <.

Let us set ¢ ([®

©(y) « ©(2)

(g)]=) := g for any g of Bpypble- We observe that for any relation ® (x) o;

0; ® (t) of the statement, we have x o; ¥y = z o; t. It then follows that ¢ can be

uniquely extended into a colored operad morphism. Moreover, since the image of ¢ contains
all the generators of Bubble, ¢ is surjective.
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Let us now prove that ¢ is a bijection. For that, let us orient the relation < by means of
the rewrite rule = on the colored syntax trees on Gpyppe satisfying s = tif s & t and tis
one of the following sixteen target trees

o (e o(L) @)oo (A), oA ae(A), o(A)eell),
o(7)ew(2). o(2)e0 (Al o(Alao(A) o(A)ao(2).
o(L)aro(L). @l (A). o(A)ae(A), o(A)eo(l),
o(L)oro(2), @210 (A), o(A)oro(A), o(A)ero(s)

The target trees of = are the only left comb trees appearing in each <-equivalence class of
the statement such that the color of the first input of the root is the same as the color of the
first input of its child.

Let ~ be the closure of = and let us prove that ~ is terminating. Let ¥ be the map
associating the pair (tam(t), In(t)) with a colored syntax tree t, where tam is defined by (2.4.21)
in Chapter 1, and In(t) is the number of internal nodes labeled by x of t having an internal
node labeled by y as left child such that in; (x) # in4(y). We observe that, for any trees t; and
t; such that ty ~ t;, P(t;) is lexicographically smaller than (ts). Hence, ~ is terminating.

The normal forms of ~ are the colored Gpyphe-syntax trees avoiding the trees s appear-
ing as a left members of =. These are left comb trees t such that for all internal nodes x
and y of t, iny(x) = iny (y). Pictorially, t is of the form
1

C
I

Xn—1

t = di \cg;, (2.2.9)

/

x1
d1/ \dz

4

where c € [2], d; € [2] for all i € [n], and x; € &pupble for all j € [n — 1]. Since t is a colored
syntax tree, given ¢ and the d;, there is exactly one possibility for all the x;. Therefore,
there are f.(n) := 2" normal forms of ~» of arity n with ¢ as output color. This imply that
FCO (®pypble) /= contains at most f.(n) elements of arity n and ¢ as output color. Then,
since f.(n) is also the number of elements of Bubble with arity n and ¢ as output color (see
Section 2.2.3), ¢ is a bijection.

Finally, since = is an orientation of < and the normal forms of ~» are the colored
Bpubble-syntax trees avoiding the trees appearing as second, third or fourth members of
Relations (2.2.7a)—(2.2.7p) (see (2.2.8)), the last part of the statement follows. O

2.3. Properties of the operad of bicolored noncrossing configurations. Let us come
back to the study of the operad BNC. We show here that BNC is the enveloping operad of
Bubble and then, by using the results of Section 2.2 together with the ones of Section 1.2,
give some of its properties.
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2.3.1. Bubble decomposition. Let ¢ be a BNC. An area of ¢ is a maximal component of ¢
without colored diagonals and bounded by colored arcs or by uncolored edges. Any area a
of ¢ defines a bubble b consisting in the edges of a. The base of b is the only edge of a that
splits ¢ in two parts where one contains the base of ¢ and the other contains a. Blue edges
of a remain blue edges in b and red edges of a become uncolored edges in b.

The dual tree of ¢ is the planar rooted tree labeled by bubbles defined as follows. If ¢
is of size 1, its dual tree is the leaf. Otherwise, put an internal node in each area of ¢ and
connect any pair of nodes that are in adjacent areas. Put also leaves outside ¢, one for each
edge, except the base, and connect these with the internal nodes of their adjacent areas.
This forms a tree rooted at the node of the area containing the base of ¢. Finally, label each
internal node of the tree by the bubble associated with the area containing it. Figure 3.5
shows an example of a BNC and its dual tree.

(a) A bicolored noncrossing

configuration endowed with (B) The dual tree of «c.
its dual tree.

FIGURE 3.5. A bicolored noncrossing configuration and its dual tree.

THEOREM 2.3.1. The 2-colored operad Bubble is a 2-bubble decomposition of the operad
BNC.

2.3.2. Enumeration of the bicolored noncrossing configurations. By using the fact that,
by Theorem 2.3.1, Bubble is a 2-bubble decomposition of BNC, together with Proposition 1.2.1
and the colored Hilbert series (2.2.4) of Bubble, we obtain the following algebraic equation
for the generating series of the BNCs.
ProposITION 2.3.2. The Hilbert series 9((t) of BNC satisfies
—t =12+ (1 — 4t)FC(t) — 3FC(1)? = 0. (2.3.1)
First numbers of BNCs by size are

1,8,80,992,13760, 204416, 3180800, 51176960, 844467200. (2.3.2)
This forms Sequence A234596 of [Slo].
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2.3.3. Other consequences. Since Bubble is, by Theorem 2.3.1, a 2-bubble decomposi-
tion of BNC, we can use the results of Section 1.2 to obtain the generating set, the group
of symmetries, and the presentation by generators and relations of BNC. Thus, by Propo-
sitions 1.2.3 and 2.2.2, the generating set of BNC is the set of the eight BNCs of arity 2.
By Propositions 1.2.4 and 2.2.3, the group of symmetries of BNC is generated by the maps
cpl’ := Hull(cpl) and ret’ := Hull(ret). For any BNC ¢, cpl'(c) is the BNC obtained by swapping
the colors of the red and blue diagonals of ¢, and by swapping the colors of the edges of «¢.
Moreover, for any BNC ¢, ret'(c) is the BNC obtained by applying to ¢ the reflection through
the vertical line passing by its base. Finally, by Proposition 1.2.5 and Theorem 2.2.4, BNC
admits the presentation by generators and relations of the statement of Theorem 2.2.4.

3. Suboperads of the operad of bicolored noncrossing configurations

We now study some of the suboperads of BNC generated by various sets of BNCs. We
shall mainly focus on the suboperads generated by sets of two BNCs of arity 2.

3.1. Overview of the obtained suboperads. In what follows, we denote by (&) the
suboperad of BNC generated by a set & of BNCs, and when & is a set of bubbles, by ({(®))
the colored suboperad of Bubble generated by &.

3.1.1. Orbits of suboperads. There are 28 = 256 suboperads of BNC generated by el-
ements of arity 2. The symmetries provided by the group of symmetries of BNC (see
Proposition 2.2.3) allow to gather some of these together. Indeed, if &1 and &, are two sets
of BNCs and ¢ is a map of the group of symmetries of BNC such that ¢(&;) = &y, the
suboperads (®4) and (&,) would be isomorphic or antiisomorphic. We say in this case that
these two operads are equivalent. There are in this way only 88 orbits of suboperads that
are pairwise nonequivalent.

3.1.2. Suboperads on one generator. There are three orbits of suboperads of BNC gen-
erated by one generator of arity 2. The first contains (/). By induction on the arity, one
can show that this operad contains all the triangulations and that it is free. The second one
contains (/). By using similar arguments, one can show that this operad is also free and
isomorphic to the latter. The third orbit contains (° ). This operad contains exactly one
element of any arity, and hence, is the associative operad.

3.1.3. Operads of noncrossing trees and plants. Chapoton defined in [Cha07] an op-
erad NCT involving based noncrossing trees and an operad NCP involving noncrossing
plants. As follows directly from the definition, these operads are the suboperads (/_, %)
and (/,, A, A) of BNC respectively. The operad NCT governs L-algebras, a sort of alge-
bras introduced by Leroux [Ler11].

3.1.4. Suboperads on two generators. The (g) = 28 suboperads of BNC generated by
two BNCs of arity 2 form eleven orbits. Table 3.1 summarizes some information about
these. Some of these operads are well-known operads: the free operad (A, /) on two
generators of arity 2, the operad of noncrossing trees [Cha07,Ler11] (/_, 3 ), the dipterous
operad [LRO3,Zin12] (3, /\ ), and the 2-associative operad [LR06,Zin12] (_° , /). All the
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Operad Dimensions Presentation

1, 2, 8, 40, 224, 1344, 8448, 54912 free
1, 2, §, 40, 216, 1246, 7516, 46838 | quartic or more

1, 2, 8, 38, 200, 1124, 6608, 40142 cubic

1, 2,7, 30, 143, 728, 3876, 21318 quadratic

)
)
)
)
)
, 20 1 1,2, 7, 31, 154, 820, 4575, 26398 quadratic
)
)
; 1, 2, 6, 22, 90, 394, 1806, 8558 quadratic
)

TABLE 3.4. The eleven orbits of suboperads of BNC generated by two gen-
erators of arity 2, their dimensions and the degrees of nontrivial relations
between their generators.

Hilbert series of the eleven operads are algebraic, with the genus of the associated algebraic
curve being 0. The sequences of the dimensions of the operads of Table 3.1 are respectively
Sequences A052701, A234938, A234939, A007863, A006013, and A006318 of [Slo].

3.1.5. Suboperads on more than two generators. Some suboperads of BNC generated
by more than two generators are very complicated to study. For instance, the operad
(A, 2. .7,) has two equivalence classes of nontrivial relations in degree 2, three in degree
3, ten in degree 4 and seems to have no nontrivial relations in higher degree (this has been
checked until degree 6). The operad (A, A, °.,.".) is also complicated since it has four
equivalence classes of nontrivial relations in degree 2, sixteen in degree 3 and seems to have
no nontrivial relations in higher degree (this has been checked until degree 6).

3.2. Suboperads generated by two elements of arity 2. For any of the eleven nonequiv-
alent suboperads of BNC generated by two elements of arity 2, we compute its dimensions
and provide a presentation by generators and relations by passing through a bubble decom-
position of it.

3.2.1. Outline of the study. Let (&) be one of these suboperads. Since, by Theorem 2.3.1,
Bubble is a bubble decomposition of BNC and (&) is generated by bubbles, ((&)) is a bubble
decomposition of (). We shall compute the dimensions and establish the presentation
by generators and relations of ((®)) to obtain in return, by Propositions 1.2.1 and 1.2.5,
the dimensions and the presentation by generators and relations of (&). To compute the
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dimensions of ((G)), we shall furnish a description of its elements and then deduce from
the description its colored Hilbert series. Table 3.2 shows the first coefficients of the colored
Hilbert series of the eleven colored suboperads. All of these series are rational. To establish

colored operad Based bubbles Nonbased bubbles
(A L) 2,2,2,2,2,2,2 0,0,0,0,00,0
(AN 1,2,5,10, 21, 42,85 | 1,2, 5,10, 21, 42, 85
<<A’fo>>
(Lo L) 1,2, 4, 8, 16, 32, 64 1,2, 4, 8,16, 32, 64
(Lo )
(A2 2,35, 8 13, 21, 34 0,0,0,0,0,00
(Lo ) 2,3 4,56,7,8 0,0,0,0,0,00
(Lo o2o)) 2, 4, 8,16, 32, 64, 128 0,0,0,0,0,0,0
(A A
(A AN 1,1,1,1,1, 1,1 1,1,1,1,1,1,1
(2o A

TABLE 3.2. The eleven orbits of 2-colored suboperads of Bubble generated
by two generators of arity 2 and the number of their bubbles, based and
nonbased.

the presentation of ((&)), we shall use the same strategy as the one used for the proof of
the presentation of Bubble (see the proof of Theorem 2.2.4). Recall that this consists in
exhibiting an orientation = of the presentation we want to prove such that its closure ~ is a
terminating rewrite rule on colored syntax trees and its normal forms are in bijection with
the elements of ((&)).

3.2.2. First orbit. This orbit consists of the operads (A, /.) (A, ) (", /.) and
(.7 2A\)- We choose (A, /) as a representative of the orbit.

o of

ProposITION 3.2.1. The set of bubbles of ((A.,/.)) is the set of based bubbles such
that all edges of the border except possibly the last one are blue. Moreover, the colored
Hilbert series of ({( A, /.)) satisfy
Z1Zo + Zg

1 - Zo

ProposITION 3.2.2. The Hilbert series ¥((t) of (A, /) satisfies

B1(Z1,ZQ) = and BQ(Z1,ZQ) = 0. (321)

t — FC(t) + 29C(t)% = 0. (3.2.2)
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THEOREM 3.2.3. The operad (/\, /) is the free operad generated by two generators of
arity 2.

3.2.3. Second orbit. This orbit consists of the operad (A, °,).

' o—o

PROPOSITION 3.2.4. The set of based (resp. nonbased) bubbles of ((A,.°.)) of arity n
is the set of based (resp. nonbased) bubbles having at least two consecutive edges of the
border of a same color and the number of blue (resp. uncolored) edges of the border is

congruent to 1 — n modulo 3. Moreover, the colored Hilbert series of ((/\,.°,)) satisfy

7y + 75 7
Bi(z1,29) = — 3.2.3a
tlzt,22) 1 -3z —77 —75 1-2129 ( )
and
2
BQ(Zi, Zg) = 22t &l 22 (323b)

1-3mzy — 70 —25 1 —2mzp
ProposITION 3.2.5. The Hilbert series ((t) of (A, .°,) satisfies
bt =262 — £ 4t 4 (—d+ 4t — 2 1 20)FC(t) + (6 + HFC(E)% + (1 — 26)FC(1)° — FC(1)* = 0. (3.2.4)

ProposITION 3.2.6. The operad (/\, °.) does not admit nontrivial relations between its
generators in degree two, three, five and six. It admits the following non trivial relations
between its generafors in degree four:

(A o2 Jos A)os = (Aor . )ort A)oe ", (3.2.5a)
Ao1 " )or A)os A, (3.2.5b

(( ) ) (( ) ) )
(A oo Joa A)os " = (Ao " Jor A)os ", (3.2.5¢)
(Ao "oz " Jos A = (Aor,")oe A)oe ", (3.2.5d)
(" o2 A)os " Jos A = (((“,o1 Aot " )o2 A, (3.2.5¢)
(" o2 A)oa " dos . = ((",o1 Aot ) o5, (3.2.5¢)
(" o2 A)oa “)os A = (((“,o1 A)or,")or A\, (3.2.59)
(P00 Aos A)os *, = (((",o1 A)o2 ") o2 A (3.2.5h)

PRrOOE. This statement is proven with the help of the computer. All partial composi-
tions between the generators /\ and _°, are computed up to degree six and relations thus
established. O

Proposition 3.2.6 does not provide a presentation by generators and relations of ( A, .°.).
The methods employed in this chapter fail to establish the presentation of (( A, _°.)) because it
is not possible to define an orientation = of the relations of the statement of Proposition 3.2.6.
Indeed, in degree six, all the closures ~ of = have no less than 7518 normal forms whereas
they should be 7516. Nevertheless, these relations seem to be the only nontrivial ones; this
may be proved by using the Knuth-Bendix completion algorithm (see [KB70, BN98]) over

an appropriate orientation of the relations.
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3.2.4. Third orbit. This orbit consists of the operads (A, /.), (A..\) (/Z..".) and
(A7) We choose (/\, /) as a representative of the orbit.

ProposITION 3.2.7. The set of based (resp. nonbased) bubbles of ((A.,/,)) of arity n
is the set of based (resp. nonbased) bubbles such that first edge is blue and the number
of uncolored edges of the border is congruent to n (resp. n + 1) modulo 2. Moreover, the
colored Hilbert series of ((A., /) satisfy

2

73 17y — 7279 + 73

Bi(z1,29) = d Bo(z1,29) = . 3.2.6
121, 22) 1—27 + 7% — 72 an 2(21,22) 1—22 + 17} — 73 ( )

PropoOSITION 3.2.8. The Hilbert series 9((t) of (A, /') satisfies
2t — 12 + (2t — 2)FC(t) + 3FC()% = 0. (3.2.7)

THEOREM 3.2.9. The operad (A, /') admits the presentation ({ A, /' }, <) where < is
the equivalence relation satisfying

(@(/)eee(A))ese(l.) o (e(f)ene(l))ee(A) (8.2.8a)

(@(A)e2@(l))es@(A) o (@(A)er@(l)) 20 (A). (3.2.8b)

Moreover, the set of the { A, /' }-syntax trees avoiding the trees (© (/') o1 © (/') )o2® (A)
and (© (A) o2 ® (/) 05 © (A) is a Poincaré-Birkhoff-Witt basis of (A, /')

3.2.5. Fourth orbit. This orbit consists of the operads (/_, /) and (_%,.% ). We choose
(/.. /.) as a representative of the orbit.

ProposITION 3.2.10. The set of bubbles of ({(/., /'.)) is the set of bubbles such that first
edge is blue and last edge uncolored. Moreover, the colored Hilbert series of ((/.,./.))
satisfy

-z I
B1 (Z1, ZQ) = 1_ Zi — 2, and BQ(Z1, Zg) 1= Zi — 7 . (329)
ProposITION 3.2.11. The Hilbert series ((t) of (/., /') satisfies
2t — 12 + (2t — 2)FC(t) + 3FC(1)% = 0. (3.2.10)

THEOREM 3.2.12. The operad (/., /) admits the presentation ({/_, /'.}, <>) where <
is the equivalence relation satisfying

(@ (/)o@ (L)) 2@ () © (@)@ (/)@ (L), (3.2.11a)
(@(L)oe@(L))2@ (/) © (0(L)o1@(/,)) 2@ (L)- (3.2.11b)

Moreover, the set of the { /., /' }-syntax trees avoiding the trees (@ (/) oo ® (/) )02® (/)
and (© (/) 02 ® (/.,)) 02 ® (/) is a Poincaré-Birkhoff-Witt basis of (/.,, /')
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3.2.6. Fifth orbit. This orbit consists of the operads (/, %) and (A, /.). We choose
(/.. .\) as a representative of the orbit.

PROPOSITION 3.2.13. The set of based (resp. nonbased) bubbles of (( /', \)) is the set of
based (resp. nonbased) bubbles such that penultimate edge is blue (resp. uncolored) and
the last edge is uncolored (resp. blue). Moreover, the colored Hilbert series of ((/., \))
satisfy

Z1Zo Z1Zo

81 (21,22) = m and BQ(Z1,22) = m. (3.2.12)
PROPOSITION 3.2.14. The Hilbert series ((t) of (/., ) satisfies
2t — 12 + (2t — 2)FC(t) + 3FC(1)% = 0. (3.2.13)

THEOREM 3.2.15. The operad (/' , ) admits the presentation ({/ , [/ }, <) where &
is the equivalence relation satisfying

(@(L)eee(L))e(l) o (@(L)ere(l))ere(L) (8.2.14)

(@ (N eze(A)) 2o (L) < (@(N)ere(L))ere(X)- (32.15)

Moreover, the set of the {/., A\ }-syntax trees avoiding the trees (© (/) 0o ® (/.))02® ()
and (© () o2 ® () 02 © (/) is a Poincaré-Birkhoff-Witt basis of (/., ).

3.2.7. Sixth orbit. This orbit consists of the operads (A, ) and (A, ",). We choose
(A, .) as a representative of the orbit.

ProposITION 3.2.16. The set of bubbles of (( A, ")) is the set of based bubbles such

that maximal sequences of blues edges of the border have even length.Moreover, the
colored Hilbert series of ((A,,.".)) satisfy

2 2 2

2

and By(z1,29) = 0. (3.2.16)
1-2z4 —zj

Bi(z1,20) =

ProposITION 3.2.17. The Hilbert series 9((t) of (A, ") satisfies
t+ (t —1)FC(t) + FC(1)? + FC(t)° = 0. (3.2.17)

THEOREM 3.2.18. The operad (/\,_ ") admits the presentation ({/\, " }, <) where &
is the equivalence relation satisfying

® (L)o@ (L) « o(l)ee(l). (3.218)

Moreover, (A, ") is Koszul and the set of the { A, ° }-syntax trees avoiding the tree
®(,2,) o2 @ (.",) is a Poincaré-Birkhoff-Witt basis of (A, .°,)-

o0—0.



128 3. ENVELOPING OPERADS OF COLORED OPERADS

3.2.8. Seventh orbit. This orbit consists of the operads (/_, .\ ) and (/_, ). We choose
(/.. ) as a representative of the orbit.

ProposITION 3.2.19. The set of bubbles of ((/., ) is the set of based bubbles having
exactly one uncolored edge in the border. Moreover, the colored Hilbert series of ((/., A\))
satisfy

27129 — Z1z§
(1 —zp)?

ProposITION 3.2.20. The Hilbert series 9((t) of (/., ) satisfies

B1 (Z1, ZQ) = and BQ(Z1, ZQ) = 0. (3219)

t — FC(t) + 29C(t)% — FC(t)° = 0. (3.2.20)

THEOREM 3.2.21. The operad (/., 3 ) admits the presentation ({/ , \}, <») where <
is the equivalence relation satisfying

©(A)o1@(L) « ©(l)2o (). (3.2.21)

Moreover, (/' , A) is Koszul and the set of the {/ , A }-syntax trees avoiding the tree
© (/,) 02 ® () is a Poincaré-Birkhoff-Witt basis of (/.. ).

The above presentation shows that (/, 1) is the operad of based noncrossing trees NCT.

3.2.9. Eighth orbit. This orbit consists of the operads (/_, ") (A, ) (/\, /) and
(/A ) We choose (/, °.) as a representative of the orbit.

ProposITION 3.2.22. The set of bubbles of ((/_,.".)) is the set of based bubbles such
that last edge is uncolored. Moreover, the colored Hilbert series of ((/., °.)) satisfy

2
Zy + 2479

Bi(zy,20) = and Ba(z1,29) = 0. (3.2.22)

1- Z1 —Zy
ProposITION 3.2.23. The Hilbert series ¥C(t) of (/., ) satisfies
t— (1 — OFC(t) + FC(1)? = 0. (3.2.23)

THEOREM 3.2.24. The operad (/_, ") admits the presentation ({/ , " }, <») where <
is the equivalence relation satisfying

©(L)ore(l) o @(l)ee(l) (3.2.24)

©(L)oro (L) © @(L)2e(l). (3.2.25)

Moreover, (/, ") is Koszul and the set of the {/_, ° }-syntax trees avoiding the trees
©( )o@ () and ©(,°2) o1 ® (/,) is a Poincaré-Birkhoff-Witt basis of (/., °.).

o0—0.

This operad ( /., °.) is similar to the duplicial operad [Lod08, Zin12] with the difference
that / is not associative in (/_, °).

o—0
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3.2.10. Ninth orbit. This orbit consists of the operads (A, /) and (_°,,.°,). We choose
(A, /) as a representative of the orbit.

ProposITION 3.2.25. The set of bubbles of ((A, /\)) is the set of bubbles such that all
edges of the border are blue. Moreover, the colored Hilbert series of (( A, /\)) satisfy

2

2
Z

Zy

Bi(Zi,Zg) = 1_ Z and BQ(Z1,ZQ) = 1_ 22. (3226)
ProposITION 3.2.26. The Hilbert series ((t) of (A, /\) satisfies
t— (1 — HFC(t) + FC(1)? = 0. (3.2.27)

THEOREM 3.2.27. The operad (/\, /\) admits the presentation ({ A, /\ }, <) where <
is the equivalence relation satisfying

@ (A)or1@(A) o @(A)e(A), (3.2.98)
©(A)or@(A) & @(A)owe(A). (3.2.29)

Moreover, (A, /) is Koszul and the set of the {/\, A }-syntax trees avoiding the trees
©(A)oe®(A) and ® (A) oo ® (A) is a Poincaré-Birkhoff-Witt basis of (A, A)-

3.2.11. Tenth orbit. This orbit consists of the operads (/' , A), (A, A) (., /.) and
(20 \)- We choose (3, /) as a representative of the orbit.

PROPOSITION 3.2.28. The set of based (resp. nonbased) bubbles of ({ A\, A\)) is the set
of based (resp. nonbased) bubbles such that first edge is uncolored (resp. blue) and
the other edges of the border are blue. Moreover, the colored Hilbert series of ((_\\, /\))

satisfy
2

Bilz1,20) = 222 and  Bylzy,z) = —2—. (3.2.30)
1 -2z 1-1z
ProposITION 3.2.29. The Hilbert series ¥C(t) of ( A, /) satisfies
t— (1 — OFC(t) + FC(1)? = 0. (3.2.31)

THEOREM 3.2.30. The operad { A\, /\) admits the presentation ({\, /\ }, <) where &
is the equivalence relation satisfying

©(A)o1@(A) « @(A)oe(A), (3.2.32)
©(AQ)o1o(A) o @(J)oo(A)- (3.2.33)

Moreover, {( A, /\) is Koszul and the set of the {3, /A }-syntax trees avoiding the trees
©(A)o1®(A) and ® () o1 ® (A) is a Poincaré-Birkhoff-Witt basis of (3, A)-

This operad (3, /\) is hence the operad governing dipterous algebras [LR03, Zin12].
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3.2.12. Eleventh orbit. This orbit consists of the operad (.°,, /\).

PRrOPOSITION 3.2.31. The set of based (resp. nonbased) bubbles of ({.°., /\)) is the set
of based (resp. nonbased) bubbles such that all edges of the border are uncolored (resp.
blue). Moreover, the colored Hilbert series of ((_°., /\)) satisfy

2 2

Bil(z1,25) = —1 and  Bolzy,z9) = —2 . (3.2.34)
1 -z 1-1z
ProposITION 3.2.32. The Hilbert series 9((t) of (_°., /\) satisfies
t— (1 — OFC(t) + FC(t)? = 0. (3.2.35)

THEOREM 3.2.33. The operad (.°_, /\) admits the presentation ({° , /\ }, <) where
is the equivalence relation satisfying

©(A)or@(A) © @(A)2e(A), (3.2.36)

©(L)ae(l) « @) ee(l). (3.2.37)
Moreover, (°,, /\) is Koszul and the set of the {° , A }-syntax trees avoiding the trees
©(A)o2®(A) and ® (°.) 02 ® (,°,) is a Poincaré-Birkhoff-Witt basis of (_.°,, A.)-

This operad (3, /\) is hence the operad governing two-associative algebras [LROG,
Zin12].

Concluding remarks

We have developed in this chapter a tool to study a noncolored operad O by considering
one of its bubble decompositions 6. As explained, most of the properties of O come from
properties of G. This, together with the fact that a colored operad is a more constrained
structure than a noncolored one, leads to easier proofs for most of their properties (for
instance to establish a presentation by generators and relations, a bubble decomposition re-
duces the number of orientations of relations to consider). This framework has been applied
to the operad BNC of bicolored noncrossing configurations and on some of its suboperads.
As an additional remark, this chapter considers only colored or uncolored set-operads but
the notion of enveloping operads and bubble decompositions also work for linear operads.



CHAPTER 4

From monoids to operads

The content of this chapter comes from [Giri2c, Gir12d, Girl5]. A very preliminary
version of the results presented here was sketched in [Girl11] while the work was still in
progress. We include here some new results that do not appear in the aforementioned pub-
lications like the Koszulity and presentations of the Koszul duals of some of the constructed
ns operads.

Introduction

We propose here a new generic method to build combinatorial operads. The starting
point is to pick a monoid Jf. We then consider the set of words whose letters are ele-
ments of Jf. The arity of such words are their length, the composition of two words is
expressed from the product of Jf, and permutations act on words by permuting letters. In
this way, we associate an operad denoted by T f with any monoid #f. This construction is
rich from a combinatorial point of view since it allows us, by considering suboperads and
quotients of T 1, to get new (symmetric or not) operads on various combinatorial objects.
Our construction is related to two previous ones.

The first one is a construction of Méndez and Nava [MN93] emerging from the context
of the species theory [Joy81]. Roughly speaking, a species is a combinatorial construction U
which takes an underlying finite set E as input and produces a set U[E] of objects by adding
some structure on the elements of E (see [BLL98]). This theory has many links with the
theory of operads since an operad is a monoid with respect to the operation of substitution
of species. In [MN93], the authors defined the plethystic species, that are species taking as
input sets where any element has a color picked from a fixed monoid #f. This monoid
has to satisfy some precise conditions (as to be left cancellable and without proper divisor
of the unit, and such that any element has finitely many factorizations). It appears that the
elements of the so-called uniform plethystic species can be seen as words of colors and
hence, as elements of T /L. Moreover, the composition of this operad is the one of T L. The
main difference between the construction of Méndez and Nava and ours lies in the fact that
the construction T can be applied to any monoid.

The second one, introduced by Berger and Moerdijk [BMO03], is a construction which
allows to obtain, from a commutative bialgebra &%, a cooperad T9. Our construction T
and the construction T of these two authors are different but coincide in many cases. For
instance, when (7, x) is a monoid such that for any x € Jf, the set of pairs (y,z) € 1>
satisfying y « z = x is finite, the operad T ¥ is the dual of the cooperad T9% where &3 is the
dual bialgebra of K (Jf) endowed with the diagonal coproduct. On the other hand, there are

131
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operads that we can build by the construction T but not by the construction T, and conversely.
For example, the operad TZ, where Z is the additive monoid of integers, cannot be obtained
as the dual of a cooperad built by the construction T of Berger and Moerdijk.

Furthermore, the operads T Jf are defined directly on set-theoretic bases. Hence, these
operads are well-defined in the category of sets and the computations are explicit. It is there-
fore possible given a monoid Jf, to make experiments on the operad T /1, using if necessary
a computer. In this chapter, we study many applications of the construction T focusing on its
combinatorial aspect. More precisely, we define, by starting from very simple monoids like
the additive or max monoids of integers, or cyclic monoids, various nonsymmetric operads
involving well-known combinatorial objects.

This chapter is organized as follows. We begin, in Section 1, by defining the construction
T associating an operad with a monoid and establishing its first properties. We show that
this construction is a functor from the category of monoids to the category of operads
which preserves injections and surjections. We then apply this construction in Section 2 to
various monoids and obtain several new (symmetric or not) operads. We construct in this
way some operads on combinatorial objects which were not provided with such a structure:
planar rooted trees with a fixed arity, Motzkin words, integer compositions, directed animals,
and segmented integer compositions. We also obtain new operads on objects which are
already provided with such a structure: endofunctions, parking functions, packed words,
permutations, planar rooted trees, and Schroder trees. By using the construction T, we also
give an alternative construction for the diassociative operad [Lod01] and for the triassociative
operad [LRO4].

Note. In this chapter, “operad” means “symmetric operad”. To refer to a nonsymmetric
operad, we shall write “ns operad”.

1. A functor from monoids to operads

We describe in this section the main ingredient of this chapter, namely the consfruction
T.

1.1. The operad of a monoid. We explain here how the construction T associates an
operad TJf with any monoid Jf and an operad morphism T6 : TJf; — T, with any
monoid morphism 6 : Jf; — J,. We also review some of the main properties of T.

Let JI be a monoid with an associative product * admitting a unit 1 5. We denote by
TJI the space
T := 5 TH(n) (1.1.1)
n>1
where for all n > 1, TJL(n) := K(JL"). The set JL* forms hence a basis of TJf called
fundamental basis. We endow T I with the partial composition maps

o;j : TH(n) @ THM(m) — TH(n + m —1), n,m>1,i €[n], (1.1.2)
defined linearly, over the fundamental basis, for any words u € Jf" and v € Jf™ by

uo; vi=uy...Uj_q (Ui *vy) ... (Wi * Vi) Uiyq ... Uy, i€[n]. (1.1.3)
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Moreover, we endow T with right actions
-: TUL(n) @ Per(n) — T(n), n>1, (1.1.4)
defined linearly, for any permutation ¢ € &(n) and word u € JI" by

u-0:=ug...Ug,. (1.1.5)

n

In other words, T is the vector space of the words on Jf seen as an alphabet, the partial
composition returns to insert a word v onto the ith letter u; of a word u together with a left
multiplication by u;, and permutations act by permuting the letters of the words. The arity
|u| of an element u of TM(n) is n.

Now, let Jfy and Jfy be two monoids and 0 : Jf; — S, be a monoid morphism. Let us
denote by TO the map TO: T ML, — Ty, defined for all uy ... u, € TH(n) by TO(uy ... uy) :=
O(uy)...0(uy).

THEOREM 1.1.1. The construction T is a functor from the category of monoids with
monoid morphisms to the category of operads with operad morphisms. Moreover, T
preserves injections and surjections.

Observe that the word 1 4 € T#L(1) is the unit of TJL.

Let us consider an example. Let Jf := {a,b}* be a free monoid. Then, TJf is the space of
all words whose letters are words on {a,b}. We call such element multiwords. For instance,
(aa, ba, b, €,a) is an element of arity 5 of T and

(aa, ba, b, €,a) oz (ab, €,a) = (aa, ba, bab, b, ba, €, a) (1.1.6)

and
(aa, ba, b, €,a) - 41352 = (€, aa, b, a, ba). (1.1.7)
Moreover, if 6 : Jf — N is the monoid morphism defined by 6(u) := |u|, where N is the

additive monoid of natural numbers, one has
O((aa, ba, b, €,a)) = 22101. (1.1.8)

1.2. Main properties of the construction. Let us review the main properties of the
construction T.

ProposiTION 1.2.1. Let JI be a monoid. The fundamental basis of TJI is a basic
set-operad basis if and only if JI is a right cancellable monoid.

ProposITION 1.2.2. Let JI be a monoid. Then, the set & y := JL U {ap}, is a generating
set of TWL as a ns operad, where ay := 1 41 5 and the elements of ML are seen as elements
of arity 1 of TJL.

ProposiTiON 1.2.3. Let Jf be a monoid. The ns operad TJf admits the presentation
(B 41, R yg) where Ry is the subspace of FO (& y) generated by the elements

® (ag) o1 ® (ag) — @ (ag) 09 @ (ag), (1.2.1a)

@x)og®(y) —x*+y), x,y € M, (1.2.1b)
©(a)o[@(x) ® @ (x)] — @ (x) 01 ® (ag), x € . (1.2.1¢)
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The proof of Proposition 1.2.3 relies on a orientation = of Ry satisfying

\ ﬁ 7/ N y (1223)
ao ag
x |
S'} = xxy , x,y € JL, (1.2.2b)
| I
1 |
X ao
= N, x € JL. (1.2.2¢)
as x x
/ \ | |

The closure ~ of = is a convergent rewrite rule and its normal forms of arity n are in
one-to-one correspondence with the set of the words of arity n of T 1.

Let A be an associative algebra with associative product denoted by -, and
Te: A > A, x e M, (1.2.3)

be a family of associative algebra morphisms satisfying

Txo Ty:Tx*y: (124)

for all x,y € JL. Observe that (1.2.4) implies in particular that Ty, = Id where Id 4 is the
identity map on A. We call Jf-compatible algebra such an algebra.

THEOREM 1.2.4. Let JI be a monoid and A be an Jl-compatible algebra. Then, A is
an algebra on T L.

Theorem 1.2.4 is a consequence of the presentation of T Jf provided by Proposition 1.2.3.
Indeed, the associative product - comes from the generator ay of TJJf, and each map 1,
x € M, comes from the generator x € Jf of T.JL.

For instance, by Theorem 1.2.4, the space K{(Jf*) of noncommutative polynomials on
M, endowed with the associative product - of concatenation of words of Jf* and with the
maps Ty, X € S, defined linearly for all words u on Jf by

Te (u) i= (xxuy)... (x xup) (1.2.5)

is an algebra on T 1.

2. Concrete constructions

Through this section, we consider examples of applications of the functor T. We shall
mainly consider, given a monoid Jf, some suboperads of T Jf, symmetric or not, which have
for all n > 1 finitely many elements of arity n. For the most part of the constructed operads
O, we shall establish isomorphisms of combinatorial spaces ¢ : O - K{C) where the C are
well-chosen combinatorial sets. To this aim, we shall consider bijections between the basis
elements of O(n) and the elements of size n of C, for all n > 1. Interpreting the partial
compositions of O on K(C) amounts to endow K(C) with the structure of an operad, and
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thus to the construction of an operad on the objects of C. Moreover, we shall also establish
presentations by generators and relations of the constructed ns operads by using tools from
rewrite theory on syntax trees (see Section 2.4 of Chapter 1).

2.1. Operads from the additive monoid. Let us denote by N the additive monoid of
natural numbers, and for all ¢ > 1, by N, the cyclic additive monoid on Z/,z. Note that since,
by Theorem 1.1.1, T is a functor which preserves surjective maps, TN, is a quotient operad
of TN. Besides, since the monoids N and N; are right cancellable, by Proposition 1.2.1, the
fundamental bases of the operads TN and TN, are basic set-operad bases. As a consequence,
the fundamental bases of all the suboperads of TN and TN, constructed in this section are
basic set-operad bases. All these operads fit into the diagram of ns operads represented by
Figure 4.1. Table 4.1 summarizes some information about these ns operads.

TN

/N

Pery Schr  FCat®

ch1 SComp

Comp Motz

\//

FCat?

FIGURE 4.1. The diagram of ns suboperads and quotients of TN. Arrows —
(resp. —») are injective (resp. surjective) ns operad morphisms.

2.1.1. Operads on endofunctions, parking functions, packed words, and permutations.
Recall that an endofunction of size n is a word u of length n on the alphabet {1,...,n}. A
parking function of size n is an endofunction u of size n such that the nondecreasing re-
arrangement v of u satisfies v; < i for alli € [n]. A packed word of size n is an endofunction
u of size n such that for any letter u; > 2 of u, there is in u a letter u; = u; — 1. Note that
neither the set of endofunctions, of parking functions, of packed words, nor of permutations
are suboperads of TN. Indeed, one has the following counterexample:

12 09 12 = 134, (2.1.1)

showing that, even if 12 is a permutation, 134 is not an endofunction.
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Monoid | Ns operad | Generators First dimensions Combinatorial objects
End — 1,4,27,256,3125 Endofunctions
PF — 1,3,16,125,1296 Parking functions
bw — 1,3,13,75,541 Packed words
N Perg — 1,2,6,24,120 Permutations
PRT 01 1,1,2,5,14,42 Planar rooted trees
FCat® 00, 01, ..., Ok | Fuf3-Catalan numbers k-ary trees
Schr 00, 01, 10 1,3,11,45,197 Schroder trees
Motz 00, 010 1,1,2,4,9,21,51 Motzkin words
Ny Comp 00, 01 1,2,4,8,16,32 Compositions
DA 00, 01 1,2,5,13,35,96 Directed animals
o SComp 00, 01, 02 1,3,27,81,243 Seg. compositions

TABLE 4.1. Ground monoids, generators, first dimensions, and combinatorial
objects involved in the ns suboperads and quotients of TN.

As a consequence of this observation, let us call a word u a twisted endofunction (resp.
parking function, packed word, permutation) if the word (uy + 1)(us + 1)...(u, + 1) is an
endofunction (resp. parking function, packed word, permutation). For example, the word
2300 is a twisted endofunction since 3411 is an endofunction. Let us denote by End (resp.
PF, PW, Pery) the linear span of all twisted endofunctions (resp. parking functions, packed
words, permutations). Under this reformulation, one has the following result:

PRropPOSITION 2.1.1. The spaces End, PF, and PW form suboperads of TN.
For example, we have in End the partial composition
2123 09 30313 = 24142423, (2.1.2)
and the action - of a permutation
11210 - 23514 = 12011. (2.1.3)

Note that End is not a finitely generated operad. Indeed, the twisted endofunctions u
of size n satisfying u; := n — 1 for all i € [n] cannot be obtained by partial compositions
involving elements of End of arity smaller than n. Similarly, PF is not a finitely generated
operad since the twisted parking functions u of size n satisfying u; := 0 for all i € [n — 1]
and u, := n — 1 cannot be obtained by partial compositions involving elements of PF of arity
smaller than n. However, the operad PW is a finitely generated operad:

ProposiTION 2.1.2. The operad PW is the suboperad of TN generated by {00,01 }.
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Let 9 be the linear span of all twisted packed words having multiple occurrences of a
same letter.

PROPOSITION 2.1.3. The space 4 is an operad ideal of PW. Moreover, the quotient op-
erad PW/q is the space Pery of twisted permutations. Finally, for all twisted permutations
u and v, the partial composition map in Pery can be expressed as

voifu o= lul -1,
Uor v = {uol v ifui=ul (2.1.4)

Ok otherwise,

where Ok is the null vector of Pery and the partial composition map o; in the right member
of (2.1.4) is the partial composition map of PW.

Here are two examples of compositions in Pery:
20431 04 102 = Ok, (2.1.5q)
20431 03 102 = 2054631. (2.1.5Db)

Let us recall that any minimal generating set of Per (seen as a ns operad) has no element
of arity 3 (see Section 4.1.13 of Chapter 2). Moreover, since the homogeneous component

{01,10}
0

of arity 3 of Per is only of dimension 4, any minimal generating set of Pery has two

elements of arity 3. Therefore, Pery and Per are not isomorphic as ns operads.

2.1.2. A nsoperad on planar rooted trees. Let PRT be the ns suboperad of TN generated
by Q5PRT = {01}

ProposITION 2.1.4. The fundamental basis of PRT is the set of all the words u on the
alphabet N satisfyinguy =0 and 1 < ujpg <u;+1 foralli € [|Ju] —1].

Let us consider the combinatorial graded collection of all planar rooted trees where the
size of such a tree is its number of nodes (this is the collection PRT defined in Section 2.1.1 of
Chapter 1). There is a bijection ¢prr between the words of PRT of arity n and planar rooted
trees of size n. To compute ¢prr(u) where u is a word of PRT, iteratively insert the letters of
u from left to right according to the following procedure. If |u| = 1, then u = 0 and ¢ppr(0)
is the only planar rooted tree with one node. Otherwise, the insertion of a letter a > 1 into

a planar rooted tree t consists in grafting in t a new node as the rightmost child of the last
node of depth a — 1 for the depth-first traversal of {. The inverse bijection is computed as
follows. Given a planar rooted tree t of size n, one computes a word of PRT of arity n by
labeling each node of t by its depth and then, by reading its labels following a depth-first
traversal of t. Since the words of PRT satisfy Proposition 2.1.4, ¢pprr is well-defined. Hence,
we can regard the words of arity n of PRT as planar rooted trees with n nodes. Figure 4.2
shows an example of this bijection.

Hence, the Hilbert series of PRT satisfies
1/2n -2
Flprr(t) = Z — < > tr, (2.1.6)

n\n-1
n>1

so that its dimensions are the Catalan numbers.
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FIGURE 4.2. Interpretation of a word of the ns operad PRT in terms of a
planar rooted tree via the bijection ¢prr. The nodes of the planar rooted
tree in the middle are labeled by their depth.

In terms of planar rooted trees, the partial composition of PRT can be expressed as
follows:

ProrosITION 2.1.5. Let s and t be two planar rooted trees and s be the ith node for the
depth-first traversal of s. The composition s o; t in PRT amounts to replace s by the root
of t and graft the children of s as rightmost sons of the root of t.

Figure 4.5 shows an example of a partial composition in PRT.

fou e o

FIGURE 4.3. Interpretation of a partial composition in the ns operad PRT in
terms of planar rooted trees.

PRroPOSITION 2.1.6. The ns operad PRT is isomorphic to the free ns operad generated
by one element of arity 2.

Proposition 2.1.6 also says that PRT is isomorphic to the ns magmatic operad and
hence, that PRT is a realization of the magmatic operad. This result is already known
since in [MY91], Méndez and Yang point out that the species of parenthesizations (binary
trees) and the species of planar rooted trees are isomorphic. This isomorphism implies that
these species are also isomorphic as ns operads. Moreover, PRT can be seen as a planar
version of the non-associative permutative operad NAP [MY91] (see also [Liv06]) seen as
a ns operad, which is an operad involving labeled non-planar rooted trees.

2.1.3. A ns operad on k-ary trees. Let k > 0 be an integer and FCat*® be the ns sub-
operad of TN generated by & := {00,01,...,0k}. It is immediate from the definition
of FCat™® that for any k > 0, FCat® is a ns suboperad of FCat**!. Hence, the ns operads
FCat® form an increasing sequence (for the inclusion) of ns operads. Note that FCat” is
isomorphic to the ns associative operad As. Note also that since FCat is generated by 00
and 01 and since PRT is generated by 01, PRT is a ns suboperad of FCat".
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ProposiTION 2.1.7. For any k > 0, the fundamental basis of FCat™® is the set of all the
words u on the alphabet N satisfying uy = 0 and 0 < uj1 < u; + k foralli € [Ju] —1].

Let us consider the combinatorial graded collection of the k + 1-ary trees where the
size of such a tree is its number of internal nodes (this is the collection Ary(,k“) defined
in Section 2.2.2 of Chapter 1). Let t be a k+1-ary tree of size n. We say that an internal
node x of t is smaller than an internal node y if, in the depth-first traversal of t, x appears
before y. We also say that a k+1-ary tree t is well-labeled if its root is labeled by 0, and, for
each internal node x of t labeled by a, the children of x which are not leaves are labeled,
from left to right, by a + k, ..., a + 1, a. There is a unique way to label a k + 1-ary tree
so that it is well-labeled. There is a bijection d)%at between the words of FCat®) of arity n
and well-labeled k+1-ary trees of size n. To compute ¢(F126t(u) where u is a word of FCat®),
iteratively insert the letters of u from left to right according to the following procedure. If
|u| =1, then u = 0 and d)(F%at(u) is the only well-labeled k+1-ary tree of size 1. Otherwise, the
insertion of a letter a > 0 into a well-labeled k+1-ary tree t consists in replacing a leaf of t
by the k+1-ary tree s of size 1 labeled by a so that s is the child of the greatest internal node
such that the obtained k + 1-ary tree is still well-labeled. The inverse bijection is computed
as follows. Given a well-labeled k + 1-ary tree t, one computes a word of FCat™® of arity n
by reading its labels following a depth-first traversal of t. Since the words of FCat® satisfy
Proposition 2.1.7, ¢(ch);at is well-defined. Hence, we can regard the words of arity n of FCat'*
as k+1-ary trees of size n. Figure 4.4 shows an example of this bijection.

(2)
Pecat
RASCN

024021121

FIGURE 4.4. Interpretation of a word of the ns operad FCat® in terms of 3-ary
trees via the bijection (j)(FQ():at. The 3-ary tree in the middle is well-labeled.

Hence, the Hilbert series of FCat® satisfies the algebraic relation

1 = Fpgyn (1) + tF ey (F =0, (2.1.7)
so that
1 kn +n\ ,
= . .
9f("I:'Cat(k)(t) n;l kn +1 < n )t (2 8)

In terms of k+1-ary trees, the partial composition of FCat™® can be expressed as follows:

PRrOPOSITION 2.1.8. Let s and t be two k+1-ary trees and s be the ith internal node for
the depth-first traversal of s. The composition so; t in FCat® amounts to replace s by the
root of t and graft the children of s from right to left on the rightmost leaves of t.

Figure 4.5 shows an example of composition in FCat?.
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FI1GURE 4.5. Interpretation of the partial composition map of the ns operad
FCat? in terms of 3-ary trees.

THEOREM 2.1.9. For any k > 0, the ns operad FCat® admits the presentation (6Fcat(k), %)
where R is the subspace of FO (& ) generated by the elements

© (0(a + b)) oy ®(0a) — ®(0a) oy ®(O0b),  a,b>=0,a+b< k. (2.1.9)

Moreover, FCat® is a Koszul operad and the set of the &, m-syntax trees avoiding the
trees © (O(a + b)) o4 ® (0a) for all a,b > 0 and a + b < k is a Poincaré-Birkhoff-Witt basis
of FCat'®).

It is now natural to ask if FCat'! is isomorphic to the dendriform operad Dendr of to
the duplicial operad Dup since all these ns operads share the same dimensions. Let us show
that FCat™ is not isomorphic to Dup nor to Dendr. Assume first that ¢ : Dup — FCat" is an
operad morphism so that ¢(«) = 1100 + 2,01 and ¢(>>) = 2300 + A,01 for some coefficients
M, Ag, Az, and A, of K. Now, Relation (4.2.8a) of Section 4.2.3 of Chapter 2 of the presentation
of Dup leads to

P(K) o1 P(K) — Pp(K) 0p P(K) =0, (2.1.10)

so that
A7000 + 429010 + 4125001 + 23011 — A7000 — 4125001 — AqA0011 — 23012 =0,  (2.1.11)

implying that A, = 0. Similarly, Relation (4.2.8¢c) of the presentation of Dup implies that A, = 0.
Therefore, we obtain ¢(«) = 1100 and ¢(>>) = A300, showing that ¢ is not an isomorphism.
Assume now that ¢ : Dendr — FCat” is an operad morphism so that ¢(«) = 1,00 + A,01
and ¢(>>>) = 2300 + 4,01 for some coefficients Ay, Ay, A3, and A, of K. Relation (4.2.18b) of
Section 4.2.6 of Chapter 2 of the presentation of Dendr leads to

d(>) o1 P(<) — d(<) 02 &(>) =0, (2.1.12)
so that
MA5000 + AoA5010 + 212,001 + ApA,011 — 4445000 — A4 4,001 — ApA5011 — Ap4,012 = 0, (2.1.13)

implying that Ay = 0, or Az = 0 = A;,. When Ay = 0, one has ¢(<) = 1,00 and, since 1,00 is as-
sociative in FCat!!) but < is not associative in Dendr, ¢ cannot be an isomorphism. Moreover,
when Az = 0 = A,, the kernel of ¢ is nontrivial, showing that ¢ is not an isomorphism.

Since by Theorem 2.1.9, FCat® is binary and quadratic, this ns operad admits a Koszul
!
dual. Let FCat*)" be the Koszul dual of FCat™®.
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ProposiTioN 2.1.10. For any k > 0, the ns operad FCat(k)! admits the presentation
(Bpeas R) where R is the subspace of FO (&) generated by the elements

® (0(a + b)) 01 ® (0a) — © (0a) op ® (Ob), a,b>0,a+b<k, (2.1.14a)
©(0a)o;@(0@+b+1), 0<a<kO<b<k-la+b+1<k, (2.1.14b)
©(0a)op ®(0b), 0<a<kO<b<ka+b>k+1. (2.4.14c)

ProposiTiON 2.1.11. For any k > 0, the Hilbert series of the ns operad FCat(k)! can be

expressed as
t

SFCFCat“*)!(t) = m. (2.1.15)
We deduce from Proposition 2.1.11 that
n+k-1\ ,
Fo 1) =Y < b >t . (2.1.16)

n>1

2.1.4. A ns operad on Schréder trees. Let Schr be the ns suboperad of TN generated
by Gsche := {00,01,10}. Since @S&m C Bschrs FCat" is a ns suboperad of Schr. Moreover,

since PW is, by Proposition 2.1.2, generated as an operad by {00,01}, Schr is a ns suboperad
of PW.

ProposiTION 2.1.12. The fundamental basis of Schr is the set of all the words u on the
alphabet N having at least one occurrence of 0 and, for all letter b > 1 of u, there exists
a letter a := b — 1 such that u has a factor avb or bva where v is a word consisting in
letters ¢ satisfying c > b.

Let us consider the combinatorial graded collection of the Schréder trees where the size
of such a tree is its number of sectors (this is the collection Sus_;(Sch,) where Sch; is the
collection defined in Section 2.2.3 of Chapter 1). There is a bijection ¢s.p, between the words
of Schr of arity n and Schroder trees of size n. To compute ¢scnr(u) where u is a word of
Schr, factorize u as u = ul’a...au” where a is the smallest letter occurring in u and the
u®, i € [¢], are factors of u without a. Then, set

& ifu=g¢,
Psenr(u) 1= (2.1.17)
A (@sehe (M), ..., dsenre (ul®))  otherwise,
where € denotes the empty word and A(ty,...,t,) is the Schroéder tree consisting in a root
that has ty, ..., t; as subtrees from left to right. The inverse bijection is computed as follows.

Given a Schréder tree t, one computes a word of Schr by assigning to each sector (x;, xj1)
of s the maximal depth of the common ancestors to the leaves x; and x;.1. The word of
Schr is obtained by reading the labels from left to right. Since the words of Schr satisfy
Proposition 2.1.12, ¢scny is well-defined. Figure 4.6 shows an example of this bijection.

Hence, the Hilbert series of Schr satisfies the algebraic relation

t+ (3t — 1)FCsche(t) + 2tFCsene (£)? = 0 (2.1.18)
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FIGURE 4.6. Interpretation of a word of the ns operad Schr in terms of
Schroder trees via the bijection ¢schy.

so that its first dimensions are
1,3,11, 45,197,903, 4279, 20793, (2.1.19)
forming Sequence A001003 of [Slo].

It is possible to use the bijection ¢scn, to express the partial composition of Schr in terms
of Schroder trees. We shall not describe it here but Figure 4.7 shows an example of such a

composition.

FIGURE 4.7. Interpretation of the partial composition map of the ns operad
Schr in terms of Schroder trees.

THEOREM 2.1.13. The ns operad Schr admits the presentation (Bschy, R) where R is the
subspace of FO (&s.n,) generated by the elements

® (00) 01 ® (00) — @ (00) 0 @ (00}, (2.1.20a)
® (01) 01 ® (10) — @ (10) 05 ® (01), (2.1.20D)
® (00) o1 ® (01) — ® (00) 05 ® (10), (2.1.20c)
® (01) o1 ® (00) — ® (00) 05 ® (01), (2.1.20d)
® (00) o1 ® (10) — @ (10) 05 ® (00), (2.1.20e)
® (01) 01 ® (01) — @ (01) 05 ® (00), (2.1.20f)
® (10) 0y ® (00) — ® (10) 0 @ (10). (2.1.209)

Moreover, Schr is a Koszul operad and the set of the ®gs.h.-syntax trees avoiding the trees
® (00) o4 ® (00), ® (01) 01 ® (10), ® (00) 04 ® (01), ® (01) 04 ® (00), ® (00) 04 ® (10), ® (01) 04 ® (01),
and © (10) oo ® (10) is a Poincaré-Birkhoff-Witt basis of Schr.

Since by Theorem 2.1.13, Schr is binary and quadratic, this ns operad admits a Koszul
dual. Let Schr' be the Koszul dual of Schr.
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PRrOPOSITION 2.1.14. The ns operad Schr' admits the presentation (Bgcny, R) where R
is the subspace of FO (&s.1,) generated by the elements

® (00) o1 ® (00) — ® (00) 0g ® (00) , (2.1.21a)
® (01) 01 ®(10) — ® (10) 0p ® (01), (2.1.21Db)
® (00) 01 ® (01) — ® (00) 0g ® (10), (2.1.21¢)
® (01) o4 ®(00) — @ (00) 0g ® (01), (2.1.21d)
® (00) o4 ® (10) — ® (10) 0g ® (00) , (2.1.21€)
® (01) 01 ®(01) — ® (01) 0g ® (00) , (2.1.21f)
® (10) 01 ® (00) — ® (10) 0p ® (10) , (2.1.21g)
® (10) o4 ® (01), (2.1.21h)

® (10) o4 ® (10, (2.1.21i)

® (01) 0g ® (01), (2.1.21j)

® (01) 09 ® (10). (2.1.21Kk)
ProposiTioN 2.1.15. For any k > 0O, the Hilbert series of the ns operad Schr' can be

expressed as
t

1 = ——: .1.
Hsenr! (1) 10021 (2.1.22)
We deduce from Proposition 2.1.15 that
Flsenr' (1) = > (27" = 1)t". (2.1.23)
n>1

2.1.5. A ns operad on Motzkin words. Let Motz be the ns suboperad of TN generated
by Spnot, := {00,010}, Since 00 and 010 are elements of FCat", Motz is a ns suboperad of
FCat'. Moreover, since Qﬁ(F()();at C Bpmow, FCat?” is a ns suboperad of Motz.

ProposITION 2.1.16. The fundamental basis of Motz is the set of all the words u on the
alphabet N beginning and starting by 0 and such that |u; — uj1] <1 for all i € [Ju| —1].

A Motzkin word is a word u on the alphabet {—1,0,1} such that the sum of all letters of
u is 0 and, for any prefix u’ of u, the sum of all letters of u’ is a nonnegative integer. The
size |u| of a Motzkin word u is its length plus 1. In the sequel, we shall denote by 1 the letter
—1. We can represent a Motzkin word u graphically by a Motzkin path that is the path in
N? connecting the points (0,0) and (n, 0) obtained by drawing a step (1, —1) (resp. (1,0), (1,1))
for each letter 1 (resp. 0, 1) of u. There is a bijection ¢y, between the words of Motz of
arity n and Motzkin words of size n. To compute ¢por,(u) where u is an word of Motz(n),
build the word v of length n — 1 satisfying v; := u;;1 —u; for all i € [n — 1]. The inverse
bijection is computed as follows. The word of Motz in bijection with a Motzkin word v is
the word u such that u; is the sum of the letters of the prefix v;...v;_y of v, for all i € [n].
Since the words of Motz satisfy Proposition 2.1.16, ¢n1or, is well-defined. Figure 4.8 shows an
example of this bijection.
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FIGURE 4.8. Interpretation of a word of the ns operad Motz in terms of
Motzkin words and Motzkin paths via the bijection dpiot,-

Hence, the Hilbert series of Motz satisfies the algebraic relation
t+ (t = 1)Fuor(t) + tFCrot (1) = 0 (2.1.24)

so that its first dimensions are
1,1,2,4,9,21,51,127, (2.1.25)

forming Sequence A001006.

In terms of Motzkin words, the partial composition of Motz can be expressed as follows:

ProposITION 2.1.17. Let u and v be two Motzkin words where u is of size n, and i € [n]
be an integer. Then the composition u o; v in Motz amounts to insert v at the ith position
into u.

Figure 4.9 shows an example of composition in Motz.

O-Q

/ N

o oo\%

4
FIGURE 4.9. Interpretation of the partial composition map of the ns operad

o O/O/o O\O-O\o B O/oo’O
Motz in terms of Motzkin paths.

O/oo/

THEOREM 2.1.18. The ns operad Motz admits the presentation (Syior,, R) where R is
the subspace of FO (Bno1,) generated by the elements

® (00) o1 ® (00) — ® (00) 03 ® (00), (2.1.26a)
® (010) o1 ® (00) — ® (00) 0y ® (010), (2.1.26b)
® (00) oy ® (010) — ® (010) 03 ® (00), (2.1.26c)
® (010) o1 ® (010) — ® (010) 03 ® (010). (2.1.26d)

Moreover, Motz is a Koszul operad and the set of the Gyo,-syntax trees avoiding the trees
® (00) 04 ® (00), ® (010) 04 ® (00), @ (00) 04 @ (010), and ® (010) o4 ® (010) is a Poincaré-Birkhoff-
Witt basis of Motz.
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2.1.6. A ns operad on compositions. Let Comp be the ns suboperad of TNy, generated
by Gcomp := {00,01}. Since FCat'!) is the ns suboperad of TN generated by 6%_%61 = {00,01},
and since TNy is a quotient of TN, Comp is a quotient of FCat".

ProposITION 2.1.19. The fundamental basis of Comp is the set of all the words on the
alphabet {0,1} beginning by 0.

PRrOOE. It is immediate, from the definition of Comp and Lemma 4.1.3 of Chapter 2, that
any element of this ns operad starts by O since its generators 00 and 01 all start by O.

Let us now show by induction on the length of the words that Comp contains any word
u satisfying the statement. This is true when |u| = 1. When n := |u| > 2, let us observe that
if u only consists in letters 0, Comp contains u because u can be obtained by composing the
generator 00 with itself. Otherwise, u has at least one occurrence of 1. Since its first letter
is 0, there is in u a factor u;u;,4 = 01. By setting v := uy...ujuj,o...u,, we have u = vo; 01.
Since v satisfies the statement, by induction hypothesis Comp contains v. Hence, Comp also
contains u. O

Let us consider the combinatorial graded collection of the compositions where the size of
such a composition is the sum of its parts (this is the collection Comp defined in Section 1.2.3
of Chapter 1. The ith box of a ribbon diagram of a composition A is the ith encountered box
by traversing A column by column from left to right and from top to bottom. The transpose
of A is the ribbon diagram obtained by applying to A the reflection through the line passing
by its first and its last boxes. There is a bijection ¢comp between the words of Comp of
arity n and ribbon diagrams of compositions of size n. To compute ¢comp(tt) where u is a
word of Comp, iteratively insert the letters of u from left to right according to the following
procedure. If [u| = 1, then u = 0 and ¢comp(0) is the only ribbon diagram consisting in one
box. Otherwise, the insertion of a letter a into A consists in adding a new box below (resp.
to the right of) the right bottommost box of A if a = 1 (resp. a = 0). The inverse bijection
is computed as follows. Given a ribbon diagram X of a composition of size n, one computes
a word of Comp of arity n by labeling the first box of A by 0 and the ith box b by 0 if the
(i — 1)st box is on the left of b or by 1 otherwise, for any 1 < i < n. The corresponding
word of Comp is obtained by reading the labels of A from top to bottom and left to right.
Since the words of Comp satisfy Proposition 2.1.19, ¢comp is well-defined. Hence, we can
regard the words of arity n of Comp as ribbon diagrams with n boxes. Figure 4.10 shows
an example of this bijection.

Hence, the Hilbert series of Comp satisfies
Fomp(t) = 21", (2.1.27)
n>1

In terms of ribbon diagrams, the partial composition of Comp can be expressed as
follows:

ProposiTioN 2.1.20. Let XA and p be two ribbon diagrams, i be an integer, and c be the
ith box of A. Then, the composition X\ o; u in Comp amounts to replace c by p if c is the
upper box of its column, or to replace ¢ by the transpose ribbon diagram of u otherwise.
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FIGURE 4.10. Interpretation of a word of the ns operad Comp in terms of
compositions via the bijection ¢comp. Boxes of the ribbon diagram in the
middle are labeled.

Figure 4.11 shows two examples of compositions in Comp.

Y g

(a) Composition in an upper box

(@
(X

(B) Composition in a non-upper

of a column. box of a column.

FIGURE 4.11. Interpretation of the partial composition map of the ns operad
Comp in terms of ribbon diagrams.

THEOREM 2.1.21. The ns operad Comp admits the presentation (GicOmp, §R) where R is
the subspace of FO (Gcomp) generated by the elements

® (00) 01 ® (00) — ® (00) o ® (00), (2.1.28a)
® (01) 01 ® (00) — ® (00) o ® (01), (2.1.28b)
® (01) 01 ® (01) — ® (01) 0y ® (00) (2.1.28c¢)
® (00) 0 ® (01) — @ (01) 0p ® (O1) . (2.1.28d)

Moreover, Comp is a Koszul operad and the set of the &comp-syntax trees avoiding the
trees © (00)o1 ® (00), ® (01)01 ® (00), ® (01)o1 ® (01), and ® (00)o4 ® (01) is a Poincaré-Birkhoff-
Witt basis of Comp.

Prookr. Observe first that since the evaluations of all the elements (2.1.28a)—(2.1.28d) are
0, for all element x of R, ev(x) = 0. Let now = be the rewrite rule, being an orientation of
&R, defined by

00 OIO
00 N =, 00 (2.1.298)
o 0 (2.1.29b)
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= (2.1.29¢)

01 00
[} 0'
00 1
R AR (2.1.29d)

7\ 7N

Let ~ be the closure of =. It is immediate that the map tam (see (2.4.21) of Chapter 1) is
a termination invariant for ~» so that ~ is terminating. Moreover, the normal forms of ~»
are the Gcomp-syntax trees which have no internal node with an internal node as left child.
Hence, the generating series G#_ (t) of the normal forms of ~ satisfies

Gg_(t) =) o 't". (2.1.30)

n>1

By Proposition 2.1.19, G#_ (t) also is the Hilbert series of Comp. Hence, by Theorem 4.1.1
of Chapter 2, Comp admits the claimed presentation. O

Since by Theorem 2.1.21, Comp is binary and quadratic, this ns operad admits a Koszul
dual. Let Comp' be the Koszul dual of Comp.

PROPOSITION 2.1.22. The ns operad Comp is self-dual, that is Comp ~ Comp'.

2.1.7. A ns operad on directed animals. Let DA be the ns suboperad of TNz generated
by Gpa := {00,01}. Since FCat!! is the ns suboperad of TN generated by ngglat = {00,01},
and since TN3 is a quotient of TN, DA is a quotient of FCat". We denote here by 1 the
representative of the equivalence class of 2 in Ns.

ProOPOSITION 2.1.23. Let, for any n > 1, $B(n) be the set of the words of forming the

_ n-1
fundamental basis of DA(n) and let ¢pa : B(n) — {1,0, 1} be the map defined for any
word u of arity n of DA by

dpa(u) := (ug * ug) (Ug * uz) ... (Up_1 * Up), (2.1.31)

where u; * uj11 1= u;;1 —u; mod 3 for alli € [n — 1]. Then, ¢pa is a bijection between the
words of arity n of DA and prefixes of Motzkin words of length n — 1.

Here are two examples of images by ¢py of words of DA:

ooa (011110101) = 10101111, (2.1.32a)

dpa (01001010111) = 1101111111. (2.1.32b)

A directed animal is a subset A of N? such that (0,0) € A and (i,j) € A with i > 1 or
j>1implies (i —1,j) € A or (i,j — 1) € A. The size of a directed animal A is its cardinality.
Figure 4.12 shows a directed animal.
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oo 07

O 0000

Q00

foTe)

(020)

FIGURE 4.12. A directed animal of size 21. The point (0,0) is the lowest and
leftmost point.

According to [GBV88], there is a bijection a between the set of prefixes of Motzkin words
of length n — 1 and the set of directed animals of size n. Hence, by Proposition 2.1.23, the
map a o ¢pa is a bijection between the words of DA of arity n and directed animals of size
n. Therefore, DA can be seen as a ns operad on directed animals.

Hence, the Hilbert series of DA satisfies the algebraic relation
t+ (3t — 1)FCpa(t) + (3t — 1)Fpa(t)2 = 0 (2.1.33)
so that its first dimensions are
1,2,5,13, 35, 96,267,750, 2123, (2.1.34)
forming Sequence A005773 of [Slo].

THEOREM 2.1.24. The ns operad DA admits the presentation (Gpa, R) where R is the
subspace of FO (&pa) generated by the elements

® (00) oy ® (00) — ® (00) 05 ® (00}, (2.1.35a)
® (01) oy ® (00) — ® (00) 05 ® (01), (2.1.35b)
® (01) oy ® (01) — ® (01) 05 ® (00}, (2.1.35¢)
(© (00) o1 ® (01)) 0p ® (01) — (@ (01) 0p ® (01)) 05 ® (01) . (2.1.35d)

Moreover, the set of the Bpa-syntax trees avoiding the trees © (00) o4 ® (00), ® (01) o4 ® (00),
® (01) op ® (00), (® (01) 0g ® (01)) 03 ® (01) is a Poincaré-Birkhoff-Witt basis of DA.

Since the nontrivial relation (2.1.35d) has degree 3, the presentation of DA exhibited by
Theorem 2.1.24 is not quadratic.

2.1.8. A ns operad on segmented compositions. Let SComp be the ns suboperad of
TN3 generated by scomp := {00,01,02}. Since FCat? is the ns suboperad of TN generated
by @i?&m — {00,01,02}, and since TNj is a quotient of TN, SComp is a quotient of FCat?.
Moreover, since DA is generated by &pa C Bscomp, DA is a ns suboperad of SComp.

ProposiTION 2.1.25. The fundamental basis of SComp is the set of all the words on the
alphabet {0,1,2} beginning by 0.


http://oeis.org/A005773
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A segmented composition is a sequence (A4, ..., Ag) of compositions A;, i € [¢]. The size
of a segmented composition is the sum of the sizes of the compositions constituting it. We
shall represent a segmented composition A by a ribbon diagram, that is the diagram con-
sisting in the sequence of the ribbon diagrams of the compositions that constitute A. There
is a bijection between the words of SComp of arity n and ribbon diagrams of segmented
compositions of size n. To compute ¢scomp(tt) where u is a word of SComp, factorize u as
x = 0ul¥...0u' such that for any i € [¢], the factor u¥ has no occurrence of 0, and com-
pute the sequence ($pcomp (00Y), ..., pcomp (00')), where for any i € [¢], a'¥) is the word
obtained from u” by decreasing all letters. The inverse bijection is computed as follows.
Given a ribbon diagram X := (\4,..., A;) of a segmented composition of size n, one computes
a word of SComp of arity n by computing the sequence (um, cees u(‘))) where for any i € [|¢|],
u is the word of Comp obtained by applying the inverse bijection of Pcomp 10 A;, then by
incrementing in each u(® all letters, excepted the first one, and finally by concatenating the
words of the sequence together. Since the words of SComp satisfy Proposition 2.1.25, ¢scomp
is well-defined. Figure 4.13 shows an example of this bijection.

0102012010  Scomr, @m @ ., @©f Cﬁj O
1

FIGURE 4.13. Interpretation of a word of the operad SComp in terms of a seg-
mented composition via the bijection ¢scomp. Boxes of the ribbon diagram
in the middle are labeled.

Hence, the Hilbert of SComp satisfies
Flscomp(t) = > 3" M. (2.1.36)
n>1
In terms of ribbon diagrams, the partial composition of SComp can be expressed as
follows:

THEOREM 2.1.26. The ns operad SComp admits the presentation (6500mp, g{) where R
is the subspace of FO (Bscomp) generated by the elements

® (00) 01 ® (00) — ® (00) o ® (00), (2.1.37a)
® (01) 0 ® (00) — ® (00) oy ® (01), (2.1.37b)
® (01) 0 ®(01) — ® (01) 0 ® (00), (2.1.37¢)
® (00) 01 ® (01) — ® (01) 0y @ (02), (2.1.37d)
® (01) 01 ®(02) — ® (02) 0p ® (02), (2.1.37¢)
® (00) 0y ®(02) — @ (02) op ® (01), (2.1.371)
® (02) 01 ® (00) — ® (00) o @ (02), (2.1.37g)
® (02) 0y ®(01) — ® (01) 0p ® (01), (2.1.37h)
® (02) 01 ® (02) — @ (02) op ® (00) . (2.1.37i)
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Moreover, SComp is a Koszul operad and the set of the &scomp-syntax trees avoiding the
trees © (00)o1® (00), ® (01)01® (00), ® (01)o1® (01), ® (00)o1® (01), ® (01)01® (02), ® (00)o4 ® (02),
® (02)01® (00), ® (02)01® (01), and ® (02)o4 ® (02) is a Poincaré-Birkhoff-Witt basis of SComp.

Since by Theorem 2.1.26, SComp is binary and quadratic, this ns operad admits a Koszul
dual. Let SComp' be the Koszul dual of SComp.

PROPOSITION 2.1.27. The ns operad SComp is self-dual, that is SComp ~ SComp'.

2.2. Operads from the max monoid. We shall denote by M the monoid N with the
binary operation max as product. Note that the ns suboperad of TM generated by {aa}
where a € M are all isomorphic to the ns associative operad As. The operads constructed
in this section fit into the diagram of ns operads represented by Figure 4.14. Table 4.2
summarizes some information about these ns operads.

™

|

Tr

I

Di

!

As

FIGURE 4.14. The diagram of ns suboperads and quotients of TM. Arrows —
(resp. —) are injective (resp. surjective) ns operad morphisms.

Monoid | Ns operad | Generators | First dimensions Combinatorial objects
M Di 01, 10 1,2,3,4,5 Binary words with exactly one 0
Tr 00, 01, 10 1,3,7,15,31 Binary words with at least one 0

TABLE 4.2. Ground monoids, generators, first dimensions, and combinatorial
objects involved in the ns suboperads of TM.

2.2.1. The diassociative operad. Let Di be the ns suboperad of TM generated by &p; :=
{01,10}.

ProposiTION 2.2.1. The fundamental basis of Di is the set of all the words on the
alphabet {0,1} containing exactly one 0.

The diassociative operad Dias [Lod01] is a ns operad whose definition is recalled in
Section 4.2.5 of Chapter 2.
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PRropOSITION 2.2.2. The ns operad Di and the ns diassociative operad Dias are isomor-
phic and the map
¢ : Dias — Di (2.2.1)

satisfying ¢(-) = 01 and ¢(+) = 10 is an isomorphism of operads.
Proposition 2.2.2 also shows that Di is a realization of the ns diassociative operad.

2.2.2. The triassociative operad. Let Tr be the ns suboperad of TM generated by &y, :=
{00,01,10}. Since &p; C Gy, Di is a ns suboperad of Tr.

ProposiTioN 2.2.3. The fundamental basis of Tr is the set of all the words on the
alphabet {0,1} containing at least one 0.

The triassociative operad Trias is a ns operad introduced in [LRO4%].

PRrOPOSITION 2.2.4. The ns operad Tr and the ns triassociative operad Trias are iso-
morphic and the map
¢ : Trias —» Tr (2.2.2)

satisfying ¢(d) = 01, ¢(F) = 10, and ¢(L) = 00 is an isomorphism.

Proposition 2.2.4 also shows that Tr is a realization of the ns triassociative operad.

Concluding remarks

We have presented here the functorial construction T producing an operad given a
monoid. As we have seen, this construction is very rich from a combinatorial point of view
since most of the obtained operads coming from usual monoids involve a wide range of
combinatorial objects. There are various ways to continue this work. Let us address here
the main directions.

In the first place, it appears that we have somewhat neglected the fact that T is a functor
to operads and not only to ns ones. Indeed, except for the operads End, PF, PW, and
Pery, we only have regarded the obtained operads as ns ones. Computer experiments let
us think that the dimensions of the operads PRT, FCat®”, Motz, DA and SComp seen as
symmetric ones are, respectively, Sequences A052882, A050351, A032181, A101052, and
A001047 of [Slo]. Bijections between elements of these operads and combinatorial objects
enumerated by these sequences, together with presentations by generators and relations in
this symmetric context, would be worth studying.

Another line of research is the following. It is well-known that the Koszul dual of the
operads Dias and Trias are respectively the dendriform Dendr [Lod01] and the tridendriform
TDendr [LRO4] operads. Since the operads Di and Tr, obtained from the T construction, are
respectively isomorphic to the operads Dias and Trias, we can ask if there are generalizations
of Di and Tr so that their Koszul duals provide generalizations of the operads Dendr and
TDendr. It turns out that it is the case and Chapter 5 contains our research and results about
this subject.


http://oeis.org/A052882
http://oeis.org/A050351
http://oeis.org/A032181
http://oeis.org/A101052
http://oeis.org/A001047




CHAPTER 5

Pluriassociative and polydendriform operads

The content of this chapter comes from [Gir16¢] and [Girl6d].

Introduction

Associative algebras play an obvious and primary role in algebraic combinatorics. Let
us cite for instance the algebra of symmetric functions [Mac15] involving integer partitions,
the algebra of noncommutative symmetric functions [GKL*95] involving integer compo-
sitions, the Malvenuto-Reutenauer algebra of free quasi-symmetric functions [MR95] (see
also [DHT02]) involving permutations, the Loday-Ronco Hopf algebra of binary trees [LR98]
(see also [HNTO05]), and the Connes-Kreimer Hopf algebra of forests of rooted trees [CK98].
There are several ways to understand and to gather information about such structures and
their associative operations. A very fruitful strategy consists in splitting an associative prod-
uct » into two separate operations < and > in such a way that x turns to be the sum of
< and > (see Section 2.1.1 of Chapter 2 about the sum of operations). One of the most
obvious example occurs by considering the shuffle product on words (see Section 2.3.1 of
Chapter 2). Indeed, this product can be separated into two operations according to the ori-
gin (first or second operand) of the last letter of the words appearing in the result [Ree58].
Other main examples include the split of the shifted shuffle product of permutations of the
Malvenuto-Reutenauer Hopf algebra and of the product of binary trees of the Loday-Ronco
Hopf algebra [Foi07]. The original formalization and the germs of generalization of these
notions, due to Loday [Lod01], lead to the introduction of dendriform algebras. Dendriform
algebras are vector spaces endowed with two operations < and > so that < + > is associa-
tive and satisfy some few other relations. Since any dendriform algebra is a quotient of a
certain free dendriform algebra, the study of free dendriform algebras is worth considering.
Besides, the description of free dendriform algebras has a nice combinatorial interpretation
involving binary trees and shuffle of binary trees.

In recent years, several generalizations of dendriform algebras were introduced and
studied. Among these, one can cite tridendriform algebras [LR04], quadri-algebras [ALO4],
ennea-algebras [Ler04], m-dendriform algebras of Leroux [Ler07], and m-dendriform alge-
bras of Novelli [Nov14], all providing new ways to split associative products into more than
two pieces. Besides, free objects in the corresponding categories of these algebras can be
described by relatively complex combinatorial objects and more or less tricky operations on
these. For instance, free tridendriform algebras involve Schroder trees, free quadri-algebras

153
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involve noncrossing connected graphs on a circle, and free m-dendriform algebras of Ler-
oux and free m-dendriform algebras of Novelli involve planar rooted trees where internal
nodes have a constant number of children.

The first goal of this chapter is to define and justify a new generalization of dendriform
algebras, using the point of view offered by the theory of operads. Our long term primary
objective is to develop new implements to split associative products in smaller pieces. We
use the approach consisting in considering the diassociative operad Dias [Lod01], the Koszul
dual of the dendriform operad Dendr, rather that focusing on Dendr. Since Dias admits
a description far simpler than Dendr, starting by constructing a generalization of Dias to
obtain a generalization of Dendr by Koszul duality is a convenient path to explore. To obtain
a generalization of the diassociative operad, we exploit the general functorial construction
T producing an operad from any monoid (see Chapter 4). We show here that this functor
T provides an original construction for the diassociative operad. In the present chapter, we
rely on T to construct the operads Dias,, where v is a nonnegative integer, in such a way
that Dias; = Dias.

The operads Dias,, called y-pluriassociative operads, are operads defined on the linear
span of some words on the alphabet {0} U [y]. By computing the Koszul dual of Dias,, we
obtain the operads Dendr,, satisfying Dendr; = Dendr. The operads Dendr, govern the
category of the so-called y-polydendriform algebras, that are algebras with 2y operations
“—q, —q, a € [7], satisfying some relations. Free algebras in these categories involve binary
trees where all edges connecting two internal nodes are labeled on [y]. These algebras
are endowed with 27 products described by induction and can be seen as kinds of shuffle
of trees, generalizing the shuffle of trees introduced by Loday [Lod01] intervening in the
construction of free dendriform algebras. Moreover, the introduction of y-polydendriform
algebras offers to split an associative product * by

* =;1 + _A1 _|_ Y + ;7 + —A'}” (0.0-1)
with, among others, the stiffening conditions that all partial sums
;1 + _Ai +...+ ;(l + —Aa (0.0.2)

are associative for all a € [y]. Besides, this work naturally leads to the consideration and the
definition of numerous operads. Table 5.1 summarizes some information about these.

This work is organized as follows. Section 1 is devoted to the introduction and the
complete study of the operads Dias,, and in Section 2, algebras over Dias, are studied. In
Section 3 we presents an analogous generalization Trias, of the triassociative operad [LR04].
The study of Dendr, is performed in Section 4, where we provide several presentations of
this operad and a construction of free y-polydendriform algebras. Section 5 extends a part
of the operadic butterfly [Lod01,Lod06]. This extension contains the operads Dias,, Dendr,,
and two generalizations As, and DAs, of the associative operad, Koszul duals one of the
other. Finally, in Section 6, we sustain our previous ideas to propose still new generalizations
of some more operads like the operad Dup,, generalizing the duplicial operad [Lod08] and
the operad TDendr, generalizing the tridendriform operad. We also then define the operads



1. PLURIASSOCIATIVE OPERADS 155

Operad Bases Dimensions Symmetric
Dias, Some words on {0} U [y] ny"! No
Dendr, v-edge valued binary trees y"~1 cat(n) No
As, y-corollas v No
DAs, y-alternating Schroder trees :iz yk+l(y —1)n=k-2par(n, k) No
Dup,, v-edge valued binary trees "1 cat(n) No
Trias,, Some words on {0} U [y] (y+1)" =" No
TDendr, | y-edge valued Schrider trees ‘2 (¥ + 1)ky"*~1nar(n + 1, k) No
Com,, — — Yes
Zin, — — Yes

TABLE 5.4. The main operads constructed in this chapter. All these depend
on a nonnegative integer parameter y. The shown dimensions are the ones
of their homogeneous components of arities n > 2.

Com,, Lie,, Zin,, and Leib,, that are respective generalizations of the commutative operad,
the Lie operad, the Zinbiel operad [Lod95] and the Leibniz operad [Lod93].

Note. This chapter deals mostly with ns operads. For this reason, “operad” means “ns
operad”.

1. Pluriassociative operads

We define here one of the main object of this chapter: a generalization on a nonnegative
integer parameter y of the diassociative operad (see [Lod01] or Section 4.2.6 of Chapter 2).
We provide a complete study of this new operad.

1.1. Construction and first properties. Our generalization of the diassociative operad
passes through the functor T (see Section 1.1 of Chapter 4). We begin here by describing a
basis and by establishing the Hilbert series of our generalization.

1.1.1. Construction. For any integer y > 0, let M., be the monoid {0}U[y] with the binary
operation max as product, denoted by |. We define the y-pluriassociative operad Dias, as
the suboperad of TM, generated by

®pias, := {0a,a0:a € [7]}. (11.1)

By definition, Dias, is the linear span of all the words that can be obtained by partial com-
positions of words of &pias,. We have, for instance,

Diasy(1) = K({0}), (1.1.2a)
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Diasy(2) = K ({01,02,10,20}), (1.1.2b)

Diasy(3) = K({011,012,021, 022,101, 102,201,202, 110, 120,210, 220}), (1.1.2¢)

and, as examples of partial compositions in Diass,

211201 o, 31103 = 2113222301, (1.1.3a)
111101 05 20 = 1121101, (1.1.3b)
1013 05 210 = 121013. (1.1.3¢c)

1.1.2. First properties. In the first place, observe that Dias; is the operad Di defined in
Chapter 4. For this reason, Dias, is the diassociative operad Dias. Moreover, observe that
Dias is the trivial operad and that Dias, is a suboperad of Dias,.1. Then, for all integers
v 2 0, the operads Dias, are generalizations of the diassociative operad. Besides, it follows
immediately from the definition of Dias, as a suboperad of TM, that its fundamental basis
is a set-operad basis. Indeed, any partial composition of two basis elements of Dias, gives
rises to exactly one basis element.

1.1.3. Elements and dimensions.

ProposiTiON 1.1.1. For any infeger y > 0, the fundamental basis of Dias,, is the set of
all the words on the alphabet {0} U [y] containing exactly one occurrence of 0.

We deduce from Proposition 1.1.1 that the Hilbert series of Dias, satisfies

t
(1 —t)?

and that for all n > 1, dimDias,(n) = ny"'. For instance, the first dimensions of Diasy,

Hpias, (1) = (1.1.4)

Diasy, Diass, and Dias,; are respectively

1,2,3,4,5,6,7,8,9,10,11, (1.1.5a)

1,4,12,32,80,192, 448, 1024, 2304, 5120, 11264, (1.1.5b)
1,6,27,108, 405, 1458, 5103, 17496, 59049, 196830, 649539, (1.1.5¢)
1,8, 48,256, 1280, 6144, 28672, 131072, 589824, 2621440, 11534336. (1.1.5d)

The second one is Sequence A001787, the third one is Sequence A027471, and the last one
is Sequence A002697 of [Slo].

1.2. Additional properties. We exhibit here, among others, two presentations of Dias,
and establish the fact that it is a Koszul operad.


http://oeis.org/A001787
http://oeis.org/A027471
http://oeis.org/A002697
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1.2.1. Presentation by generators and relations. For any a € [y], let us denote by -,
(resp. F4) the generator Oa (resp. a0) of Dias,.

THEOREM 1.2.1. For any infeger v > 0, the operad Dias, admifs the presentation
(QiDias?,:%Diasy) where Rpiss, is the space induced by the equivalence relation <, satis-

fying

© (Ha) 01 @ (Fa) <25 @ (Far) 02 © (Ha) a,a’ €[y, (1.2.1a)
® (Ha) 01 @ () ©y @ (a) 22 @ (Fb),  a <be][y], (1.2.1b)
© (Fa)o1 @ (1p) @y @(Fa) 2 ®(Fb),  a<belyl] (1.2.1¢)
© (Hb) 01 @ (Ha) @y @ (Ha) 22 @ (1),  a <be][y], (1.2.1d)
© (Fa) 01 @ (Fp) ©5 ©(Fp) 00 @ (Fa),  a<b e[y, (1.2.1e)

© (Ha) 01 ® (Ha) ©9 @ (Ha) 02 @ (Hc) ©4 @ (Ha) 02 @ (Fe), ¢ e, (1.2.11)

<d
® (Fq) 01 © (He) ©4 @ (Fg) 01 ® (k) <y @ (Fg) 02 ® (Fa), c<dely] (1.2.1g)

Our proof of Theorem 1.2.1 does not follow the usual technique consisting in providing
a convergent orientation =, of <, and proving that its closure ~», admits as many normal
forms of arity n as basis words of Dias,(n) (as for instance in Chapter 4). Instead, we
consider the evaluation morphism

ev: FO (Bpjes,) — Dias,, (1.2.2)

and show that its kernel is generated by Rpias,. This strategy uses the noteworthy fact that
the image of a Gpias,-syntax tree t can be computed as follows. We say that an integer
a € {0} U [y] is eligible for a leaf x of t if a = 0 or there is an ancestor y of x labeled by -,
(resp. k) and x is in the right (resp. left) subtree of y. The image of x is its greatest eligible
integer. Now, ev(t) is the word obtained by considering, from left to right, the images of the
leaves of t (see Figure 5.1).

_|
F3 Fo
/N / O\
-, all ) F3
/
/\ /\42 H n
3 4 0 /\ /\ |—2/ \}—4
2 S AN A
2 2 4 2

FIGURE 5.1. A &pjqs,-syntax tree t where the images of its leaves are shown.
This tree satisfies ev(t) = 340122332242,



158 5. PLURIASSOCIATIVE AND POLYDENDRIFORM OPERADS

The space of relations Rpias, of Dias, exhibited by Theorem 1.2.1 can be rephrased in a
more compact way as the space generated by

® (Ha) 01 © (Far) — © (Far) 02 © (Ha), a,a’ €[y], (1.2.3a)
© (Ha) 01 @ (Hatar) = © (Ha) 02 © (Far) a,a’ €[y], (1.2.3b)
® (Fq) 01 ® (o) — ® (Fq) 02 © (Fayar) a,a’ €[y], (1.2.3¢)
® (Hayar) 01 © (Ha) — © (Ha) 02 ©® (o) a,a’ €[y], (1.2.3d)
@ (Fa)o1 @ (ko) =@ (Faar) 02 @ (Fa),  a,a’ €[yl (1.2.3€)

1.2.2. Koszulity.

THEOREM 1.2.2. For any integer ¥ > 0, Dias, is a Koszul operad and the set of the
Opias, -syntax trees avoiding the trees

© (Fa') 00 ® (Ha) a,a’ € [v], (1.2.4a)
© (Hq) 02 ® (Far) s a,a’ €[y], (1.2.4b)
©(Fa)o1©(He),  a,a’ €[7], (1.2.4¢c)
© (Hq) 02 ® (Har) s a,a’ €[y], (1.2.4d)
© (Fq) 01 ® (Far) s a,a’ €[y], (1.2.4e)

is a Poincaré-Birkhoff-Witt basis of Dias,.

1.2.3. Miscellaneous properties. We list some secondary properties of Dias,. The defi-
nitions of these properties can be found in Section 4.1 of Chapter 2.

ProposiTION 1.2.3. For any integer y > O, the group of symmetries of Dias, contains
the linear map sending any word of Dias, to its mirror image.

ProposITION 1.2.4. For any integer v > 0, the fundamental basis of Dias, is a basic
set-operad basis.

ProposiTION 1.2.5. For any integer y > O, Dias, is a nontrivially rooted operad for the
root map sending any word of Dias, to the position of its 0.

1.2.4. Alternative basis. Let <, be the order relation on the underlying set of Dias,(n),
n > 1, where for all words x and y of Dias, of a same arity n, we have

X =,y if x; <y; foralli e [n]. (1.2.5)
This order relation allows to define for all words x of Dias, the elements

K = Z My, x’)x’, (1.2.6)

x=px
where 11, is the Mdbius function of the poset defined by <,. For instance,
K%, =102 — 202, (1.2.7a)
K®, = K% =102 - 103 — 202 + 203, (1.2.7b)
K(233)102 = 23102 — 23103 — 23202 + 23203 — 33102 + 33103 + 33202 — 33203. (1.2.7¢)
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Since, by Mobius inversion (see Proposition 1.3.2 of Chapter 2), for any word x of Dias,
one has
x= Y K7, (1.2.8)
X0’
the family of all K@, where the x are words of Dias,, forms by triangularity a basis of Dias,,
called the K-basis.

Recall that ham(u, v) denotes the Hamming distance between the words u and v of the
same length. For any word x of Dias, of length n, we denote by Incr,(x) the set of all
words obtained by incrementing by 1 some letters of x smaller than 7y and greater than 0.
Proposition 1.1.1 ensures that Incr, (x) is a set of words of Dias,.

ProposiTION 1.2.6. For any integer v > 0 and any word x of Dias,,

KP = N7 (—q)homterd (1.2.9)

x’elner, (x)

To compute a direct expression for the partial composition of Dias, over the K-basis,
we have to introduce two notations. If x is a word of Dias, of length nons maller than 2, we
denote by min(x) the smallest letter of x among its letters different from 0. Proposition 1.1.1
ensures that min(x) is well-defined. Moreover, for all words x and y of Dias,, a position i
such that x; + 0, and a € [y], we denote by x o4 ; ¥ the word x o; y in which the 0 coming
from y is replaced by a instead of x;.

THEOREM 1.2.7. For any integer y > 0, the partial composition of Dias, over the K-basis
satisfies, for all words x and y of Dias, of arities non smaller than 2,

Koy if min(y) > x;,
KP 0 KY = 3V KWy if min(y) = x;, (1.2.10)
0 otherwise (min(y) < x;).

We have for instance

K(250)413 o1 K(s%)z, = K(352)40415, (1.2.11a)

Kootz 02 Koy = Koouugs. (1.2.11b)

K(Q%)IAS 3 K(;gz, =0, (1.2.11¢)

Kot 02 K5y = Kisis. (1.2.11d)

K(253413 05 K(sso)/, = K(z?))ussz, + K(250)41344 + K(z%)41354~ (1.2.11e)

Theorem 1.2.7 implies in particular that the structure coefficients of the partial compo-
sition of Dias, over the K-basis are 0 or 1. It is possible to define another bases of Dias, by
reversing in (1.2.6) the relation <, and by suppressing or keeping the Md&bius function p1,.
This gives obviously rise to three other bases. It is worth to note that, as small computations
reveal, over all these additional bases, the structure coefficients of the partial composition of
Dias, can be negative or different from 1. This observation makes the K-basis even more
particular and interesting. It has some other properties, as next section will show.
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1.2.5. Alternative presentation. The K-basis introduced in the previous section leads to
state a new presentation for Dias, in the following way. For any a € [y], let us denote by l,
(resp. IFq) the element Ko, (resp. Kqo) of Dias,. Then, for all a € [y] we have

da= Y b (1.2.12a)
a<bely]
and
Fa= Y o, (1.2.12b)
a<be[7]
and by triangularity, the family
05;)1%7 = {_HarH_a: ac [7]} (1213)

is a generating set of Dias,.

ProposiTION 1.2.8. For any integer v > 0, the operad Dias, admits the presentation
( Dias, » RDias ) where Ry, is the space generated by

® (Hlg) 01 @ (ko) = @ (k) 02 ® (Hla) a,a’ €[], (1.2.14a)

@(Fp)or@(ky), a<belyl (1.2.14b)

©(Hp)oa@(Hly), a<belyl (1.2.14c)

©(Fp)or ®(Hly), a<belyl (1.2.14d)

® (dlp) 09 ® (IFq) , a<belyl (1.2.14e)

® (Fq) 01 ® (IFp) — © (IFp) 02 ® (IFq) , a<bely], (1.2.14f)

® (Hlp) 01 © (Hlg) — @ (Hla) 02 @ (Hlp) , a<bely], (1.2.14g)

© (IFq) 01 ® (Hlp) — © (IFq) 02 ® (IFp), a<belyl, (1.2.14h)

© (Hlg) o1 ® (Hlp) =@ (Hlg) o2 @ (IFp),  a < b e[yl (1.2.14i)

© (Fq) 01 @ (IFq) — ( ® (IFq) 02 @(Ih))) , a < [y], (1.2.14j)
a<be[y]

Z © (Ha) o1 © () | —@(Hla) 02 @ (Hla), @ € [7], (1.2.14k)

a<bely]

© (IFq) o1 @ (Hla) — ( Z ® (IFp) o2 @(IFQ)) , a < [y], (1.2.14])
a<be[y]

Y. @MHb)o1@Ha) | —@(Ha)or @ (ka),  ac€y]: (1.2.14m)

a<bely]

Despite the apparent complexity of the presentation of Dias, exhibited by Proposi-
tion 1.2.8, as we will see in Section 4, the Koszul dual of Dias, computed from this presentation
has a very simple and manageable expression.
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2. Pluriassociative algebras

We now focus on algebras over y-pluriassociative operads. For this purpose, we con-
struct free Dias,-algebras over one generator, and define and study two notions of units for
Dias,-algebras. We end this section by introducing a convenient way to define Dias,-algebras
and give several examples of such algebras.

2.1. Category of pluriassociative algebras and free objects. Let us study the category
of Dias,-algebras and the units for algebras in this category.

2.1.1. Pluriassociative algebras. We call y-pluriassociative algebra any Dias,-algebra.
From the presentation of Dias, provided by Theorem 1.2.1, any y-pluriassociative algebra is
a vector space endowed with linear operations 4y, k4, a € [7], satisfying the relations encoded
by (1.2.3a)—(1.2.3e).

2.1.2. General definitions. Let & be a y-pluriassociative algebra. We say that & is com-
mutative if forallx,y € Panda € [y], x 4, ¥y = ¥ k4 x. Besides, P is pure for all a,a’ € [v],
a # a’ implies 44#1¢ and kg #Hq.

Given a subset C of [y], one can keep on the vector space & only the operations -,
and k4 such that a € C. By renumbering the indices of these operations from 1 to #C by
respecting their former relative numbering, we obtain a #C-pluriassociative algebra. We
call it the #C-pluriassociative subalgebra induced by C of P.

2.1.3. Free pluriassociative algebras. Recall that Fp;as, denotes the free Dias,-algebra
over one generator. By definition, Fp;as, is the linear span of the set of the words on {0}uy]
with exactly one occurrence of 0. Let us endow this space with the linear operations

da, Fat g:Diasy ® gDiasy - gDiasyr a€[7], (2.1.1)
satisfying, for any such words u and v,
u g vi=uhg(v) (2.1.2a)

and
ubq vi=hg(u) v, (2.1.2b)

where h,(u) (resp. hq(v)) is the word obtained by replacing in u (resp. v) any occurrence
of a letter smaller than a by a.

ProposITION 2.1.1. For any integer y > 0, the vector space Fpias, of all nonempty words
on {0} U [y] containing exactly one occurrence of 0 endowed with the operations -q, Fq,
a € [v], is the free y-pluriassociative algebra over one generator.

One has for instance in Fpjas,,

101241 Hy 203 = 101241223, (2.1.3a)

101241 +3 203 = 333343203. (2.1.3b)
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2.2. Bar and wire-units. Loday has defined in [Lod01] some notions of units in dias-
sociative algebras. We generalize here these definitions to the context of y-pluriassociative
algebras.

2.2.1. Bar-units. Let ¥ be a 7y-pluriassociative algebra and a € [y]. We say that an
element e of & is an a-bar-unit, or simply a bar-unit when taking into account the value of
a is not necessary, of & if for all x € &P,

xHd,e=x=eklyx. (2.2.1)

As we shall see below, a y-pluriassociative algebra can have, for a given a € [y], several
a-bar-units. The a-halo of &, denoted by Halo, (%), is the set of the a-bar-units of .

2.2.2. Wire-units. Let ® be a 7y-pluriassociative algebra and a € [y]. We say that an
element e of & is an a-wire-unit, or simply a wire-unit when taking into account the value
of a is not necessary, of & if for all x € &P,

edqgx=x=xkFqe. (2.2.2)

As the following proposition shows, the presence of a wire-unit in % has some implications.

ProposiTION 2.2.1. Let 7y > 0 be an integer and % be a y-pluriassociative algebra
admitting a b-wire-unit e for a b € [y]. Then

(i) for all a € [b], the operations 4, 1y, Fq, and Fy of P are equal;
(ii) e is also an a-wire-unit for all a € [b];
(iii) e is the only wire-unit of ¥;
(iv) if e’ is an a-bar unit for a a € [b], then e’ = e.

Relying on Proposition 2.2.1, we define the height of a y-pluriassociative algebra & as 0
if ¥ has no wire-unit, otherwise as the greatest integer h € [y] such that the unique wire-unit
e of & is a h-wire-unit. Observe that any pure y-pluriassociative algebra has height O or 1.

2.3. Construction of pluriassociative algebras. We now present a general way to con-
struct y-pluriassociative algebras. Our construction is a natural generalization of some con-
structions introduced by Loday [Lod01] in the context of diassociative algebras. In this sec-
tion, we introduce new algebraic structures, the so-called y-multiprojection algebras, which
are inputs of our construction.

2.3.1. Multiassociative algebras. For any integer v > 0, a y-multiassociative algebra is
a vector space Jf endowed with linear operations

*q : MR I — S, a €yl (2.3.1)
satisfying, for all x,y,z € Jf, the relations
(X *q ¥) *b 2 = (X *p ¥) *xa' 2 = X Hqr (¥ *p Z) = X *p (¥ *qr Z), a,a’,a”,a” <bely]. (232)

These algebras are obvious generalizations of associative algebras since all of its operations
are associative. Observe that by (2.3.2), all bracketings of an expression involving elements of
a y-multiassociative algebra and some of its operations are equal. Then, since the bracketings
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of such expressions are not significant, we shall denote these without parenthesis. In up-
coming Section 5, we will study the underlying operads of the category of y-multiassociative
algebras, called As,, for a very specific purpose.

If Jfy and M1y, are two y-multiassociative algebras, a linear map ¢ : My — My is a
y-multiassociative algebra morphism if it commutes with the operations of Jf; and Jf,.
We say that Jf is commutative when all operations of JJf are commutative. Besides, for an
a € [y], an element 1 of Jf is an a-unit, or simply a unif when taking into account the value
of a is not necessary, of Jf if for all x € M, 1 x, x = x = x x, 1. When Jf admits a unit, we
say that Jf is unital. As the following proposition shows, the presence of a unit in Jf has
some implications.

ProposiTION 2.3.1. Let 7 > 0 be an integer and Jf be a y-multiassociative algebra
admitting a b-unit 1 for a b € [y]. Then
(i) for all a € [b], the operations *x, and x, of Jf are equal;
(ii) 1 is also an a-unit for all a € [b];
(iii) 1 is the only unit of JI.

Relying on Proposition 2.3.1, similarly to the case of y-pluriassociative algebras, we define
the height of a y-multiassociative algebra Jf as zero if Jf has no unit, otherwise as the
greatest integer h € [y] such that the unit 1 of Jf is an h-unit.

2.3.2. Multiprojection algebras. A y-multiprojection algebra is a y-multiassociative al-
gebra Jf endowed with endomorphisms

g : I — S, a eyl (2.3.3)

satisfying
Tq © Mgt = Tga’s a,a’ € [y]. (2.3.4)

By extension, the height of Jf is its height as a y-multiassociative algebra. We say that
J is unital as a y-multiprojection algebra if Jf is unital as a y-multiassociative algebra and
its only, by Proposition 2.3.1, unit 1 satisfies 71,(1) = 1 for all a € [h] where h is the height
of JI.

2.3.3. From multiprojection algebras to pluriassociative algebras. The next result de-
scribes how to construct y-pluriassociative algebras from y-multiprojection algebras.

THEOREM 2.3.2. For any integer v > 0 and any y-multiprojection algebra Jf, the vector
space JI endowed with binary linear operations -, k4, a € [y], defined for all x,y € JL
by

X Hq ¥ i= X xq T, (Y) (2.3.5a)
and

X bq ¥ = 14(x) % ¥, (2.3.5b)
where the x4, a € [v], are the operations of Jf, and the 7y, a € [y], are its endomorphisms,
is a y-pluriassociative algebra, denoted by M(J1).
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ProOE. This is a verification of the relations of y-pluriassociative algebras in M(Jf). Let
x, ¥, and z be three elements of M(Jf) and a,a’ € [y].

By (2.3.2), we have
(x Fo ) da 2 = T () % ¥ % M (2) = X For (y 4 2), (2.3.6)

showing that (1.2.3a) is satisfied in M(J1).
Moreover, by (2.3.2) and (2.3.4), we have

X o (¥ Far 2) = X %q 7 (710 (§) *ar Z)

Il

X *q ﬂala’(y) *a’ Ta (Z) (2 3 7)

X *qla’ ﬂala’(y) *a Tq(2)

(x _|ala’ Y) dq 2z,

so that (1.2.3b), and for the same reasons (1.2.3¢), check out in M(Jf).
Finally, again by (2.3.2) and (2.3.4), we have

i (2.3.8)

showing that (1.2.3d), and for the same reasons (1.2.3¢e), are satisfied in M(J1). O

When Jf is commutative, since for all x,y € M(Jf) and a € [v],
X Hda ¥ =X *q Ma(y) = Ta(y) *a X =y Fa x, (2.3.9)
it appears that M(Jf) is a commutative y-pluriassociative algebra.

When Jf is unital, M(Jf) has several properties, summarized in the next proposition.

PROPOSITION 2.3.3. Let v > 0 be an integer, JI be a unital y-multiprojection algebra of
height h. Then, by denoting by 1 the unit of /I and by 7., a € [y], its endomorphisms,

(i) for any a € [h], 1 is an a-bar-unit of M(J1);
(ii) for any a < b € [h], Halo,(M(J)) is a subset of Halo, (M(J1));
(iii) for any a € [h], the linear span of Halo,(M(Jf)) forms an h—a+1-pluriassociative
subalgebra of the h—a+1-pluriassociative subalgebra of M(f) induced by [a, h];
(iv) for any a € [h], 7, is the identity map if and only if 1 is an a-wire-unit of M(JL).

2.3.4. Examples of constructions of pluriassociative algebras. The construction M of
Theorem 2.3.2 allows to build several y-pluriassociative algebras. A few examples follow.
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The y-pluriassociative algebra of positive integers. Let ¥ > 1 be an integer and consider
the vector space Pos spanned by positive integers, endowed with the operations x4,a € [v],
all equal to the operation | extended by linearity and with the endomorphisms 7, a € [7],
linearly defined for any positive integer x by 7, (x) := a | x. Then, Pos is a non-unital 7-
multiprojection algebra. By Theorem 2.3.2, M(Pos) is a 7y-pluriassociative algebra. We have
for instance

2455=5, (2.3.10a)

1Fs2=73. (2.3.10b)

We can observe that M(Pos) is commutative, pure, and its 1-halo is {1}. Moreover, when
v > 2, M(Pos) has no wire-unit and no a-bar-unit for a > 2 € [y]. This example is important
because it provides a counterexample for (ii) of Proposition 2.3.3 in the case when the
construction M is applied to a non-unital y-multiprojection algebra.

The y-pluriassociative algebra of finite sets. Let ¥ > 1 be an integer and consider the
vector space Sets of finite sets of positive integers, endowed with the operations x4, a € [7],
all equal to the union operation U extended by linearity and with the endomorphisms 7,
a € [y], linearly defined for any finite set of positive integers x by ,(x) := x N [a, 7]. Then,
Sets is a y-multiprojection algebra. By Theorem 2.3.2, M(Sets) is a y-pluriassociative algebra.
We have for instance

2,4} 45 {1,3,5} = {2,3,4,5}, (2.3.11a)

1,2,4} b5 {1,3,5} = {1,3,4,5}. (2.3.11b)

We can observe that M(Sets) is commutative and pure. Moreover, @ is a 1-wire-unit of
M(Sets) and, by Proposition 2.2.1, it is its only wire-unit. Therefore, M(Sets) has height 1.
Observe that for any a € [y], the a-halo of M(Sets) consists in the subsets of [a — 1]. Besides,
since Sets is a unital y-multiprojection algebra, M(Sets) satisfies all properties exhibited by
Proposition 2.3.3.

The y-pluriassociative algebra of words. Let v > 1 be an integer and consider the vector
space Words of the words of positive integers. Let us endow Words with the operations 4,
a € [7], all equal to the concatenation operation extended by linearity and with the endomor-
phisms 71,, a € [y], where for any word x of positive integers, 7, (x) is the longest subword
of x consisting in letters greater than or equal to a. Then, Words is a y-multiprojection
algebra. By Theorem 2.3.2, M(Words) is a y-pluriassociative algebra. We have for instance

412 43 14231 = 41243, (2.3.12a)

11 kg 323 = 323. (2.3.12b)

We can observe that M(Words) is not commutative and is pure. Moreover, € is a 1-wire-
unit of M(Words) and by Proposition 2.2.1, it is its only wire-unit. Therefore, M(Words) has
height 1. Observe that for any a € [y], the a-halo of M(Words) consists in the words on
the alphabet [a — 1]. Besides, since Words is a unital y-multiprojection algebra, M(Words)
satisfies all properties exhibited by Proposition 2.3.3.
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The vy-pluriassociative algebras M(Sets) and M(Words) are related in the following way.
Let I.om be the subspace of M(Words) generated by the x — x” where x and x’ are words of
positive integers and have the same commutative image. Since I.on, is a y-pluriassociative al-
gebra ideal of M(Words), one can consider the quotient 7y-pluriassociative algebra CWords :=
M(Words)/;._. Its elements can be seen as commutative words of positive integers.

com *

Moreover, let I, be the subspace of M(CWords) generated by the x — x’ where x and
x’ are commutative words of positive integers and for any letter a € [y], a appears in x if
and only if a appears in x’. Since I, is a yy-pluriassociative algebra ideal of M(CWords),
one can consider the quotient y-pluriassociative algebra M(CWords)/;__. Its elements can be

seen as finite subsets of positive integers and we observe that M(CWords)/;,, = M(Sets).

The y-pluriassociative algebra of marked words. Let v > 1 be an integer and consider
the vector space MWords of the words of positive integers where letters can be marked or
not, with at least one occurrence of a marked letter. We denote by a any marked letter a
and we say that the value of a is a. Let us endow MWords with the linear operations x,,
a € [y], where for all words u and v of MWords, u x4 v is obtained by concatenating u and
v, and by replacing therein all marked letters by ¢ where ¢ := max(u) | a | max(v) where
max(u) (resp. max(v)) denotes the greatest value among the marked letters of u (resp. v).
For instance,

20313 %9 34121 = 2431434421, (2.3.13a)

2111 %5 342 = 31133453, (2.3.13b)

We also endow MWords with the endomorphisms 7,, a € [y], where for any word u of

MWords, 71, (u) is obtained by replacing in u any occurrence of a nonmarked letter smaller
than a by a. For instance,

s (22141135) — 3034435, (2.3.14)

One can show without difficulty that MWords is a y-multiprojection algebra. By Theo-
rem 2.3.2, M(MWords) is a y-pluriassociative algebra. We have for instance

305 45 441 = 345443, (2.3.15a)
13413 4 312311 = 23433313331. (2.3.15b)

We can observe that M(MWords) is not commutative, pure, and has no wire-units neither
bar-units.

The free vy-pluriassociative algebra over one generator. Let ¥ > 0 be an integer. We
give here a construction of the free y-pluriassociative algebra Fpi.s, over one generator
described in Section 2.1.3 passing through the following y-multiprojection algebra and the
construction M. Consider the vector space of nonempty words on the alphabet {0} U [¥]
with exactly one occurrence of 0, endowed with the operations %4, a € [¥], all equal to
the concatenation operation extended by linearity and with the endomorphisms hg, a € [v],
defined in Section 2.1.3. This vector space is a y-multiprojection algebra. Therefore, by
Theorem 2.3.2, it gives rise by the construction M to a 7-pluriassociative algebra and it
appears that it is Fpjas,. Besides, we can now observe that Fp,s, is not commutative, pure,
and has no wire-units neither bar-units.
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3. Pluritriassociative operads

We describe in this section a generalization on a nonnegative integer parameter v of the
triassociative operad [LRO4].

3.1. Construction and first properties. Our original idea of using the T construction
(see Section 1.1.1) to obtain a generalization of the diassociative operad admits an analogue
in the context of the triassociative operad. Let us describe it.

3.1.1. Construction. For any integer v > 0, we define the y-pluritriassociative operad
Trias, as the suboperad of TM, generated by

Brias, := {0a,00,a0:a € [y]}. (3.1.1)

By definition, Trias, is the vector space of words that can be obtained by partial compositions
of words of &ryias,- We have, for instance,

Triasy(1) = K({0}), (3.1.2a)
Triasy(2) = K ({00,01,02,10,20}), (3.1.2b)

Triase(3) = K ({000,001, 002,010,011, 012,020, 021,
022,100,101,102,110, 120, 200,201, 202, 210,220}), (3.1.2¢c)

3.1.2. First properties. In the first place, observe that Trias; is the operad Tr defined in
Chapter 4. For this reason, Trias; is the triassociative operad Trias. Moreover, observe that
Triasy is the trivial operad and that Trias, is a suboperad of Trias,. 1. Then, for all integers
v 2 0, the operads Trias, are generalizations of the triassociative operad. Observe that since
B rias, = ODias, U {00}, Dias, is a suboperad of Trias,. Finally, remark that the fundamental
basis of Trias, is a set-operad basis.

3.1.3. Elements and dimensions.

ProposiTION 3.1.1. For any mteger v 2 0, the fundamental basis of Trias, is the set of
all the words on the alphabet {0} LI [y] containing at least one occurrence of 0.

We deduce from Proposition 3.1.1 that the Hilbert series of Trias, satisfies
t

1 -7t -yt -1t

and that for all n > 1, dim Trias,(n) = (y + 1)" — ¥". For instance, the first dimensions of

Triasy, Triasyg, Triasz, and Trias, are respectively

E’]:(:Ty-iasy (t> = (313)

1,3,7,15,31,63,127, 255,511, 1023, 2047, (3.1.4a)

1,5,19, 65,211, 665, 2059, 6305, 19171, 58025, 175099, (3.1.4b)
1,7,37,175,781,3367,14197,58975, 242461, 989527, 4017157, (3.1.4¢)
1,9,61,369,2101, 11529, 61741, 325089, 1690981, 8717049, 44633821. (3.1.4d)

These sequences are respectively Sequences A000225, A001047, A005061, and A005060
of [Slo].


http://oeis.org/A000225
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http://oeis.org/A005061
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3.2. Additional properties. We exhibit here a presentation of Trias, and establish the
fact that it is a Koszul operad.

3.2.1. Presentation by generators and relations. For any a € [y], let us denote by -,
(resp. tq, 1) the generator Oa (resp. a0, 00) of Trias,.

THEOREM 3.2.1. For any integer v > 0, the operad Trias, admits the presentation
(QﬁTrlasy, %rmas,) where %rmsy is the space induced by the equivalence relation <, satis-

fying

©(L)og®(L) <, ®(L)og®(L), (3.2.1a)
® (Ha) 01 @ (L) &y @ (L) 00 ® (Ha), a e [y], (3.2.1b)
© (L) o1 ®(Fa) ©y @(Fa) o2 @ (1), a €[yl (3.2.1¢)
@(L)o1@(Ha) @y @(L)o2@(Fa),  ac(7], (3.2.1d)
® (dq) 01 @ (Fa) 5 © (Far) 02 ® (Ha) » a,a €[y], (3.2.1e)
® (Ha) 01 ® () ©4 @ (Hq) 02 ®@ (Fp), a<belyl] (3.2.11)
® (Fa)o1 @ (1) @y @(Fa) 2 ®(Fb),  a<belyl], (3.2.19)
© () 01 ®(Ha) <3 © (Ha) 02 ® (), @ <b ey, (3.2.1h)
® (Fq) 01 ® (Fp) <39 @ (Fp) 02 © (Fq), a<belyl] (3.2.1i)
© (Ha) 01 ® (Ha) <y @ (Hq) 020 @ (L) <5 @ (Ha) 02 ® (Hc) <5 ® (Ha) 02 @ (Fc), c<dely]
(3.2.1)
© (Fa) 01 © (1) 9 @ (Fa) 01 @ (Fc) €4 @ (Fa) 01 © (L) €4 ® (Fq) 02 © (Fa), c<dely]
(3.2.1K)

In the same fashion as we have done for Theorem 1.2.1, our proof of Theorem 3.2.1 is
based upon the computation of the kernel of the evaluation morphism

ev: FO (Bryies,) — Trias,. (3.2.2)

In this case, the image of a &ryias,-sSyntax tree t can be computed in the same way as in the
case of Bpj,s,-syntax trees (see Section 1.2.1). The internal nodes of t labeled by L do not
play any role in this computation (see Figure 5.2).

/ \
/ \ / \

Fz 1

/
n \ /\ /\h, Fg/\
/\ 2 4 4 0 /\ }—/\ 1
3 3 4 3 /3\ 0

FIGURE 5.2. A Orrias,-syntax tree t where the images of its leaves are shown.
This tree satisfies ev(t) = 332440433201.
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The space of relations %riasy of Trias, exhibited by Theorem 3.2.1 can be rephrased a
bit more concisely as the space generated by

©(L)oy@(L) —@(L)og® (L), (3.2.3a)

©(Ha)o1 @ (L) —@(L)og@(Ha),  acelyl], (3.2.3b)
©®(L)o1 ®@(Fq) —@(Fq) 0o ® (1), aclyl, (3.2.3¢)
©(L)o1 ®(Ha) —@ (L)o@ (Fa), a7l (3.2.3d)

® (Ha) 01 @ (For) — © (Far) 02 @ (Ha) a,a’ €[7], (3.2.3e)
® (da) 01 © (Haja) — © (Ha) 02 ® (Far) a,a’ €[y], (3.2.3f)
©(Fa)o1 © (Ha) =@ (Fa) 02 @ (Fajar), @, €[7], (3.2.39)
© (Haga) 01 @(Ha) =@ (Ha) 02 @ (o),  a,a’ €71, (3.2.3h)
®(Fa)o1 @ (Far) =@ (Falar) 02 @ (Fa),  a,a’ €[y], (3.2.3i)
© (Ha) 01 © (Ha) =@ (Ha) 02 @ (1), a€[y], (3.2.3))

@ (Fa) o2 @(Fa) ~@(Fa)o1@(L). ae[y] (3.2.3Kk)

3.2.2. Koszulity.

THEOREM 3.2.2. For any integer v > 0, Trias, is a Koszul operad and the set of the
®Tria57 -syntax trees avoiding the trees

©(L)og®(L), (3.2.4a)

© (Ha) 01 ® (L) acly], (3.2.4b)
©(Fa)oe@(L), acly] (3.2.4¢)
©(L)og@(Fa), acly] (3.2.4d)
©(Fa)oe®(Ha),  a,a’ €[y], (3.2.4€)
© (Ha) 02 @ (Far),  a,a" €[7], (3.2.4f)
©(Fa)o1@(He), a,a’ €[yl (3.2.49)
© (Ha) 02 @ (o),  a,a’" €[7], (3.2.4h)
©(Fa)or@(Fa),  a,a’ €[7], (3.2.4i)
©(da)oe@(L), acly] (3.2.4])
©(Fa)or@(L),  acly] (3.2.4K)

is a Poincaré-Birkhoff-Witt basis of Trias,.

4. Polydendriform operads

We introduce at this point our generalization on a nonnegative integer parameter 7 of
the dendriform operad and dendriform algebras. We first construct this operad, compute
its dimensions, and give then two presentations by generators and relations. This section
ends by a description of free algebras over one generator in the category encoded by our
generalization.
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4.1. Construction and properties. Theorem 1.2.1, by exhibiting a presentation of Dias,,
shows that this operad is binary and quadratic. It then admits a Koszul dual, denoted by
Dendr, and called y-polydendriform operad.

4.1.1. Definition and presentation. A description of Dendr, is provided by the following
presentation by generators and relations.

THEOREM 4.1.1. For any integer v > O, the operad Dendr, admits the presentation
(6Dendr‘7' %Dendry) where 6Dendr7 = ®Dendr7 (2) = {Aar —a: Q@ € [7]} and %Dendry is the space
generated by

© (“a)o1 @ (—=a) —@(=a) 02 @ (), a,a €ly] (4.1.1a)

© (4=q) 01 ©® (“b) — @ (<) 02 ® (—p), a<bely] (41.1Db)

© (—q) 01 © (<) — @ (—q) 02 @ (—p), a<belyl, (41.1¢)

® (“=q) 01 @ (“p) — @ (+=q) 02 © (“=b), a<bely], (4.1.1d)

© (—a) 01 @ (—p) — ©(—a) 02 © (—b), a<bely], (4.1.1e)

© (“=q) 01 © (<=a) - ©(4q) 02 ® (+=c) + @ (<q) 02 @ (=) | .,  d e[yl (4.1.11)

celd]

Z ©(—q) 01 © (=) + @ (—q) 01 @ (<) | — @ (—aq) 02 @ (—a), d eyl (41.1g)

celd]

Theorem 4.1.1 provides a quite complicated presentation of Dendr,. We shall define
below a more convenient basis for the space of relations of Dendr,.

41.2. Elements and dimensions.

PROPOSITION 4.1.2. For any integer y > 0, the Hilbert series $penar, (t) of the operad
Dendr, satisfies
t+ (27t - 1) %DendW(t) + 72t §T{Dendr?/(t)Q =0. (412)

Prookr. Let G(t) be the generating series such that G(—t) satisfies (4.1.2). Therefore, G(t)

satisfies
-G(t)

(1+7Gl1)*
Moreover, by setting F(t) := F(pias, (1), where Fpiqs, (t) is the Hilbert series of Dias, defined
by (1.1.4), we have

(4.1.3)

-G(t)  _
A+rGO”
showing that F(t) and G(t) are the inverses for each other for series composition.

F(G(t)) = (4.1.4)

Now, since by Theorem 1.2.2 and Proposition 1.1.1, Dias, is a Koszul operad and its
Hilbert series is SFCDiasy(t), and since Dendr, is by definition the Koszul dual of Dias,, the
Hilbert series of these two operads satisfy Relation (4.1.23) of Chapter 2. Therefore, (4.1.4)
implies that the Hilbert series of Dendr, is ?FCDendry(t). O
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By examining the expression for FFCDendry(t) of the statement of Proposition 4.1.2, we
observe that for any n > 1, Dendr,(n) can be seen as the vector space Fpenar, () of all binary
trees with n internal nodes wherein its n —1 edges connecting two internal nodes are labeled
on [y]. We call these trees y-edge valued binary trees. In our graphical representations of
y-edge valued binary trees, any edge label is drawn into a hexagon located half the edge (see
Figure 5.3).

FIGURE K.3. A 4-edge valued binary tree of arity 10. This tree is a basis
element of Dendr,(10).

We deduce from Proposition 4.1.2 that the Hilbert series of Dendr,, satisfies

1 -1 -4yt -2yt
9:(;Dendr'y(t) = 2729; Y ,

(4.1.5)

and we also obtain that for all n > 1, dim Dendr, (n) = y"~1cat(n) where cat(n) is the number

n%i (2;’) of binary trees with n internal nodes. For instance, the first dimensions of Dendry,

Dendry, Dendrs, and Dendr, are respectively

1,2,5,14,42,132, 429, 1430, 4862, 16796, 58786, (4.1.6a)
1,4,20,112,672, 4224, 27456, 183040, 1244672, 8599552, 60196864, (4.1.6b)
1,6, 45,378, 3402, 32076, 312741, 3127410, 31899582, 330595668, 3471254514, (4.1.6¢)

1,8,80,896, 10752, 135168, 1757184, 23429120, 318636032, 4402970624, 61641588736. (4.1.6d)
These sequences are respectively Sequences A000108, A003645, A101600, and A269796
of [Slo].

4.1.3. Associative operations. In the same manner as in the dendriform operad the sum
of its two operations produces an associative operation, in the y-dendriform operad there is
a way to build associative operations, as the next statement shows.

PRrOPOSITION 4.1.3. For any integers ¥ > 0 and b € [y], the element

%= Y “a+—q (4.1.7)
)

acb

of Dendr, is associative.


http://oeis.org/A000108
http://oeis.org/A003645
http://oeis.org/A101600
http://oeis.org/A269796
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4.1.4. Alternative presentation. For any integer v > O, let <, and >, b € [y], be the
elements of Dendr, defined by

<bi= Y “a (4.1.8a)
aelb]
and
>pi= Z —q. (4.1.8Db)
ac[b]

Then, since for all b € [y] we have

<1 ifb=1,
Ly = (4.1.9a)
<p — <p_1 otherwise,

and
> ifb=1,
=1 1 (4.1.9b)
>b — >b-1 otherwise,
by triangularity, the family
®;)endr7 = {<b' >pib € [7]} (4110)

is a generating set of Dendr,. Remark that this change of basis from is similar to the change
of basis of Dias, considered in Section 1.2.5. Let us now express a presentation of Dendr,
through the family &pq, -

THEOREM 4.1.4. For any integer v > 0, the operad Dendr, admits the presentation
( Dendr, QR{)endm) where Rpenq,, is the space generated by

© (<a) 01 @ (>a) — © (>a’) 02 ® (<a), a,a’ €[y], (4.1.11a)

© (<a) 01 ©(<p) = @ (<a) 02 @ (>p) = @(<a) 92 @(<a), a<be[y] (4.1.11b)
©® (>q) 01 @ (>q) + @ (>q) 01 ©(<p) — @ (>¢) 02 © (>p), a<bely] (41.11¢)
®© (<p) 01 @ (<q) — ®(<q) 02 ® (<p) = @ (<aq) 02 ® (>q), a<bely], (4.1.11d)
® (>q) 01 ® (<a) + ® (>q) 01 ® (>b) — @ (>b) 02 @ (>a), a<becly], (4.1.11e)
© (<q) 01 ®(<q) — ©(<q) 02 @ (>q) — @ (<q) 02 ®(<q),  a€[7], (4.1.11f)

© (>q) 01 © (>q) + ® (>q) 01 © (<q) — @ (>q) 02 ©@ (>q), a e[yl (41.11g)

PROOE. Let us show that Rp.,q, is equal to the space of relations Rpenar, of Dendr,
defined in the statement of Theorem 4.1.1. By this last theorem, for any x € FO (QﬁDendm) (3),
x is in Rpenqr, if and only if ev(x) = 0. By straightforward computations, by expanding
any element x of (4.1.11a)—(4.1.11g) over the elements ~—,, —,, a € [y], by using (4.1.8a)
and (4.1.8b) we obtain that x can be expressed as a sum of elements of Rpendr,- This implies
that ev(x) = 0 and hence that ®Ryp,q,, is a subspace of Rpenar,- Now, one can observe
that elements (4.1.11a)—(4.1.111) are linearly independent. Then, Ry, has dimension 3y?
which is also, by Theorem 4.1.1, the dimension of Rpenqr,- The statement of the theorem
follows. O



4. POLYDENDRIFORM OPERADS 173

The presentation of Dendr, provided by Theorem 4.1.4 is easier to handle than the
one provided by Theorem 4.1.1. The main reason is that Relations (4.1.1f) and (4.1.1g) of
the first presentation involve a nonconstant number of terms, while all relations of this
second presentation always involve only two or three terms. As a very remarkable fact, it
is worthwhile to note that the presentation of Dendr, provided by Theorem 4.1.4 can be
directly obtained by considering the Koszul dual of Dias, over the K-basis (see Sections 1.2.4
and 1.2.5). Therefore, an alternative way to establish this presentation consists in computing
the Koszul dual of Dias, seen through the presentation having Rp.,q,, as space of relations,
which is made of the relations of Dias, expressed over the K-basis (see Proposition 1.2.8).

From now on, | denotes the operation min on integers. Using this notation, the space of
relations Rppq,, of Dendr, exhibited by Theorem 4.1.%4 can be rephrased in a more compact
way as the space generated by

® (<q) 01 @ (>q) — ® (>a) 02 ® (<q), a,a’ €[y, (4.1.12a)
® (<a) 01 ® (<o) — @ (<ata) 02 @ (<a) — @ (<ata’) 02 @ (>a’) a,a’ €[y, (4.1.12b)
© (>ata’) 01 @ (a) + © (>atar) 01 @ (>a) = © (>a) 02 © (>a'), a,a’ € [y]. (4.1.12¢)

Over the family &g, , one can build associative operations in Dendr, in the following
way.

ProprosITION 4.1.5. For any integers 7 > 0 and b € [v], the element
Op :=<p + >p (4.1.13)

of Dendr, is associative. Moreover, any associative element of Dendr, is proportional to
Op for a b € [7].

4.2. Category of polydendriform algebras and free objects. The aim of this section is
to describe the category of Dendr,-algebras and more particularly the free Dendr,-algebra
over one generator.

4.2.1. Polydendriform algebras. We call y-polydendriform algebra any Dendr,-algebra.
From the presentation of Dendr, provided by Theorem 4.1.1, any y-polydendriform algebra
is a vector space endowed with linear operations —,,—~,, a € [y], satisfying the relations
encoded by (4.1.1a)—(4.1.1g). By considering the presentation of Dendr, exhibited by The-
orem 4.1.4, any y-polydendriform algebra is a vector space endowed with linear operations
<a, >a a € [7], satisfying the relations encoded by (4.1.12a)—(4.1.12¢).

4.2.2. Two ways to split associativity. Like dendriform algebras, which offer a way to
split an associative operation into two parts, y-polydendriform algebras propose two ways to
split associativity depending on its chosen presentation.

On the one hand, in a y-polydendriform algebra 9 over the operations —,, —4, a € [7],
by Proposition 4.1.3, an associative operation e is split into the 2 operations +—,, —4, a € [7],
so that for all x,y € 9,
xoy:ZrLay+x—Aay, (4.2.1)
a€ly]
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and all partial sums operations e, b € [y], satisfying

xoby=ZxL—ay+x-Aax, (4.2.2)
aclb]

also are associative.

On the other hand, in a y-polydendriform algebra over the operations <4, >4, a € [y7], by
Proposition 4.1.5, several associative operations ©q, a € [y], are each split into two operations
<a» >a, @ € [7], so that for all x,y € @,

XOqy =X <qa¥+X>q¥. (4.2.3)

Therefore, we can observe that y-polydendriform algebras over the operations —,, —,
a € [y], are adapted to study associative algebras (by splitting its single product in the way we
have described above) while y-polydendriform algebras over the operations <4, >4, a € [7¥],
are adapted to study vectors spaces endowed with several associative products (by splitting
each one in the way we have described above). Algebras with several associative products
will be studied in Section 5.

4.2.3. Free polydendriform algebras. From now on, in order to simplify and make the
next definitions uniform, we consider that in any y-edge valued binary tree t, all edges
connecting internal nodes of t with leaves are labeled by co. By convention, for all a € [7],
we have a oo =a = o0 1 a.

Let us endow the vector space Fpendr, of 7-edge valued binary trees with linear opera-
tions

<ar >a: g:Dendtu/ & g:Dendry - g:Dendryr ac [7]’ (424)

recursively defined, for any y-edge valued binary tree s and any y-edge valued binary trees
or leaves 4 and ty by

5§ <q hi=6=:I4 >¢85, (4.2.5a)
b <g5:=0=15>,t, (4.2.5Db)
}g&{ <q 5= @b‘@ + @’é@ , z:=aly, (4.2.5¢)
7] to t th <a 5 7] to>ys
5 >q Q{é}g{ = @b‘@ + @b‘@ , z:=alx. (4.2.5d)
7] to 5 >q Y 1o 5 <, Y 1o

Note that neither & <, & nor &4 >, & are defined.
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For example, we have

THEOREM 4.2.1. For any integer 7 > 0, the vector space Fpendar, Of all y-edge valued

binary trees endowed with the operations <4, >4, a € [v], is the free 7y-polydendriform
algebra over one generator.

5. Multiassociative operads

There is a well-known diagram, whose definition is recalled below, gathering the dias-
sociative, associative, and dendriform operads. The main goal of this section is to define a
generalization on a nonnegative integer parameter of the associative operad to obtain a new
version of this diagram, suited to the context of pluriassociative and polydendriform operads.

5.1. Two generalizations of the associative operad. The associative operad is gener-
ated by one binary element. This operad admits two different generalizations generated by
v binary elements with the particularity that one is the Koszul dual of the other. In this
section, we introduce and study these two operads.
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5.1.1. Multiassociative operads. For any integer v > 0, we define the y-multiassociative
operad As, as the operad admitting the presentation ((’5A57, QRAST), where

Bas, 1= Bas,(2) i= {xq 1 a € [7]} (5.1.1)
and Rjs, is generated by
© (*q) 01 @ (*) — © (*p) 02 @ (*p), € [7], (5.1.2a)
© (*p) 01 @ (xq) =@ (*p) 02 @ (*p), a <bely], (5.1.2b)
© (*q) 02 ® (xp) — ® (*p) 02 @ (*p) , a<bely], (5.1.2¢)
® (*p) 09 @ (*q) — @ (*p) 02 @ (*p) , a<bely (5.1.2d)
This space of relations can be rephrased in a more compact way as the space generated by
® (*q) 01 ® (*aq') — ® (*qla’) 02 © (*ala’) s a,a €[y], (5.1.3a)
© (*a) 02 @ (o) = © (*aja’) 02 @ (*aya), @, a’ € [y]. (5.1.3b)

It follows immediately that As, is well-defined as a set-operad. Moreover, since As; is
isomorphic to the associative operad As and As, is a suboperad of As, .4, for all integers
v > 0, the operads As, are generalizations of the associative operad. Observe that the
algebras over As, are the y-multiassociative algebras introduced in Section 2.5.1.

Let us now provide a realization of As,. A y-corolla is a rooted tree with at most one
internal node labeled on [y]. Denote by F»s, the graded vector space of all y-corollas where
the arity of a y-corolla is its arity, and let

* @ g:As,, ® 9:A57 — 9:A57 (5.1.4—)

be the linear operation where, for any y-corollas ¢; and ¢y, ¢; ¢y is the y-corolla with n+m —1
leaves and labeled by a | a’ where n (resp. m) is the number of leaves of ¢; (resp. ¢2) and a
(resp. a’) is the label of ¢; (resp. co).

ProposITION 5.1.1. For any integer ¥ > 0, the operad As, is the vector space Fps, of -
corollas and its partial compositions satisfy, for any y-corollas ¢y and ¢y, ¢1 0; ¢y = ¢4 * ¢y for
all valid integer i. Besides, As, is a Koszul operad and the set of right comb &xs -syntax
trees where all internal nodes have the same label forms a Poincaré-Birkhoff-Witt basis
of As,.

We have for instance in Ass,

AR A
A A A
We deduce from Proposition 5.1.1 that the Hilbert series of As, satisfies
-1
Gl (f) = - ( t+ly -1 (5.1.6)

—t
and that for all n > 2, dimAs,(n) = 7.
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5.1.2. Dual multiassociative operads. Since As, is a binary and quadratic operad, its
admits a Koszul dual, denoted by DAs, and called y-dual multiassociative operad. The
presentation of this operad is provided by the next result.

ProposiTION 5.1.2. For any integer v > 0, the operad DAs, admits the following pre-
sentation (Gpas,, Rpas,) where Gpag, 1= Gpas (2) 1= {Hq : a € [¥]} and Rpas, is the space
generated by

<Z@ (Ha) 01 @ (Hp) + @ (Hp) 01 @ (Ha) = @ (Ha) 02 @ (Hp) — @ (Hp) 02 @ (tra))
a<b

+©(Hp) 01 @ (Xp) — @ (Hp) 02 @ (Hp), b e[y]. (B.1.7)

For any integer y > 0, let op, b € [7], the elements of DAs defined by
op 1= Z Hq. (5.1.8)
ac[b]

Then, since for all b € [y] we have

o1 ifb=1,
Hp = (5.1.9)
op —op—1 Otherwise,

by triangularity, the family

Das, i= {ob 1 b € [7]} (5.1.10)
is a generating set of DAs,. Let us now express a presentation of DAs, through the fam-
ily (’5bAsy.

ProposiTION 5.1.3. For any integer y > 0, the operad DAs, admits the presentation
( Das, QR{)ASJ where Ry, is the space generated by
@ (Oa) o1 @ (0(1) - @ (Oa) O9 @ (Oa) y aec [7] (5.111)

Observe, from the presentation provided by Proposition 5.1.3 of DAs,, that DAsy is the
operad denoted by 2as in [LROG6].

Notice that the presentation of the Koszul dual of DAs, computed from the presentation
( bAs,' %ASJ of Proposition 5.1.5 gives rise to the following presentation for As,. This last

operad admits the presentation ( As,’ %ASJ where
G, 1= O (2) 1= {Aqra € [7]} (5.1.12)
and ge,gsy is the space generated by
©(Aa)o1©@(Ag), afa ely] (5.1.13a)
© (Ag) 02 @ (D) s a+a €[yl (5.1.13b)
© (Nq) 01 ©® (D) —©(Da) 02 @ (Dg),  a €[yl (5.1.13c)
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Indeed, %j;sy is the space Rps, through the identification

*yy ifa=7,
*q — *q+1 Otherwise.

Ny = (5.1.14)
PRrOPOSITION 5.1.4. For any integer v > 0, the Hilbert series $(pas,(t) of the operad

DAs, satisfies
t+ (t —1) Fpas, (t) + (7 — 1) Flpas, (£)* = 0. (5.1.15)

By examining the expression for J(pas, () of the statement of Proposition 5.1.4, we ob-
serve that for any n > 1, DAs,(n) can be seen as the vector space Fpas,(n) of all Schroder
trees of arity n, all labeled on [y] such that the label of an internal node is different from
the labels of its children that are internal nodes (see Figure 5.4). We call these trees 7-

FIGURE r.4. A 3-alternating Schroder tree of size 14. This tree is a basis
element of DAsz(14).

alternating Schroder frees. Let us also denote by JFpps, the graded vector space of all
y-alternating Schroder trees.

We deduce also from Proposition 5.1.4 that

=y -t + 2t
Fpas, (t) = 50y 1) . (5.1.16)
ProposITION 5.1.5. For any integer v > 0, the dimensions of the operad DAs, satisfy,

foralln > 2,

dim DAs, (n) = ¥Ry —1)"*=2 nar(n, k). (5.1.17)
0

bl
Il

In the statement of Proposition 5.1.5, nar(n, k) is a Narayana number whose definition
is recalled in Section 2.2.12 of Chapter 1. For instance, the first dimensions of DAs;, DAsy,
DAsz, and DAs, are respectively

1,1,1,1,1,1,1,1,1,1,1, (5.1.184a)

1,2,6,22,90, 394, 1806, 8558, 41586, 206098, 1037718, (5.1.18b)

1,3,15,93, 645, 4791, 37275, 299865, 2474025, 20819307, 178003815, (5.1.18¢)
)

1, 4,28, 244,2380, 24868, 272188, 3080596, 35758828, 423373636, 5092965724. (5.1.18d

The second one is Sequence A006318, the third one is Sequence A103210, and the last one
is Sequence A103211 of [Slo].


http://oeis.org/A006318
http://oeis.org/A103210
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Let us now establish a realization of DAs,,.

ProposiTION 5.1.6. For any nonnegative integer 7, the operad DAs,, is the vector space
Fpas, of y-alternating Schréder trees. Moreover, for any y-alternating Schroder trees s
and t, s o; t is the y-alternating Schréder tree obtained by grafting the root of t on the
ith leaf x of s and then, if the father y of x and the root z of t have a same label, by
contracting the edge connecting y and z.

We have for instance in DAss,

(5.1.19a)

(5.1.19b)

5.2. A diagram of operads. We now define morphisms between the operads Dias,, As,,
DAs,, and Dendr,, to obtain a generalization of a classical diagram involving the diassociative,
associative, and dendriform operads.

5.2.1. Relating the diassociative and dendriform operads. The diagram

‘! . 5.21)

o C s n
Dendr As Dias
is a well-known diagram of operads, being a part of the so-called operadic butterfly [Lod01,
Lod06] and summarizing in a nice way the links between the dendriform, associative, and
diassociative operads. The operad As, being at the center of the diagram, is its own Koszul
dual, while Dias and Dendr are Koszul dual one of the other.

The operad morphisms n : Dias — As and € : As — Dendr are linearly defined through
the realizations of Dias and Dendr recalled respectively in Sections 4.2.5 and4.2.6 of Chapter 2
by

nlegs) := ol nleos), (5.2.2)

¢ <:r©\:> = J{Oﬂtp}@h (5.2.3)

Since Dias is generated by ¢y 4 and eg o, and since As is generated by .:(q:,' n and ¢ are wholly
defined.

and
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5.2.2. Relating the pluriassociative and polydendriform operads.

ProposiTION 5.2.1. For any integer y > 0, the map n, : Dias, — As, satisfying

n,(0a) = A =n,(a0), ac€[yl (5.2.4)
extends in a unique way into an operad morphism. Moreover, this morphism is surjective.

By Proposition 5.2.1, the map n,, whose definition is only given in arity 2, defines an
operad morphism. Nevertheless, by induction on the arity, one can prove that for any word
x of Dias,, n,(x) is the y-corolla of arity |x| labeled by the greatest letter of x.

ProposITION 5.2.2. For any integer y > 0, the map ¢, : DAs, — Dendr, satisfying

¢y ( E(@\:> = + , aclyl, (5.2.5)

extends in a unique way into an operad morphism.

We have to observe that the morphism ¢, defined in the statement of Proposition 5.2.2
is injective only for v < 1. Indeed, when 7 > 2, we have the relation

Co + & = & nﬁn + & f{@}% . (5.2.6)

THEOREM 5.2.3. For any integer v > O, the operads Dias,, Dendr,, As,, and DAs, fit
intfo the diagram

. o (5.2.7)
N Cy ! My -
Dendr, «——— DAs, « » As, «——— Dias,
where 1, is the surjection defined in the statement of Proposition 5.2.1 and ¢, is the operad
morphism defined in the statement of Proposition 5.2.2.

Diagram (5.2.7) is a generalization of (5.2.1) in which the associative operad splits into
operads As, and DAs,.

6. Further generalizations

In this last section of this chapter, we propose some generalizations on a nonnegative
integer parameter of well-known operads. For this, we use similar tools as the ones used in
the first sections of the chapter.

6.1. Duplicial operad. We construct here a generalization on a nonnegative integer
parameter of the duplicial operad and describe the free algebras over one generator in the
category encoded by this generalization.
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6.1.1. Multiplicial operads. It is well-known [LV12] that the dendriform operad and the
duplicial operad Dup [Lod08] are both specializations of a same operad D, with one param-
eter q € K. This operad admits the presentation (@Dq, Q%‘Dq), where &p, := Gpenar and Rp,
is the space generated by

©(<)o1@(>) —@(>)0p ®(<), (6.1.1a)
©(<)0o1 @ (<) —@(<) 02 ®(<) —q @ (<) 02 ®(>), (6.1.1b)
qO(>)o1@(<)+©@(>)o1@(>) —@(>) o ®(>). (6.1.1¢)

One can observe that D, is the dendriform operad and that Dy is the duplicial operad.

On the basis of this observation, from the presentation of Dendr, provided by Theo-
rem 4.1.4 and its concise form provided by Relations (4.1.12a), (4.1.12b), and (4.1.12¢) for
its space of relations, we define the operad D,, with two parameters, an integer ¥ > 0
and q € K, in the following way. We set D,, as the operad admitting the presentation
(&p,,, Rp,, ), where &p, , := Bpq, and Rp,, is the space generated by

® (<q) 01 ® (>q') — @ (>q) 02 ® (<q), a,a’ €[y], (6.1.2a)
© (<a) 01 @ (<a’) = @ (<aja) 02 ©® (<a) = q © (<atar) 02 @ (>a),  a@,a’ €[y],  (6.1.2b)
q © (>ata’) 01 © (<a’) + © (>ata’) 01 © (>a) = © (>a) 02 © (>a'), a,a’ € [y). (6.1.2¢)

One can observe that Dy, is the operad Dendr,.

Let us define the operad the y-multiplicial operad Dup,, as the operad Do,. By using
respectively the symbols «, and >, instead of <, and >, for all a € [y], we obtain that the
space of relations Rpyp, of Dup, is generated by

Kq 01 Do — Do 02 Ka, a,a’ e [y], (6.1.3a)
Ko 01 Lo = KLatar 02 Ka a,a’ e 7], (6.1.3b)
Sata’ 01 Pa — Pa 02 Do, a,a’ €[y]. (6.1.3c)

We denote by &pyp, the generating set {Ka,>»q:a € [7]} of Dup,,.

ProrosiTiON 6.1.1. For any integer y > 0, the operad Dup, is Koszul and for any
integer n > 1, Dupy(n) is the vector space of y-edge valued binary trees with n internal
nodes.

Since Proposition 6.1.1 shows that the operads Dup, and Dendr, have the same under-
lying vector space, asking if these two operads are isomorphic is natural. The next result
implies that this is not the case.

ProposITION 6.1.2. For any integer 7 > 0, any associative element of Dup, is propor-
tional to <4 or to >4 for an a € [y].

By Proposition 6.1.2 there are exactly 2y nonproportional associative operations in Dup,,
while, by Proposition 4.1.5 there are exactly y such operations in Dendr,. Therefore, Dup,,
and Dendr, are not isomorphic.
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6.1.2. Free multiplicial algebras. A y-multiplicial algebra is a Dup,-algebra. From the
definition of Dup,, any y-multiplicial algebra is a vector space endowed with linear operations
L, >q a € [7], satisfying the relations encoded by (6.1.3a)—(6.1.3¢).

In order the simplify and make uniform next definitions, we consider that in any y-edge
valued binary tree t, all edges connecting internal nodes of t with leaves are labeled by co.
By convention, for all a € [y], we have a 1 co =a = o T a.

Let us endow the vector space Fpup, of y-edge valued binary trees with linear operations
LarPa: 93Dup7 ® gDUPy - 9:Dup7, acelyl, (6.1.4)

recursively defined, for any y-edge valued binary tree s and any y-edge valued binary trees
or leaves t; and t, by

5§ Kg Bi=5=t 3¢5, (6.1.5a)
b KLgs:=0=15>,4, (6.1.5b)
gé‘@ KLq 5= Qé‘@ , z:=aly, (6.1.5¢)
171 1 1] th Lq 5
§ ¢ Qfs‘@ = Q’é‘@ , z:=alx. (6.1.5d)
7] 1 5§ >q Y 1o

Note that neither & <, & nor & >, & are defined.

These recursive definitions for the operations <, >4, a € [7], lead to the following
direct reformulations. If s and t are two y-edge valued binary trees, t <, 5 (resp. s >4 t)
is obtained by replacing each label y (resp. x) of any edge in the rightmost (resp. leftmost)
path of t by a T y (resp. a T x) to obtain a tree t, and by grafting the root of s on the
rightmost (resp. leftmost) leaf of . These two operations are respective generalizations of
the operations under and over on binary trees introduced by Loday and Ronco [LR02].

For example, we have

SO = (6.1.6a)

) = (6.1.6b)
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THEOREM 6.1.3. For any integer y > 0, the vector space Fpup, of all y-edge valued
binary trees endowed with the operations <4, >4, a € [7], is the free y-multiplicial algebra
over one generator.

6.2. Polytridendriform operads. We propose here a generalization TDendr, on a non-
negative integer parameter 7y of the tridendriform operad [LR04]. This last operad is the
Koszul dual of the triassociative operad. We proceed by using an analogous strategy as the
one used to define the operads Dendr, as Koszul duals of Dias,. Indeed, we define TDendr,
as the Koszul dual of the operad Trias,, called y-pluritriassociative operad, a generalization
of the triassociative operad defined in Section 3.

Theorem 3.2.1, by exhibiting a presentation of Trias,, shows that this operad is binary and
quadratic. It then admits a Koszul dual, denoted by TDendr, and called y-polyfridendriform
operad.

THEOREM 6.2.1. For any integer ¥ > 0O, the operad TDendr, admits the presentation
(6TDendr7r %Dendr,) where G1pendr, = GTDendr, (2) := {*~a,\,—ata € [7]} and RrDendr, is the
space generated by

® (A) o1 @ (A) — ® (A) 02 ® (A), (6.2.1a)

® (“a) 01 ®(A) — @ (A) 09 @ (<=q), a <yl (6.2.1b)

© (N) o1 @ (—q) —@(—q)o2®(A),  ac€lyl, (6.2.1¢)

@ (A) 01 @ (“=q) — @ (A) 02 ® (), a € [7], (6.2.1d)

© (=) 01 @ (—¢)) =@ (—=a) 00 ® (=), a,a’ €[y], (6.2.1e)

® (4=q) 01 ® (<=p) — ® (<—=q) 02 ©@ (—p), a<belyl, (6.2.11)

© (—q) 01 @ (<p) =@ ()00 @(—p), a<bely], (6.2.1g)

© (<p) 01 @ (4=q) = @ (<q) 02 @ (<p), a<belyl, (6.2.1h)

® (—q) 01 ® (—p) — @ (—p) 02 ® (—a), a<bely], (6.2.1i)

® (+=4) 01 @ (=a) = @ (<) 02 @ (A) = [ Y @ (+=g) 00 @ (=) + @ (<a) 2 @ (=c) |,  d€[7],
- (6.2.1j)

Y @(—a)o1 @) + @(—a) 01 @ (=) | +@(=a)01 @A) @ (=) 02® (=),  d€[7].
- (6.2.1K)

PRroOPOSITION 6.2.2. For any integer v > 0, the Hilbert series FFCTDendPT(t) of the operad
TDendr, satisfies

t+ ((27 + 1)t - 1) %TDendry(t) + 7(7 + 1)t %TDendry(t)Q =0. (622)
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By examining the expression for ?FCTDendry(t) of the statement of Proposition 6.2.2, we
observe that for any n > 1, TDendr(n) can be seen as the vector space Frpendr,(n) of
Schroder trees with n sectors wherein its edges connecting two internal nodes are labeled
on [y]. We call these trees y-edge valued Schréder trees. In our graphical representations
of y-edge valued Schroder trees, any edge label is drawn into a hexagon located half the
edge (see Figure 5.5).

FIGURE R.5. A 4-edge valued Schroder tree of arity 16. This tree is a basis
element of TDendr,(16).

We deduce from Proposition 6.2.2 that

1=V =y + 2t + 12— 2y + 1)t
%TDendry(t) = 2(7 T 72)1 .

ProposITION 6.2.3. For any integer v > 0, the dimensions of the operad TDendr,, satisfy,
foralln >1,

(6.2.3)

=
[N

dim TDendr,(n) = Y (v + 1)*y" * ' nar(n + 1, k). (6.2.4)

;=
I
o

For instance, the first dimensions of TDendr;, TDendr,, TDendrs, and TDendr, are
respectively

1,3,11, 45,197,903, 4279, 20793, 103049, 518859, 2646723, (6.2.5a)
1,5,31,215,1597, 12425, 99955, 824675, 6939769, 59334605, 513972967, (6.2.5b)
1,7,61,595,6217,68047, 770149, 8939707, 105843409, 1273241431, 15517824973,  (6.2.5¢)

1,9,101,1269, 17081, 240849, 3511741, 52515549, 801029681, 12414177369, 194922521301.
(6.2.5d)
These sequences are respectively Sequences A001003, A269730, A269731, and A269732
of [Slo].

6.3. Operads of the operadic butterfly. In what follows, we shall work with algebraic
structures satisfying relations involving possibly permutations of some inputs. For simplicity,
instead of working with symmetric operads, we shall just work with types of algebras (see
Section 4.1.13 of Chapter 2).


http://oeis.org/A001003
http://oeis.org/A269730
http://oeis.org/A269731
http://oeis.org/A269732
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6.3.1. A generalization of the operadic butterfly. Let us consider the diagram of sym-
metric operads

Dendr, « » Dias,,
Zin, DAs, > As, Leib, (6:3.1)
) \ ..... / ' \ ..... / )
!
Comy < > Li67

where DAs, is the y-dual multiassociative operad defined in Section 5.1.2 and Com,, Lie,,
Zin,, and Leib,, respectively are generalizations on a nonnegative integer parameter y of
the operads Com, Lie, Zin, and Leib. Let us now define these operads.

6.3.2. Commutative and Lie operads. Observe that the commutative operad Com is a
commutative version of As = DAs; (see Section 4.1.13 of Chapter 2). We define the symmetric
operad Com, by using the same idea of being a commutative version of DAs,. Therefore,
Com, is the symmetric operad describing the category of algebras G with binary operations
©q, a € [7], subjected for any elements x, y, and z of G to the two sorts of relations

XOqY =Y 0q X, a €yl (6.3.2a)
(X 0q¥)0azZ =204 (¥0q z), ace |yl (6.3.2b)
Moreover, we define the symmetric operad Lie, as the Koszul dual of Com,.

6.3.3. Zinbiel and Leibniz operads. It is well-known that the Zinbiel operad Zin [Lod95]
is a commutative version of Dendr = Dendr; [Lod01]. We define the symmetric operad
Zin, by using the same idea of having the property to be a commutative version of Dendr,.
Therefore, Zin, is the symmetric operad describing the category of algebras Z with binary
operations LUy, a € [y], subjected for any elements x, y, and z of & to the relation

(X Wq ¥) Wq Z = X Ware (¥ W 2) + X Waa (2 We' ¥), a,a’ € [y]. (6.3.3)

Relation (6.3.3) is obtained from Relations (4.1.12a), (4.1.12b), and (4.1.12¢) of 7y-polydendri-
form algebras with the condition that for any elements x and y anda € [y], x <q ¥y = ¥ >q X,
and by setting x LW, ¥ := x <4 ¥. Moreover, we define the symmetric operad Leib, as the
Koszul dual of Zin,.

ProposITION 6.3.1. For any integer v > 0 and any Zin,-algebra &, the binary operations
©q, a € [v], defined for all elements x and y of & by
XOqYi=X Wgy +¥ Uy X, a ey, (6.3.4)
endow Z with a Com,-algebra structure.
ProoE. Since for all a € [y] and all elements x and y of &, by (6.3.3), we have

XOqY —YoaX =X Wg¥ +YyWg X —ylgX —x W,y =0, (6.3.5)
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the operations o, satisfy Relation (6.3.2a) of Com,-algebras. Moreover, since for all a € [¥]
and all elements x, y, and z of &, by (6.3.3), we have

(xoay)oaz—xoa (yan)
=(XWqy + Y UgX)Wg z+ 2z W (x Wy ¥y + ¥ g X)
—X W (YW Z+2ZzWay) — (YW Z + Z g ¥) g X

= (X Wq¥) Wq z + (y Wq X) Wq Z + Z W (X We ¥) + 2 W (¥ Wg X) (636)
—xU—'a(yU—'aZ)—xma(zu—'ay)—(yU—JaZ)U—'ax—(ZLUay)U—lax -

= (¥ Wa X) Wq Z — (¥ W 2) Wg X
=¥ Wa (X Wq 2) + ¥ Wq (2 Wa X) =¥ Wa (2 W X) — ¥ Wa (x W 2)
=0,
the operations ¢, satisfy Relation (6.3.2b) of Com,-algebras. Hence, & is a Com,-algebra. O

ProposITION 6.3.2. For any integer v > 0, and any Zin,-algebra Z, the binary opera-
tions <q4, >4, a € [y] defined for all elements x and y of &5 by

X <q¥i=xWay, a €[yl (6.3.7)

and
X >q¥i=ylWaX, a € [7], (6.3.8)

endow I with a y-polydendriform algebra structure.

The constructions stated by Propositions 6.5.1 and 6.3.2 producing from a Zin,-algebra
respectively a Com,-algebra and a y-polydendriform algebra are functors from the cate-
gory of Zin,-algebras respectively to the category of Com,-algebras and the category of
y-polydendriform algebras. These functors respectively translate into symmetric operad
morphisms from Com, to Zin, and from Dendr, to Zin,. These morphisms are gener-
alizations of known morphisms between Com, Dendr, and Zin of the operadic butterfly
(see [Lod01,Lod06, Zin12]).

Concluding remarks

In this chapter, we have defined a new generalization Dendr, of the dendriform operad
and also several ones of related operads. Among its most important features, Dendr, en-
codes the notion of splitting an associative product in several pieces. Moreover, as illustrated,
the underlying combinatorics of this operad involves a new kind of combinatorial objects,
which are binary trees with labeled edges. A natural question about these trees consists
in investigating whether some particular subfamilies of these form suboperads of Dendr,.
Moreover, like the dendriform operad which admits a realization in term of rational func-
tions [Lod10] (see also Section 4.2.4 of Chapter 2), we can ask whether Dendr, admits a
similar realization.

Besides, a complete study of the operads Com,, Lie,, Zin,, and Leib, (like computing
their presentations and providing realizations), and suitable definitions for all the morphisms
intervening in our generalization of the operadic butterfly (6.3.1) is worth to interest for
future works.
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Finally, one of our generalizations of the associative operad, namely the multiassociative
operad As,, admits a direct generalization As(Q) wherein its presentation is parametrized by
a finite poset Q. These operads and their Koszul duals have nice combinatorial properties
and will be studied in Chapter 6.






CHAPTER 6

From posets to operads

The content of this chapter comes from [Gir16b].

Introduction

This chapter is devoted to enrich connections between operads and combinatorics by
establishing a new link between posets and operads by means of a construction associating
a operad As(Q), called Q-associative operad, with any finite poset ©. This construction is a
functor As from the category of finite posets to the category of binary and quadratic oper-
ads. The will to generalize two families of operads Koszul dual to each other, constructed in
Chapter 5, is the first impetus of this work. The operads of these families are the multiasso-
ciative operads As, and the dual multiassociative operads DAs,, (see Section 5 of Chapter 5).
In this present work, we retrieve As, by applying the construction As to the total order on
a set of ¥ elements and we retrieve DAs, by applying the construction As to the trivial or-
der on the same set. Note that different constructions of operads involving posets [FFM16],
and not directly related constructions involving posets and operads [MY91,Val07] have been
considered in the literature.

Let us describe some main properties of As. First, each operad obtained by our construc-
tion provides a generalization of the associative operad since all its generating operations are
associative. Besides, many combinatorial properties of the starting poset Q lead to algebraic
properties for As(Q) (see Table 6.1). For instance, when Q is a forest (with the meaning

Properties of the poset Q | Properties of the operad As(Q) Statement
None Binary and quadratic Definition, Section 1.1.1
Forest Koszul Theorem 2.1.5
Thin forest Closed under Koszul duality Theorem 3.2.2
Trivial Basic set-operad basis Proposition 1.2.3

TABLE 6.4. Summary of the properties satisfied by a poset Q implying prop-
erties for the operad As(Q). Note that any trivial poset is also a thin forest
poset, and that a thin forest poset is also a forest poset. In particular, if Q is
a trivial poset, As(Q) has all properties mentioned in the middle column.

that no element of @ covers two different elements), As(Q) is a Koszul operad. Moreover,

189
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when Q is not a trivial poset, the fundamental basis of As(Q) is not a basic set-operad ba-
sis. This last property seems to be interesting since almost all set-operad bases of common
operads are basic, such as the associative operad or the diassociative operad [Lod01] (see
additionally [Zin12]). This gives to our construction a very unique flavor.

The further study of the operads obtained by the construction As is driven by computer
exploration. Indeed, computer experiments bring us the observation that some operads
obtained by the construction As are Koszul duals to each other. This observation raises
several questions. The first one consists in describing a family of posets, called thin forest
posets, such that the construction As restricted to this family is closed under Koszul duality.
The second one consists in defining an operation + on this family of posets such that for
any of these posets O, As(Q') is isomorphic to the Koszul dual As(Q)' of As(Q). The last one
relies on an expression of an explicit isomorphism between As(Q)' and As(Q'). We answer
all these questions in this work, forming its main results. As additional results, we provide a
complete study of the operads As(Q), including, when O satisfies some precise properties, an
expression for its Hilbert series and a realization involving labeled Schroder trees.

This chapter is organized as follows. Section 1 is concerned with the description of the
construction As and the first general properties of the obtained operads. In Section 2, we
focus on the case where the poset Q at input of the construction As is a forest poset. We show
that in this case, As(Q) is a Koszul operad and derive some consequences. This chapter ends
by introducing in Section 3 the class of thin forest posets. The construction As restricted to
this class of posets has the property to be closed under Koszul duality.

Note. In this chapter all posets are finite. For this reason, “poset” means “finite poset”.
Moreover, since this chapter deals only with ns operads, “operad” means “ns operad”. If x is
a generator of an operad O, we denote by * the associated generator in the Koszul dual of O.

1. From posets to operads

This section is devoted to the introduction of our construction producing an operad from
a poset. We also establish here some of its first general properties. We end this section by
presenting algebras over our operads and some of their properties.

1.1. Construction. Let us describe the construction As, associating with any poset a
binary and quadratic operad presentation, and prove that it is functorial.

1.1.1. Operad presentations from posets. For any poset (), <), we define the O-associa-
tive operad As(Q) as the operad admitting the presentation (05&, %’5) where &, is the set of
generators

0= 065(2) = {xq:a € Q}, (1.1.1)
and Ry, is the space of relations generated by

© (*a) 01 © (*b) —© (*aTgb) 09 (© (*aTOb) , a,b e Qand (a <0 borb <0 a), (1128)

© (*a1gb) ©1 © (*a1eb) — © (*q) 02 © (%p), a,be®and (a <¢9b orb <ga). (1.1.2b)
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By definition, As(Q) is a binary and quadratic operad. The fundamental basis of As(Q) is
the basis induced by ;. Moreover, since Relations (1.1.2a) and (1.1.2b) are of the form s —t
where s and t are & -syntax trees, As(Q) is well-defined in the category of sets.

LemMA 1.1.1. Let Q be a poset. For any a € Q, let R, be the set

Rq := {® (*a) 01 © (%), @ (*p) 01 © (*a),
© (%) 02 @ (%q), © (*xq) 02 @ (*xp):b € Qand a ¢ b}. (1.1.3)

Then, for all 5,t € Ry, s — t is an element of the space of relations R of As(Q).

By Lemma 1.1.1, we observe that all x4, a € Q, are associative. For this reason, As(Q) is
a generalization of the associative operad on several binary generating operations. As we
will see in the sequel, this very simple way to produce operads has many combinatorial and
algebraic properties.

1.1.2. Functoriality. For any morphism of posets ¢ : Oy — Oy, we denote by As(¢) the
map

As(@) : As(Q1)(2) — As(@)(2) (1.1.4)
defined by
As(9) (xx) 1= *¢(x) (1.1.5)

for all x € @.
LEMMA 1.1.2. Let Oy and Qy be two posets and ¢ : Q; — Oy be a morphism of posets.
Then, the map As(¢) uniquely extends into an operad morphism from As((Q;) to As(Q).

THeOREM 1.1.3. The construction As is a functor from the category of posets to the
category of binary and quadratic operads.

1.1.3. First examples. Let us use Theorem 1.1.3 to exhibit some examples of construc-
tions of binary an quadratic operads from posets.

_Q @
Q:- , (1.1.6)

the operad As(Q) is binary and quadratic, generated by the set & = {x1, %9, %3, %,}, and, by
Lemma 1.1.1, subjected to the relations

From the poset

*q O1%1 = % O x3 = %3 01 X1 = %3 09 %| = *q 09 *3 = *q O9 *, (117(‘1)

*9 O kg = %9 O1 %3 = %9 O *; = %3 O k9 = %4 O %9 (117b)
= x4 Og k9 = *3 Og *p = %9 Og %, = *p Op %3 = %g Op *y,
*3 O1*3 = %*3 Og %3, (1.1.7C)

k4 Ok, = k4 09 Xy, (117(1)
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Besides, when @ is the trivial poset on the set [£], £ > 0, the operad As(Q) is generated by
the set & = {*1,...,x¢} and, by Lemma 1.1.1, subjected to the relations

*q O1%q = *q 09 *q, a e [£). (1.1.8)

In particular, when ¢ = 0, As(Q) is the trivial operad, when ¢ = 1, As(Q) is the associative
operad, and when ¢ = 2, As(Q) is the operad 2as [LR06]. These operads, for a generic
¢ > 0, are the dual multiassociative operads DAs,, introduced in Section 5 of Chapter 5.
These operads can be realized using Schroder trees endowed with labels satisfying some
conditions. In Section 2.2.2, we shall describe a generalized version of this realization.

Furthermore, when Q is the total order on the set [£], £ > 0, the operad As(Q) is generated
by the set & = {*4,...,%¢} and, by Lemma 1.1.1, subjected to the relations

*q O1kgq = %q Of *p = *p Of *q = *p 09 kg = *q Op *p = *gq 09 *q, a<beld. (1.1.9)

In particular, when ¢ = 0, As(Q) is the trivial operad and when ¢ = 1, As(Q) is the associative
operad. These operads, for a generic ¢ > 0, are the multiassociative operads Asy, introduced
in Section 5 of Chapter 5. They have the particularity to have stationary dimensions since
dim As(Q)(1) = 1 and dim As(Q)(n) = ¢ for all n > 2.

1.2. General properties. Let us now list some general properties of the operad As(Q)
where @ is a poset without particular requirements. We provide the dimension of the space
of relations of As(Q©), describe its associative elements, and give a necessary and sufficient
condition for the fact that its fundamental basis is a basic set-operad basis.

1.2.1. Space of relations dimensions.

ProposiTION 1.2.1. Let Q be a poset. Then, the dimension of the space R of relations
of As(Q) satisfies

dim R = 4int(Q) — 3#Q. (1.2.1)
Recall that int(Q) denotes the number of intervals of Q (see Section 1.3.1 of Chapter 1).
1.2.2. Associative elements.

ProposiTiON 1.2.2. Let Q be a poset and C := {cy <q -+ <g ¢¢} be a chain of Q. Then,
K {C) contains only associative elements of As(Q). Conversely, any associative element of
As(Q) is an element of K(C) for a chain C of Q.

1.2.3. Basicity.

ProposITION 1.2.3. Let Q be a poset. The fundamental basis of As(Q) is a basic set-
operad basis if and only if Q is a trivial poset.



1. FROM POSETS TO OPERADS 193

1.3. Algebras over poset associative operads. Let Q be a poset. From the presentation
(&5, Ry;) of the operad As(Q) provided by its definition in Section 1.1.1, an As(Q)-algebra is a
vector space A endowed with linear operations

kgt ARA - A, aecqQ, (1.3.1)

satisfying, for all x,y,z € A, the relations
(Xxq¥)*pZ = X xq (Y *p Z) = (X *c ¥) *q Z = X *¢ (¥ *q Z), a,b,ceQand a <¢ b and a < c.
(1.3.2)

We call O-associative algebra any As(Q)-algebra.

We shall exhibit two examples of Q-associative algebras in the sequel: in Section 2.2.3,
free Q-associative algebras over one generator when Q is a forest poset and in Section 1.3.2,
Q-associative algebras involving the antichains of the poset Q.

1.3.1. Units. Let Q be a poset and A be a Q-associative algebra. An a-unif, a € Q, of A
is an element 1, of A satisfying

Ty *q X =X = X %4 1q4 (1.3.3)
for all x € A. Obviously, for any a € Q there is at most one a-unit in A.

Besides, for any element x of A, we denote by & (x) the set of elements a of Q such
that x is an a-unit of A. Obviously, if 1, is an a-unit of A, a € & 4(14).

ProposITION 1.3.1. Let Q be a poset and A be a Q-associative algebra. Then:

(i) for any element x of A, & 4(x) is an order filter of Q;
(ii) for all elements x and y of A such that x + y, the sets 84(x) and &4(y) are
disjoint.
Proposition 1.3.1 implies that the sets & (x), x € A, form a partition of an order filter

of Q where each part is itself an order filter of Q.

1.3.2. Antichains algebra. Let Q be a poset and set Xg := {xq : a € Q} as a set of
commutative parameters and consider the commutative and associative polynomial algebra
K[Xg]/g,, where Jg is the ideal of K[Xg] generated by

XqXp — Xa, a<gbed. (1.3.4)

Then, one observes that xg, ...xq, is a reduced monomial of K[Xg]/s, if and only if the set
{ay,...,ar} is an antichain of Q of size k.

We endow K[Xg]/g, with linear operations
*q : K[Xolls, ® K[Xolls, - K[Xaolls,, a €0, (1.35)
defined, for all reduced monomials xy, ...xp, and x, ...x., of K[X]/g,, by

X, « -+ Xby *q Xy « - - Xy 1= T(Xpy + -+ Xb,XaXey - - Xey)s (1.3.6)

3

where 7 : K[X] — K[Xg]/g, is the canonical projection. These operations *,, a € Q, endow
K[Xq]/g, with a structure of a Q-associative algebra.
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Consider for instance the poset

Q:= (1.3.7)
The space K[Xg]/g, is the linear span of the reduced monomials
X1, X9, X3, X4, X5, X9X3, X9X4, X3X4, X3X5, XoX3X4, (1.3.8)
and one has for instance
X9 *3 X4 = XoX3X4, (1.3.9a)
XXz %1 X4 = X1, (1.3.9b)
X9X3 *5 X4 = XoX3Xy. (1.3.9¢)

2. Forest posets, Koszul duality, and Koszulity

Here, we focus on the construction As when the input poset Q of the construction is a
forest poset. In this case, we show that As(Q) is Koszul, we provide a realization of As(Q),
and we obtain a functional equation for its Hilbert series. We end this section by computing
presentations of the Koszul dual of As(Q).

2.1. Koszulity and Poincaré-Birkhoff-Witt bases. We prove here that when Q is a
forest poset, As(©) is Koszul. For that, we consider an orientation of the space of relations
R of As(Q) and show that this orientation is a convergent rewrite rule. As a consequence,
the Koszulity of As(Q) follows (see Lemma 4.1.2 of Chapter 2).

2.1.1. Forest posets. We call forest poset any poset avoiding the pattern obo (see Sec-
tion 1.3.2 of Chapter 1 for the definition of pattern avoidance in posets). In other words, a
forest poset is a poset for which its Hasse diagram is a forest of rooted trees (where roots
are minimal elements). Figure 6.2 shows an example of a forest poset.

2.1.2. Orientation of the space of relations. Let Q be a poset (not necessarily a forest
poset just now) and = be the rewrite rule on &(-syntax trees satisfying

® (*q) 01 ®© (*b) =0 @ (*a1eb) °2 @ (¥aeb) » a,be@and (a x¢9borb=xga), (2.1.1a)

® (*q) 02 ® (*b) =0 @ (%a1eb) 02 @ (¥a10b) » a,b € Qand (a <gb or b <ga). (2.1.1b)

Let also ~»¢ be the closure of =.
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2.1.3. Convergent rewrite rule.

LEMMA 2.1.1. Let Q be a poset. Then, = is an orientation of the space of relations Ry
of As(Q).

LEMMA 2.1.2. Let Q be a poset. Then, ~ is a terminating rewrite rule.

LEMMA 2.1.3. Let Q be a poset. Then, the set of the normal forms of ~ is the set of
the & -syntax trees t such that for any internal node of t labeled by *, having a left (resp.
right) child labeled by x,, a and b are incomparable (resp. are equal or are incomparable)

in Q.

Let us denote by F(Q) the set of the normal forms of ~, described in the statement of
Lemma 2.1.3. Moreover, we denote by F(Q)(n), n > 1, the set F(Q) restricted to syntax trees
with exactly n leaves. From their description provided by Lemma 2.1.3, any tree t of F(Q)
different from the leaf is of the recursive unique general form

*a
— / \\\
t= 51 % , (2.1.2)
/ \
501 5S¢

where a € Q and the dashed edge denotes a right comb tree wherein internal nodes are
labeled by *4, and for any i € [€], s; is a tree of F(Q) such that s; is the leaf or its root is
labeled by a x,, b € Q, so that a and b are incomparable in Q.

LEMMA 2.1.4. Let Q be a forest poset. Then, ~ is a confluent rewrite rule.

In Lemma 2.1.4, the condition on Q to be a forest poset is a necessary condition. Indeed,

Q:= %@ (2.1.3)

by setting

the branching tree

*3 (2.1.4)
*9

of ~ admits the branching pair consisting in the two syntax trees

*1 - e
’ *1 *9 . (2.1‘5)

*2' A / ‘*2

/7 N\ /7 \

Since these two trees are normal forms of ~», this branching pair is not joinable, hence
showing that ~( is not confluent.
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2.1.4. Koszulity. Lemmas 2.1.1, 2.1.2, 2.1.3, and 2.1.4 imply the following result.

THEOREM 2.1.5. Let O be a forest poset. Then, the operad As(Q) is Koszul and the set
F(Q) forms a Poincaré-Birkhoff-Witt basis of As(Q).

2.2. Dimensions and realization. The Koszulity, and more specifically the existence of
a Poincaré-Birkhoff-Witt basis 9(Q) highlighted by Theorem 2.1.5 for As(Q) when Q is a
forest poset, lead to a combinatorial realization of As(Q). Before describing this realization,
we shall provide a functional equation for the Hilbert series of As(Q).

2.2.1. Dimensions.

ProposITION 2.2.1. Let Q be a forest poset. Then, the Hilbert series $(o(t) of As(Q)
satisfies

Flolt) = t+ > FC(1), (2.2.1)
ac@
where for all a € O, the ¥(§(t) satisfy
T3 (1) = (t + cfcg(t)) (t + FCA(t) + srcg(t)) , (2.2.2)
and for all a € Q, the F(3(t) satisfy
Feat) = Y ). (2.2.3)
be@
a#(gb
b#@a

For instance, let us use Proposition 2.2.1 for the operad As(Q) when Q is the total order
on the set [¢], £ > 0. This operad is the multiassociative operad, whose definition is recalled
in Section 1.1.3. By (2.2.3), we have

FCa(t) = 0, a e, (2.2.4)
and hence, by (2.2.2),
2
(1) = ﬁ a el (2.25)
Then, by (2.2.1), the Hilbert series of As(Q) satisfies
2
Folt) = £+ % 0>0. (2.2.6)

Let us use Proposition 2.2.1 for the operad As(Q) when Q is the trivial poset on the set
[€], £ > 0. This operad is the dual multiassociative operad, whose definition is recalled in
Section 1.1.3. By (2.2.3), one has

Fea(t) =Y g, aele, (2.2.7)
be[(]
b#a
implying, by (2.2.1), that
FCA(t) = FCo(t) — t — FCI(1), a e [f]. (2.2.8)
Now, by (2.2.2), we obtain
2
FCG(t) = M a e [£). (2.2.9)

1+ %Q(t) ’
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Therefore, by (2.2.1), the Hilbert series of As(Q) satisfies the quadratic functional equation
t+ (t—1)FColt) + (€ —1)FCo(t)2 =0, £>0, (2.2.10)

and can be expressed as

-t = 1+ 240t + 1

Fo(t) 5 1) ,

¢=0orf>2. (2.2.11)

The dimensions of the first homogeneous components of As(Q) are

1,2,6,22,90, 394, 1806, 8558, 41586, 206098, =2, (2.2.12a)
1,3,15,93,645, 4791, 37275, 299865, 2474025, 20819307, =3, (2.2.12b)
1,4,28,244,2380, 24868, 272188, 3080596, 35758828, 423373636, 0 =4, (2.2.12¢)

1,5, 45,505, 6345, 85405, 1204245, 17558705, 262577745, 4005148405, =5 (22.12d)

These sequences are respectively Sequences A006318, A103210, A103211, and A133305
of [Slo].

Finally, let us use Proposition 2.2.1 for the operad As(Q) when Q is the forest poset
Q:= g % (2.2.13)

FCH(t) = FCA(t) = FC(t) + FC(1), (2.2.14a)

By (2.2.3), one has

FC3(t) = FCH(t) = FCY(t) + FCB(1), (2.2.14b)
and, by (2.2.2) and straightforward computations, we obtain that

FCo(t) = FCH(1) = FCE(1) = (1), (2.2.15)
so that the Hilbert series of As(Q) satisfies the quadratic functional equation

1. 1, 1

3

+ Z%@(t)2 =0. (2.2.16)

This Hilbert series can expressed as

12t V110t + 2

Flo(t) 3 , (2.2.17)
and the dimensions of the first homogeneous components of As(Q) are
1, 4,20, 124,860, 6388, 49700, 399820, 3298700, 27759076. (2.2.18)

Terms of this sequence are the ones of Sequence A107841 of [Slo] multiplied by 2.


http://oeis.org/A006318
http://oeis.org/A103210
http://oeis.org/A103211
http://oeis.org/A133305
http://oeis.org/A107841
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2.2.2. Realization. Let us describe a combinatorial realization of As(Q) when Q is a forest
poset in terms of Schroder trees (see Section 2.2.3 of Chapter 1) with a certain labeling and
through an algorithm to compute their partial composition.

If Q is a poset (not necessarily a forest poset just now), a )-Schréder tree is a Schroder
tree where internal nodes are labeled on O. For any element a of Q and any n > 2, we
denote by ¢ the Q-Schrdder tree consisting in a single internal node labeled by a attached
to n leaves. We call these trees O-corollas. A Q-alternating Schréder tree is a Q-Schroder
tree t such that for any internal node y of t having a father x, the labels of x and y are
incomparable in Q. We denote by S$(Q) the set of all Q-alternating Schroder trees and by
S(Q)(n), n > 1, the set S(Q) restricted to trees with exactly n leaves. Any tree t of S(Q)
different from the leaf is of the recursive unique general form

t = /@\ , (2.2.19)

51 e S¢

where a € Q and for any i € [{], 5; is a tree of §(Q) such that s5; is a leaf or its root is labeled
by a b € Q and a and b and incomparable in Q.

Relying on the description of the elements of 9(0Q) provided by Lemma 2.1.3 and on
their recursive general form provided by (2.1.2), let us consider the map

sg : F(Q)(n) — S(Q)(n), n>1, (2.2.20)

defined recursively by sending the leaf to the leaf and, for any tree t of (Q) different from
the leaf, by

solt) =so | ;7 ™, = /@\ , (2.2.21)

/7 \ sols1) -+ solse)

where a € Q and, in the syntax tree of (2.2.21), the dashed edge denotes a right comb tree
wherein internal nodes are labeled by *,, and for any i € [£], s; is a tree of F(Q) such that
5; is the leaf or its root is labeled by *,, b € Q, and a and b are incomparable in Q. It is
immediate that sy(t) is a Q-alternating Schroder tree, so that sg is a well-defined map.

LemMmMmA 2.2.2. Let Q be a poset. Then, for any n > 1, the map sq is a bijection between
the set of syntax trees of F(Q)(n) with n leaves and the set §(Q)(n) of Q-alternating Schrider
trees with n leaves.

In order to define a partial composition for Q-alternating Schroder trees, we introduce
the following rewrite rule. When @ is a forest poset, consider the rewrite rule —¢ on Q-
Schroder trees (not necessarily Q-alternating Schroder trees) satisfying

a,be Qand (a <qborb=ga). (2.2.22)
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Let also ~»q be the closure of —¢. Equation (2.2.29) shows examples of steps of rewritings
by ~~q for the poset Q defined in (2.2.26).

LEMMA 2.2.3. Let Q be a poset. Then, ~»q is a terminating rewrite rule and the set
of its normal forms is the set of all Q-alternating Schréder trees. Moreover, when Q is a
forest poset, ~+q is confluent.

In Lemma 2.2.3, the condition on Q to be a forest poset is a necessary condition for the

Q:= @@/@ (2.2.23)

(2.2.24)

confluence of ~~q. Indeed, by setting

the branching tree

of ~» admits the branching pair consisting in the two trees

ﬁ , ﬁx (2.2.5)

Since these two trees are normal forms of ~(, this branching pair is not joinable and hence,
~~@ is not confluent.

We define the partial composition s o; t of two Q-alternating Schroder trees s and t as the
Q-alternating Schrdder tree being the normal form by ~+¢ of the O-Schroder tree obtained
by grafting the root of t on the ith leaf of 5. We denote by ASchr(Q) the linear span of the set
of the Q-alternating Schroder trees endowed with the partial composition described above
and extended by linearity. Consider for instance the forest poset

@
Q:= @’Q@ . (2.2.26)
®

Then, we have in ASchr(Q) the partial composition

032

(2.2.27)

and also

(2.2.28)

since
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is a sequence of rewritings steps by ~»g, where the leftmost tree of (2.2.29) is obtained by
grafting the root of the second tree of (2.2.28) onto the first leaf of the first tree of (2.2.28).

ProposITION 2.2.4. Let Q be a forest poset. Then, ASchr(Q) is an operad graded by the
number of the leaves of the trees. Moreover, as an operad, ASchr(Q) is generated by the
set of Q-corollas of arity two.

THEOREM 2.2.5. Let Q be a forest poset. Then, the operads As(Q) and ASchr(Q) are
isomorphic.

Prook. First, by Proposition 2.2.4, ASchr(Q) is an operad wherein for any n > 1, its
graded component of arity n has bases indexed by Q-alternating Schroder trees with n
leaves. By Lemma 2.2.2, these trees are in bijection with the elements of the Poincaré-
Birkhoff-Witt basis 7(Q) of As(Q) provided by Theorem 2.1.5. By [Hof10], this shows that
ASchr(Q) and As(Q) are isomorphic as graded vector spaces.

The generators of ASchr(Q), that are by Proposition 2.2.4 Q-corollas of arity two, satisfy
at least the nontrivial relations

oyl - cgmb 09 cgmb =0, a,be@and (a ¢ b or b < a), (2.2.30a)

chob o1 chOb — 2oy =0, a,beQand (a g b orb=ga), (2.2.30b)

obtained by a direct computation in ASchr(Q). By using the same reasoning as the one used
to establish Proposition 1.2.1, we obtain that there are as many elements of the form (2.2.30a)
or (2.2.30b) as generating relations (see (1.1.2a) and (1.1.2b)) for the space of relations R, of
As(Q) . Therefore, as ASchr(Q) and As(Q) are isomorphic as graded vector spaces, it cannot
be more nontrivial relations in ASchr(Q) than Relations (2.2.30a) and (2.2.30b).

Finally, by identifying all symbols ¢Z, a € Q, with x,, we observe that As(Q) and ASchr(Q)
admit the same presentation. This implies that As(Q) and ASchr(Q) are isomorphic operads.
O

As announced, Theorem 2.2.5 provides a combinatorial realization ASchr(Q) of As(Q)
when Q is a forest poset.

2.2.3. Free forest poset associative algebras over one generator. The realization of
As(Q), when Q is a forest poset, provided by Theorem 2.2.5 in terms of Q-alternating Schroder
trees leads to the following description. The free ©-associative algebra over one generator,
where O is a forest poset, has ASchr(Q) as underlying vector space and is endowed with
linear operations

xq : ASchr(Q) ® ASchr(Q) — ASchr(Q), ae€q, (2.2.31)
satisfying for all Q-alternating Schroder trees s and t,
5%q t = (4 0pt) of 5. (2.2.32)

In an alternative way, s %4 t is the Q-alternating Schrdder obtained by considering the normal
form by ~~ of the tree obtained by grafting s and t respectively as left and right child of a
binary corolla labeled by a.
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Let us provide examples of computations in the free Q-associative algebra over one
generator where @ is the forest poset
@R 6
O:=0 B . (2.2.33)
®

ﬁp\: *1 K@R = % (2.2.34a)

We have

E}ID\J o %@R _ (2.2.34b)
}?}@\: . KK@R _ (2.2.34¢)
E(C?}@\: . E(@{@}@\J _ (2.2.34d)

(2.234e)

e = g "
2.3. Koszul dual. We now establish a first presentation for the Koszul dual As(Q)' of
As(Q) where Q is a poset (and not necessarily a forest poset) and provide moreover a second

presentation of As(Q)' when Q is a forest poset. This second presentation of As(Q)' is simpler
than the first one and it shall be considered in the next section.

2.3.1. Presentation by generators and relations.

PRrOPOSITION 2.3.1. Let Q be a poset. Then, the Koszul dual As(Q)' of As(Q) admits the
presentation (&, Rj) where

6= 0652):= {*q:a € O}, (2.3.1)
and R is the subspace of FO (&) generated by
© (*a) 01 © (*q) — © (*a) 02 © (*q)
+ Z (© (*p) 01 @ (*q) + © (*q) 01 @ (*p) — @ (*p) 02 ® (*q) — @ (*q) 02 ® (*p)) , aeq,

beQ
(l-<@b

(2.3.2a)
® (*¢) 01 ® (*q), c,deQandc kgod and d %qg ¢, (2.3.2b)
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® (*¢) 09 ® (*q), c,deQandc ¥od and d g c. (2.3.2¢)

PRrOPOSITION 2.3.2. Let Q be a poset. Then, the dimension of the space @é of relations
of As(Q)' satisfies

dim R = 2 (#0)? + 3#0 — 4int(Q). (2.3.3)
Observe that, by Propositions 1.2.1 and 2.3.2, we have
dim R} + dim R = 4int(Q) — 3#0 + 2 (#0Q)? + 3#0Q — 4int(Q)
= 2(#0)? (2.3.4)
= dim FO(&)(3),
as expected by Koszul duality.

2.3.2. Alternative presentation. For any element a of a poset Q (not necessarily a forest
poset just now), let A, be the element of As(Q)'(2) defined by

A = Z *b. (2.3.5)

beQ
a<gb

We denote by QSQA the set of all A, a € Q. By triangularity, the family QS@A forms a basis of
As(0Q)'(2) and hence, generates As(Q)'. Consider for instance the poset

(2)
Q= B ®. (2.3.6)

®

The elements of QSQA then express as

Ay = * + *3, (2.3.7a)
Ny = g + *3 + ¥4 + *5, (2.3.7b)
Az = %3, (2.3.7¢)
Ay = %, + *s5, (2.3.7d)
A5 = *5. (2.3.7€)

PRrOPOSITION 2.3.3. Let Q be a forest poset. Then, the operad As(Q)' admits the presen-
tation (Qﬁ(%, %@) where R is the subspace of FO (6@) generated by

® (Aa> 01 ® (Aa> -© (Aa> 09 ® (Aa> , aeq, (2.3.8a)
©(Ac)or@(Ad), cdeQandckodandd koc, (2.3.8b)

® (Ac) 03 ® (Ad> ., c,dc@andc Kod and d £ c. (2.3.8¢)
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By considering the presentation of As(Q)' furnished by Proposition 2.3.3 when Q is a
forest poset, we obtain by Koszul duality a new presentation ((’5@, %@) for As(Q) where the
set of generators 66 is defined by

5 1= 65(2) 1= {Aq:a € O}, (2.3.9)

and the space of relations g{@ is generated by

® (Dg) 01 ® (D) =@ (Ag) 02 @(Dg), acQ, (2.3.10a)
® (Aq) 01 © (Ap), a,beQand (a <gborb<ga), (2.3.10Db)
©® (Aq) 02 © (Ap), a,bcQand (a <g b or b <g a). (2.3.10c)

2.3.3. Example. 7To end this section, let us give a complete example of the spaces of
relations R, Ry, R, and RE of the operads As(Q) and As(Q) where Q is the forest poset

Q:= @@\@ (2.3.11)

First, by definition of As and by Lemma 1.1.1, the generators of & are subjected to the
relations

%1 O1 k1 = k| O X9 = *9 Of k%1 = *q Of *3 = %3 O *q

= %5 09 %| = *{ Og x5 = *p Og | = *{ Og %9 = *{ Og *1, (2:3.42a)
*9 Ofkg = %g Og *g, (2.3.12Db)
%3 O%3 = %3 Og *3. (2.3.12¢)
This describes Ry,
By Proposition 2.3.1, the generators of &}, are subjected to the relations
*1 04 %1 + %1 01 X9 + %2 04 Jii + ;i1 04 ;is + Jis o1 ;ii S 2.3.15a)
= %3 09 X1 + *q Og *3 + *9 Og k1 + *q Og %9 + *{ O9 *q,
*9 04 %9 = %9 Og %9, (2.3.13b)
*3 04 *3 = %3 Og *3, (2.3.13c¢)
X9 01 %3 = %3 01 *g = %3 09 *g = %9 0g *3 = (. (2.3.13d)
This describes R},.
By Proposition 2.3.3, the generators of Qﬁ@A are subjected to the relations
Aroy Ay = Dpog Ny, (2.3.144a)
Ngoy Ny = Ngog Ny, (2.3.14b)
Az 01 As = ANsoy N, (2.3.14c¢)
DNg oy Nz =Nz01 DNy = Nz09 DNy = DNgoyg Nz =0. (2.3.14d)

This describes %@.
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Finally, by the observation established at the end of Section 2.3.2, the generators of (’56
are subjected to the relations

VAVISTIVAVIE WAV WAVE (2.3.15a)
Do oy Dy = Dy oy D, (2.3.15b)
Az o1 As = Az 09 A3, (2.3.15¢)

ANpor Dy =Dgor LNy = Doy Dz =Nz 01 L\

(2.3.15d)
= A302A1 = Al 02A3 = A202A1 = Ai OQAQ = 0.

This describes R.

3. Thin forest posets and Koszul duality

As we have seen in Section 2, certain properties satisfied by the poset Q imply properties
for the operad As(Q). In this section, we show that when Q is a forest poset with an extra
condition, the Koszul dual As(Q)' of As(Q) can be constructed via the construction As.

3.1. Thin forest posets. A subclass of the class of forest posets, whose elements are
called thin forest posets, is described here. We also define an involution on these posets that
is linked, as we shall see later, to Koszul duality of the concerned operads.

3.1.1. Description. A thin forest poset is a forest poset avoiding the pattern 8 8 (see
Section 1.3.2 of Chapter 1 for the definition of pattern avoidance in posets). In other words,
a thin forest poset is a poset so that the nonplanar rooted tree t obtained by adding a (new)
root to the Hasse diagram of Q has the following property. Any node x of t has at most one
child y such that the suffix subtree of t rooted at y has two nodes or more. For instance,
Figure 6.1a shows a thin forest poset, while Figure 6.2 shows a forest poset that does not
satisfies the described property.

© O O
® ©®
®
™)
® @ W
1)

(B) A standardly labeled thin
forest poset.

(a) A thin forest poset.

FiGURE 6.1. Hasse diagrams of a thin forest poset and a standardly labeled version.

A standard labeling of a thin forest poset Q consists in labeling the vertices of the Hasse
diagram of Q from 1 to #Q in the order they appear in a depth first traversal, by always
visiting in a same sibling the node with the biggest subtree as last. For instance, a standard
labeling of the poset of Figure 6.1a is the poset shown in Figure 6.1b. In what follows, we
shall consider only standardly labeled thin forest posets and we shall identify any element x
of a thin forest posets Q as the label of x in a standard labeling of Q. Moreover, we shall see
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FiGURE 6.2. The Hasse diagram of a forest poset which is not a thin forest
poset. Indeed, the node x has two children y; and y, such that the suffix
subtrees rooted at y; and y, have both two nodes or more.

thin forest posets as forests of nonplanar rooted trees, obtained by considering the Hasse
diagrams of these posets.

Thin forest posets admit the following recursive description. If Q is a thin forest poset,
then Q is the empty forest @, or it is the forest

o (3.1.1)

consisting in the tree of one node O (labeled by 1) and a thin forest poset (', or it is the forest
? 3.1.2

o (3.1.2)

consisting in one root (labeled by 1) attached to the roots of the trees of the thin forest
poset . Therefore, there are 2"~! thin forest posets of size n > 1.

3.1.2. Duality. Given a thin forest poset O, the dual of Q is the poset O+ such that, for
alla,b € O, a <o: b if and only if a = b or a and b are incomparable in Q and a < b (for
the natural order on the labels a and b that are integers). For instance, consider the poset

® ®
0 .4\: 0. (3.1.3)
®

Since 1 X9 2,1 X0 3, 1 Ko 4 1 %05, 1 %06, 3 K0 4 3 %05 3 %0 6, 4 0 5, 4 %o 6, in the
dual Q' of QO we have 1 Kt 21 <0031 <0t 4 1<0:51=<06 3<x0t43<0:5 306,
4 <0 5, 4 <g 6 and hence,

(0

1_® ©®
=" = (3.1.4)

®®

Observe that this operation * is an involution on thin forest posets.

We now state two lemmas about thin forest posets and the operation *.

LEMMA 3.1.1. Let Q be a thin forest poset. The dual O+ of Q admits the following
recursive expression:

(i) if Q is the empty forest §J, then
0t =0 (3.1.5)
(ii) if Q is of the form Q = O Q" where Q' is a thin forest poset, then

?

(o (i)’)l = ot

(3.1.6)
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(iii) otherwise, Q is of the form Q = g where Q' is a thin forest poset, and then

< ? > _o@™t (3.1.7)

@/

LemMA 3.1.2. Let Q be a thin forest poset. Then, the number of intervals of Q and the
number of intervals of its dual are related by

(#0Q)? + 3#Q
—

3.2. Koszul duality and poset duality. By defining here an alternative basis for As(Q)
when Q is a thin forest poset, we show that the construction As is closed under Koszul duality
on thin forest posets. More precisely, we show that As(Q)' and As(Q') are two isomorphic
operads.

int(Q) + int (Q*) = (3.1.8)

3.2.1. Alternative basis. Let Q be a thin forest poset. For any element b of Q, let [J;, be
the element of As(Q)'(2) defined by

Op := Z Ag. (3.2.1)

acQt
a<oLb

We denote by 65‘ the set of all Eb, b € 0. By triangularity, the family Qﬁ‘j forms a basis of
As(Q)'(2) and hence, generates As(Q)'. Consider for instance the thin forest poset

Q (3.2.2)
The dual poset of Q is
®
(2)
= 3.2.3
& B (3.2.3)
® ©
and hence, the elements of Qﬁg express as
=Ny, (3.2.4a)
Op = A&y + Ay, (3.2.4b)
|j3 = A1 + Ag + A3, (3.2.4(1)
|j4 = Ai + AQ + Az,, (324(1)
|j5 = A1 + AQ + A[, + A5, (3246)
[jﬁ = Ai + AQ + A4 + AG. (324f)

LEMMA 3.2.1. Let Q be a thin forest poset. Then, the dimension of the space Ry, of
relations of As(Q') and the dimension of the space %@ of relations of As(Q)' are related by

dim R, = 4int (Q") — 3#Q = dim Ry, (3.2.5)
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3.2.2. Isomorphism.

THEOREM 3.2.2. Let Q be a thin forest poset. Then, the map ¢ : As(Q*) — As(Q)' defined
for any a € @+ by ¢(x4) := O, extends in a unique way to an isomorphism of operads.

PROOE. Let us denote by %g' the space of relations of As(Q)', expressed on the generating
family 68. This space is the same as the space g%(A described by Proposition 2.3.3. Let us
exhibit a generating family of %g as a vector space. For this, let a and b be two elements
of Q* such that a <. b. We have, by using (3.2.1),

Oaot Oy ~Caoglla= Y. (Aa,oiAb,>— Y (AQ,OQAQ,,)

a’,b'e@t a’,a’eQt

a'sgLa a'sgLa

b'<gLb a’xgLa

o L (3.2.6)

-y <Aa,oi Aa) - Y <Aa,02Aa,

a’'e@t a’'e@t

a’;<@¢a a,'\<aia
= 0.

Indeed the second equality of (3.2.6) comes, by Proposition 2.3.3, from the presence of the
elements (2.3.8b) and (2.3.8¢) in RS, together with the fact that for all comparable elements
a’ and b’ in O, the fact that a’ <g: a, b’ <g. b, and a <¢: b implies that a’ = b’. Besides, the
last equality of (3.2.6) comes, by Proposition 2.3.3, from the presence of the elements (2.3.8a)
in %@. Similar arguments show that

ljb o1 Ija — |ja 09 lja =0, (327&)
|ja Oq |ja - Eb O9 E]a = 0, (3271))
|ja [oJ] Ija - Ela O9 Ijb = 0. (327C)

We then have shown that the elements

Oa 01 Oy = Oagy, b 02 Oty b a,be @ and (a <o. b or b <o a), (3.2.8a)

Oaty.b 01 Dapg b — Ha 02 Db, a,b e Q" and (a <o: b or b <! a). (3.2.8b)

are in gg@A. It is immediate that the family consisting in the elements (3.2.8a) and (3.2.8b)
is free. We denote by R the vector space generated by this family. By using the same
arguments as the ones used in the proof of Proposition 1.2.1, we obtain that the dimension
of R is

dim® = 4int (Q*) - 3#Q". (3.2.9)
Now, by Lemma 3.2.1, we deduce that dim R = dim QR(B = dim %@A, implying that ® and QR@A
are equal.

Therefore, the family of the Qﬁ@'j generating As(Q)' is subjected to the same relations as the
family of the &}, generating As(Q*) (compare (3.2.8a) with (1.1.2a) and (3.2.8b) with (1.1.2b)).
Whence the statement of the theorem. O
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The isomorphism ¢ between As(Q+) and As(Q)' provided by Theorem 3.2.2 can be ex-
pressed from the generating family &}, of As(Q*) to the generating family &, of As(Q)', for

any b € O, as

-Y Y

ac@t ceq
asfgLb asec

For instance, by considering the pair of thin forest posets in duality

o0 § 3
(@.0%) - O &
®
& ®

the map ¢ : As(Q*) — As(Q)' defined in the statement of Theorem 3.2.2 satisfies
Plx1) = *1,
Plxo) = *1 + *g,
O(x3) = *1 + *o + *3 + X4 + *5 + *g,
Plxs) = *1 + %3 + %y,
Plx5) = *1 + *o + *4 + *5 + *e,
Plxe6) = *1 + *3 + *; + *e.

Moreover, by considering the opposite pair of thin posets forests in duality

s *" %)
(0,0%) = oI6,
®®

the map ¢ : As(Q') — As(Q)' defined in the statement of Theorem 3.2.2 satisfies
D(*1) = ¥ + *g + *3 4+ *, + *5 + *¢,
O(xg) = *g + *3 + *4 + *5 + *g,
Plxs) = *3,
P(xs) = *5 + ¥4 + *5 + %,
Plx5) = *3 + *s5,

¢(x6) = *3 + *5 + *¢.

(3.2.10)

(3.2.11)

(3.2.12a)

(3.2.12b)
(3.212¢)
(3.2.12d)
(3.2.12€)

(3.2.12f)

(3.2.13)

(3.2.14a)

(3.2.14b)
(3.2.14c¢)
(3.2.14d)
(3.2.14e)

(3.2.14f)

Notice also that since the dual of the total order © on a set of ¢ > 0 elements is the trivial

order Q! on the same set, by Theorem 3.2.2, As(Q) is the Koszul dual of As(Q4).

This is

coherent with the results of Section 5 of Chapter 5 about the multiassociative operad (equal

to As(Q)) and the dual multiassociative operad (equal to As(Q+1)).
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Concluding remarks

Through this chapter, we have presented a functorial construction As from posets to
operads establishing a link between the two underlying categories. The operads obtained
through this construction generalize the (dual) multiassociative operads. As we have seen,
some combinatorial properties of the starting posets Q imply properties on the obtained
operads As(Q) as, among others, basicity and Koszulity.

This work raises several questions. We have presented two classes of Q-associative
algebras: the free Q-associative algebras over one generator where Q are forest posets and
a polynomial algebra involving the antichains of a poset Q. The question to characterize
free Q-associative algebras over one generator with no assumption on Q is open. Also, the
question to define some other interesting 9-associative algebras has not been considered in
this work and deserves to be addressed.

Besides, we have shown that when Q is a forest poset, As(Q) is Koszul. The property of
being a forest poset for Q is only a sufficient condition for the Koszulity of As(Q) and the
question to find a necessary condition is worthwhile. Notice that the strategy to prove the
Koszulity of an operad by the partition poset method [MY91,Val07] (see also [LV12]) cannot
be applied to our context. Indeed, this strategy applies only to basic operads and we have
shown that almost all operads As(Q) are not basic.






CHAPTER 7

Operads of decorated cliques

The content of this chapter comes from [Girl17b, Gir17a].

Introduction

Regular polygons endowed with configurations of diagonals are very classical combina-
torial objects. Up to some restrictions or enrichments, sets defined on these polygons can
be put in bijection with several combinatorial families. For instance, it is well-known that
triangulations [DLRS10], forming a particular subset of the set of all polygons, are in one-
to-one correspondence with binary trees, and a lot of structures and operations on binary
trees translate nicely on triangulations. Indeed, among others, the rotation operation on
binary trees [Knu98] is the covering relation of the Tamari order [Tam62, HT72] (see also
Section 1.3.3 of Chapter 1) and this operation translates as a diagonal flip in triangulations.
Also, noncrossing configurations [FN99] form another interesting subfamily of such poly-
gons. Natural generalizations of noncrossing configurations consist in allowing, with more
or less restrictions, some crossing diagonals. One of these families is formed by the multi-
triangulations [CP92], that are polygons wherein the number of mutually crossing diagonal
is bounded. Besides, let us emphasize that the class of combinatorial objects in bijection with
sets of polygons with configurations of diagonals is large enough in order to contain, among
others, dissections of polygons, noncrossing partitions, permutations, and involutions.

The purpose of this work is twofold. First, we are concerned in endowing the linear
span of the polygons with configurations of arcs with a structure of an operad. This is
justified by the preliminary observation that most of the subfamilies of polygons endowed
with configurations of diagonals discussed above are stable for several natural composition
operations. Ewven better, some of these can be described as the closure with respect to
these composition operations of small sets of polygons. For this reason, operads are very
promising candidates, among the modern algebraic structures, to study such objects under
an algebraic and combinatorial flavor. This leads to see these objects under a new light,
stressing some of their combinatorial and algebraic properties. Second, we would provide
a general construction of operads of polygons rich enough so that it includes some already
known operads. As a consequence, we obtain alternative definitions of existing operads and
new interpretations of these.

For this aim, we work here with Jff-decorated cliques (or Jf-cliques for short), that are
complete graphs whose arcs are labeled on Jf, where Jf is a unitary magma. These objects
are natural generalizations of polygons with configurations of arcs since the arcs of any
J-clique labeled by the unit of Jf are considered as missing. The elements of Jf different

211
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from the unit allow moreover to handle polygons with arcs of different colors. For instance,
each usual noncrossing configuration ¢ can be encoded by an Ny-clique p, where Ny is the
cyclic additive unitary magma Z/y7, wherein each arc labeled by 1 € Ny, in p denotes the
presence of the same arc in ¢, and each arc labeled by 0 € N, in p denotes its absence in c.
Our construction is materialized by a functor C from the category of unitary magmas to the
category of operads. It builds, from any unitary magma Jf, an operad C L on Jf-cliques.
The partial composition po; q of two Jf-cliques p and q of CUf consists in gluing the ith edge
of p (with respect to a precise indexation) and a special arc of g, called the base, together
to form a new Jf-clique. The magmatic operation of Jf explains how to relabel the two
overlapping arcs.

This operad CJf has a lot of properties, which can be apprehended both under a com-
binatorial and an algebraic point of view. First, many families of particular polygons with
configurations of arcs form quotients or suboperads of CJf. We can for instance control
the degrees of the vertices or the crossings between diagonals to obtain new operads. We
can also forbid all diagonals, or some labels for the diagonals or the edges, or all nestings of
diagonals, or even all cycles formed by arcs. All these combinatorial particularities and re-
strictions on Jf-cliques behave well algebraically. Moreover, by using the fact that the direct
sum of two ideals of an operad O is still an ideal of O, these constructions can be mixed to
get even more operads. For instance, it is well-known that Motzkin configurations, that are
polygons with disjoint noncrossing diagonals, are enumerated by Motzkin numbers [Mot48].
Since a Motzkin configuration can be encoded by an Jf-clique where all vertices are of de-
grees at most 1 and no diagonal crosses another one, we obtain an operad Mot JJf on colored
Motzkin configurations which is both a quotient of Deg, Jf, the quotient of CJf consisting
in all Jf-cliques such that all vertices are of degrees at most 1, and of NC_Jf, the quotient
(and suboperad) of Cf consisting in all noncrossing Jf-cliques. We also get quotients of
CJr involving, among others, Schrdder trees, forests of paths, forests of trees, dissections
of polygons, Lucas configurations, with colored versions for each of these. This leads to a
new hierarchy of operads, wherein links between its components appear as surjective or
injective operad morphisms. Table 7.1 lists the main operads constructed in this work and
gathers some information about these.

One of the most notable of these substructures is built by considering the Dy-cliques
that have vertices of degrees at most 1, where Dy is the multiplicative unitary magma on
{0,1}. This is in fact the quotient Deg;Dy of CDy and involves involutions (or equivalently,
standard Young tableaux by the Robinson-Schensted correspondence [Sch61, Lot02]). To
the best of our knowledge, Deg Dy is the first nontrivial operad on these objects. As an
important remark at this stage, let us highlight that when Jf is nontrivial, Cf is not a
binary operad. Indeed, all its minimal generating sets are infinite and its generators have
arbitrary high arities. Nevertheless, the biggest binary suboperad of CJf is the operad
NC UL of noncrossing configurations and this operad is quadratic and Koszul, regardless of
M. Furthermore, the construction C maintains some links with the operad RatFct of rational
functions introduced by Loday [Lod10] (see also Section 4.2.4 of Chapter 2). In fact, provided
that JI satisfies some conditions, each Jf-clique encodes a rational function. This defines
an operad morphism from CJf to RatFct. Moreover, the construction C allows to construct
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Operad Objects Status with respect to CJf Place
CJur Ji-cliques — Section 1
LabgppJL | M-cliques with restricted labels Suboperad Section 2.1.1
Whi g White Jf-cliques Suboperad Section 2.1.2

Crop M1 | J-cliques of crossings at most k | Suboperad and quotient | Section 2.1.3

BubJut J1-bubbles Quotient Section 2.1.4
Deg, W1 Ji-cliques of degrees at most k Quotient Section 2.1.5
Nes 1 Nesting-free Jf-cliques Quotient Section 2.1.6
AcyJIf Acyclic Ji-cliques Quotient Section 2.1.7
NCUr noncrossing Jf-cliques Suboperad and quotient Section 3

TABLE 7.4. The main operads defined in this work. All these operads depend
on a unitary magma Jf which has, in some cases, to satisfy some precise
conditions. Some of these operads depend also on a nonnegative integer k
or subsets B, E, and D of Jf.

already known operads in original ways. For instance, for well-chosen unitary magmas Jf,
the operads C L contain &%, a suboperad of the operad of formal fractions &% [CHN16],
the operad NCT of based noncrossing trees [Cha07,Ler11], and MT and DMT, two operads
respectively defined in [LMN13] and in Chapter 12 that involve multi-tildes and double multi-
tildes, which are operators coming from formal language theory [CCM11]. Moreover, C
provides a construction of BNC, the operad of bicolored noncrossing configurations (see
Chapter 3). For this reason, in particular, all the suboperads of BNC can be obtained from
the construction C. This includes for example the dipterous operad [LR03, Zin12]. The
operads CJf also contains Grav, the gravity operad, a symmetric operad introduced by
Getzler [Get94], seen here as a nonsymmetric one [AP15].

This chapter is organized as follows. In Section 1, we introduce Jf-cliques, the con-
struction C, and study some of its properties. Then, Section 2 is devoted to define several
suboperads and quotients of Cf. This leads to a bunch of new operads on particular Jf-
cliques. We focus next, in Section 3, on the study of the suboperad NC.f of CJf on the
noncrossing Jf-cliques. Among others, we provide a presentation by generators and rela-
tions of NCJZ and of its Koszul dual. Finally, in Section 4, we use the construction C to
provide alternative definitions of some known operads.

Note. This chapter deals onlys with ns operads. For this reason, “operad” means “ns
operad”.
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1. From unitary magmas to operads

We describe in this section our construction from unitary magmas to operads and study
its main algebraic and combinatorial properties.

1.1. Unitary magmas, decorated cliques, and operads. We present here our main
combinatorial objects, the decorated cliques. The construction C, which takes a unitary
magma as input and produces an operad, is defined.

1.1.1. Unitary magmas. Recall first that a unitary magma is a set endowed with a binary
operation x admitting a left and right unit 1 4. For convenience, we denote by Jf the set
JIN\ {1 41 }. To explore some examples in this chapter, we shall mostly consider four sorts of
unitary magmas: the additive unitary magma on all integers denoted by Z, the cyclic additive
unitary magma on Z/yz denoted by Ny, the unitary magma

]D)g = {]l,o,di,...,de} (1.1.1)

where 1 is the unit of D, 0 is absorbing, and d; xd; = O for all i,j € [¢], and the unitary
magma
]Eg:= {]1,61,...,6@} (112)

where 1 is the unit of E; and e; xe; = 1 for all i,j € []. Observe that since
ejx(erxeg) =e1xl =e; Fey=1x%ey=(egxey)*ey, (1.1.3)
all unitary magmas E,, ¢ > 2, are not monoids.

1.1.2. Decorated cliques. An Ji-decorated clique (or an Jf-clique for short) is an -
configuration p (see Section 3.2 of Chapter 1) such that each arc of p has a label. When the
arc (x,y) of p is labeled by an element different from 1 4, we say that the arc (x,y) is solid.
By convention, we require that the Jf-clique o -o of size 1 having its base labeled by 1 y is
the only such object of size 1. The set of all Ji-cliques is denoted by G j.

In our graphical representations, we shall represent any Jf-clique p by following the
drawing conventions of configurations explained in Section 3.2 of Chapter 1 with the differ-
ence that non-solid diagonals are not drawn. For instance,

L3
b ! X (1.1.4)
= 1
Ny

is a Z-clique such that, among others p(1,2) = —1, p(1,5) = 2, p(3,7) = -1, p(5,7) = 1,
p(2,3) = 0 (because 0 is the unit of Z), and p(2,6) = 0 (for the same reason).

Let us now provide some definitions and statistics on Jf-cliques. The underlying configu-
ration of p is the Jf-configuration p of the same size as the one of p and such p(x,y) := p(x,y)
for all solid arcs (x, y) of p, and all other arcs of p are unlabeled. The skelefon, (resp. degree,
crossing) of p is the skeleton (resp. the degree, the crossing) of p. Moreover, p is nesting-
free, (resp. acyclic, white, an Ji-bubble, an Ji-triangle), if p is nesting-free (resp. acyclic,
white, a bubble, a triangle). The set of all Jf-bubbles (resp. Ji-triangles) is denoted by 9B 4
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(resp. T j). Finally, the border of p is the word bor(p) of length n such that for any i € [n],
bor(p) = pi.

1.1.3. Partial composition of Jf-cliques. From now on, the arity of an Jf-clique p is its
size and is denoted by |p|. For any unitary magma Jf, we define the vector space

CJL = (HCIiln), (1.1.5)
n>1

where Cf(n) is the linear span of all J#f-cliques of arity n, n > 1. The set Gy forms hence
a basis of CJf called fundamental basis. Observe that the space CJ£(1) has dimension 1
since it is the linear span of the Jf-clique o -o. We endow C I with partial composition maps

0; : CH(n) @ CHM(m) - CHM(n + m — 1), n,m>1,i € [n], (1.1.6)

defined linearly, in the fundamental basis, in the following way. Let p and g be two Jf-cliques
of respective arities n and m, and i € [n] be an integer. We set p o; q as the Jf-clique of arity
n + m — 1 such that, for any arc (x,y) where 1 <x <y <n+m,

(p(x, p) if y <1,

plx,y —m +1) ifr<i<i+m<yand (x,y) # (i,i + m),
(posa)(x, 3) := p(x -m+1l,y-m+1) ifi+m<x, N (117)

q( —i+1,y—i+1) ifi<x<y<i+mand (x,y)# (i,i + m),

Pi * qo if (x,y) = (i,i + m),

| 1y otherwise.

We recall that » denotes the operation of Jf and 1 y its unit. In a geometric way, p o; q
is obtained by gluing the base of q onto the ith edge of p, by relabeling the common arcs
between p and g, respectively the arcs (i,i + 1) and (1, m + 1), by p; * qo, and by adding all
required non solid diagonals on the graph thus obtained to become a clique (see Figure 7.1).
For example, in CZ, one has the two partial compositions

VAN o
ipPig i+t Vam < q >3
<( p >> Oi < q >3 = zfg?gwi = i g—Pirdo—p i+m
~ b {o ) _
b

FIGURE 7.1. The partial composition of CJf, described in geometric terms.
Here, p and q are two Jf-cliques. The arity of q is m and i is an integer
between 1 and |p|.

{ _1>~;> o Ixla =t L ,, (1.1.8)
VA R
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/0_2_ R
AN s Ry
{ 5= o v o= 5{1 L (1.1.8b)
1%__0,, PEAN 1 Y

1.1.4. Functorial construction from unitary magmas to operads. If Jf; and ML are two
unitary magmas and 0 : Jf; — Jf, is a unitary magma morphism, we define

CO:CULy — CHly (1.1.9)

as the linear map sending any Jf-clique p of arity n to the Jy-clique (C6)(p) of the same
arity such that, for any arc (x,y) where 1 <x <y <n+1,

((CO)p))(x,¥) := Olp(x,¥)). (1.1.10)

In a geometric way, (C6O)(p) is the Sy-clique obtained by relabeling each arc of p by the
image of its label by 6.

THEOREM 1.1.1. The construction C is a functor from the category of unitary magmas
to the category of operads. Moreover, C respects injections and surjections.

We name the construction C as the clique construction and CJJf as the Ji-clique operad.
Observe that the fundamental basis of CJf is a set-operad basis of CJf. Besides, when Jf is
the trivial unitary magma {1 g4}, CJL is the linear span of all decorated cliques having only
non-solid arcs. Thus, each space CJf(n), n > 1, is of dimension 1 and it follows from the
definition of the partial composition of Cf that this operad is isomorphic to the associative
operad As. The next result shows that the clique construction is compatible with the Cartesian
product of unitary magmas.

ProposiTION 1.1.2. Let M1, and 1, be two unitary magmas. Then, the operads (C 1) (C o)
and C(Jfy x Jy) are isomorphic.

1.2. General properties. We investigate here some properties of clique operads, as their
dimensions, their minimal generating sets, the fact that they admit a cyclic operad structure,
and describe their partial compositions over two alternative bases.

1.2.1. Dimensions and minimal generating set.
ProprosiTION 1.2.1. Let JI be a finite unitary magma. For all n > 2,
dim C#1(n) = m("), (1.2.1)
where m := # L.
From Proposition 1.2.1, the first dimensions of Cf depending on m := #.Jf are

1,1,1,1,1,1,1,1, m=1, (1.2.2a)
1,8, 64,1024, 32768, 2097152, 268435456, 68719476736, m=2, (1.2.2b)

1,27,729,59049, 14348907, 10460353203, 22876792454961,
150094635296999121, m=3, (1.22¢c)
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1,64, 4096, 1048576, 1073741824, 4398046511104, 72057594037927936,
4722366482869645213696, m =4 (1.2.2d)

Except for the first terms, the second one forms Sequence A006125, the third one forms
Sequence A047656, and the last one forms Sequence A053763 of [Slo].

Let &4 be the set of all Jf-cliques p or arity n > 2 such that, for any (non-necessarily
solid) diagonal (x, y) of p, there is at least one solid diagonal (x’,y’) of p such that (x,y) and
(x’,¥') are crossing. We call &y the set of all prime Jf-cliques. Observe that, according to
this description, all Jf-triangles are prime.

ProposiTION 1.2.2. Let JL be a unitary magma. The set Py is a minimal generating
set of CJL.

Computer experiments tell us that, when m := #Jf = 2, the first numbers of prime
M-cliques are, size by size,
0,8,16, 352, 16448, 1380224. (1.2.3)

n+! gince the labels

Moreover, remark that each nth term of this sequence is divisible by m
of the base and the edges of an Jf-clique p have no influence on the fact that p is prime.
This gives the sequence

0,1,1,11,257,10783. (1.2.4)

None of these sequences appear in [Slo] at this time.

1.2.2. Associative elements.

ProposITION 1.2.3. Let Jf be a unitary magma and f be an element of CJ1(2) of the
form
fi= > Mybs (1.2.5)
pPeT
where the A, p € T 4, are coefficients of K. Then, f is associative if and only if

AR A A =0 po. P2, g1, q2 € JL, 6 € JI, (1.2.6a)
praoetr  JL PRt 02
S=p1*qo Lpod Laod
A A pa =2 a2 a =0 popaqe L, (1.2.6b)
P1,q0€I P1 P2 a1 qz2 q1 p1 qo o
predo=1 5 -Po-> Laod Lpod Lgod
A A A A =00 popLande€ LS E L. (1.2.6¢)
P1 P2 q1 gz
el Lpo L

For instance, by Proposition 1.2.3, the binary elements

A
11, 2.7
AN (1.2.7a)

A i f\ A + fp\1 1})\ + 1})\1 'p\1 1R1 (1.2.7b)
Lo Ly LN Ly Loy iy LD o

of CNy are associative.


http://oeis.org/A006125
http://oeis.org/A047656
http://oeis.org/A053763
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1.2.3. Symmetries. Let ret : CJf — CUL be the linear map sending any Jf-clique p of
arity n to the Jf-clique ret(p) of the same arity such that, for any arc (x,y) where 1 < x <
y<n+1,

(ret(p)) (x,y):=pn -y +2,n —x + 2). (1.2.8)
In a geometric way, ret(p) is the Jf-clique obtained by applying on p a reflection trough the
vertical line passing by its base. For instance, one has in CZ,

g -
—)\ . , /\—2

ret c( _12>/3p = =" > (1.2.9)

1 RN
’ \
[ b_-.\_\./

PROPOSITION 1.2.4. Let JI be a unitary magma. Then, the group of symmetries of CJL
contains the map ret and all the maps CH where 6 are unitary magma automorphisms
of JI.

1.2.4. Basic set-operad basis.

ProrosiTiON 1.25. Let Jf be a unitary magma. The fundamental basis of CJL is a
basic set-operad basis if and only if JI is right cancellable.

1.2.5. Cyclic operad structure. Let p : CJL — CUL be the linear map sending any J1-
clique p of arity n to the Jf-clique p(p) of the same arity such that, for any arc (x,y) where
1<x<y<n+1,

Ly+1) ify<n,
px+ly+l) ify<n (1.2.40)

p(1,x +1) otherwise (y = n + 1).

(p(p))(x, 9) := {

In a geometric way, p(p) is the J-clique obtained by applying a rotation of one step of p in
the counterclockwise direction. For instance, one has in CZ,

- - ,p _____
\ .
-2 "

0 (1 = - {2/1_2 ;a (1.2.11)
\l-—o/' \3—1—\/

ProposiTION 1.2.6. Let JI be a unitary magma. The map p is a rotation map of CJL,
endowing this operad with a cyclic operad structure.

1.2.6. Alternative bases. If p and q are two Jl-cliques of the same arity, the Hamming
distance ham(p, q) between p and q is the number of arcs (x,y) such that p(x,y) + q(x,y).
Let <. be the partial order relation on the set of all #f-cliques, where, for any Jf-cliques p
and g, one has p <pe q if q can be obtained from p by replacing some labels 1 y4 of its edges
or its base by other labels of Jf. In the same way, let <4 be the partial order on the same
set where p <4 q if q can be obtained from p by replacing some labels 1 j of its diagonals
by other labels of J1.

For all Jf-cliques p, let the elements of CJf defined by
Hy:= > 9, (1.2.12a)
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and
Kpi= Y (=1)hm®oply, (1.2.12b)
p'EBy
P <ap
For instance, in CZ,
H 4, = ry\h ‘f/\fh y\ + :7\; (1.2.13a)
Q’\/l 2 #} \———dl v v ! /
\\/\2
N oM N ™
K 4, =%f/2\$;’—0-( ?}—T\i 7+ T (1.2.13b)
2 /) v b b d

Since by Mobius inversion (see Proposition 1.3.2 of Chapter 2), one has for any J#f-clique

pl
Z (—1)hamPIH,, = p = Z Ky, (1.2.14)
p'eEGy p'eBGy
p,ﬁbep plﬁdp

by triangularity, the family of all the H,, (resp. K,) forms a basis of CJf called the H-basis
(resp. the K-basis).

If p is an Sf-clique, do(p) (resp. d;(p)) is the Jf-clique obtained by replacing the label of
the base (resp. ith edge) of p by 1 4.

ProposiTiON 1.2.7. Let Jf be a unitary magma. The partial composition of CJL can
be expressed over the H-basis, for any Ji-cliques p and q different from o -- and any valid
integer i, as

Hpoiq + Hdi(P)Oiq + HPOido(q) + Hdi(P)Oido(Q)
Hyo.q + Ha. (p)o;
H, o Hy = poiq di(p)oiq

Hpoiq + Hpoidola)

Hpoiq

if pi # Ly and qo # Ly,
if pi # Ly,
if g0 # Ly,
otherwise.

(1.2.15)

ProposiTION 1.2.8. Let Jf be a unitary magma. The partial composition of CJf can
be expressed over the K-basis, for any Ji-cliques p and q different from o -o and any valid

integer i, as

Ko, if pixqo = 14,
Ko Kq = | P fpixao =L (1.2.16)
Kpoiq + Ka(pjoidotq) Otherwise.
For instance, in CZ,
H — —1—0 92 HQ—i_ =H o—1— +2H o—1 —f +H o—1 — y (1.2.173)
?\2 1 i _1/5) ,'/ —1ﬁ\\ ,’/ 1/\\ ,’/ -1 N
boN L %—1 o /S L—1—
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Kt 0o Koy =K oy (1.2.47b)
[5\2 i i */i) 2 71/1\\
5_-_\'3 Y 1—s d\'\<2 1f
\;_-X{
and in Dy,
He ¢ ooHo o =3H . +H g (1.2.18a)
(i\di ) i 0/? /. Oﬁ\\\ N 0/ N\,
b - _Na ﬁo—é ﬁo Of O/\_\<d1 Of
RSV RS
Ke 0o Koo =K oo +K oo (1.2.18b)
?\d1 I i /EP 3 Oﬁ\\\ s 0/ N
JOS £ 0—b N dlo 0 d\_\<d1 Of
N R

1.2.7. Rational functions. We develop here a link between CJf and the operad RatFct
of rational functions introduced by Loday [Lod10] (see also Section 4.2.4 of Chapter 2).

Let us assume that Jf is a Z-graded unitary magma, that is a unitary magma such that
there exists a unitary magma morphism 0 : #f — Z. We say that 6 is a rank function of 1.
In this context, let

Fy : CUL — RatFct (1.2.19)
be the linear map defined, for any Jf-clique p, by
Folp):= [ ] (ue o +uym)™® (1.2.20)
(x,y)e Ay

For instance, by considering the unitary magma Z together with its identity map Id as rank
function, one has

2 5
_ (w +up +us +uy)” (U + U + Uz + Uy + Us + Us) i (1.2.01)

Fiq 2
uy (us + uy + us + ug)” (Us + Ug)

THEOREM 1.2.9. Let JI be a Z-graded unitary magma and 6 be a rank function of Jf.
The map Fy is an operad morphism from CJf to RatFct.

The operad morphism Fy is not injective. Indeed, by considering the magma Z together
with its identity map Id as rank function, one one has for instance

Fia < ,’R\ - 1R‘\ - ,’p\1 > =(ug +ug) —ug —uy =0, (1.2.22a)
—1-> Lo £--D
o——-1—0 - — — — - o ——1—0
i i i ! 1 1 1
O ( E A S AR - - ~0.  (1.2.29b)
R N IS AN upus  (ug + usjus  up(up + us)

ProposiTioN 1.2.10. The subspace of RatFct of all Laurent polynomials on U is the
image by Fiq : CZ — RatFct of the subspace of CZ consisting in the linear span of all
Z-bubbles.
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On each homogeneous subspace CZ(n) of the elements of arity n > 1 of CJ4, let the
product

*: CUL(n) ® CHL(n) - CHL(n) (1.2.23)
defined linearly, for each Jf-cliques p and q of CJ%(n), by
(p*q)x,y) :=p(x,9) * q(x,¥), (1.2.24)

where (x,y) is any arc such that 1 < x < y < n + 1. For instance, in CZ,
o—1 —1— —0—
,’, 27 \ 3;) . / K 3)) Zf\\
~ ;o 4/ G s 4\?1_17). (1.2.25)
) 4 VARY

ProrosiTiON 1.2.11. Let JI be a Z-graded unitary magma and 6 be a rank function
of JI. For any homogeneous elements f and g of CJf of the same arity,

Fo(f)Fo(g) = Folf x g). (1.2.26)
ProposiTION 1.2.12. Let p be an Jf-clique of CZ. Then,
1
= F((C , 1.2.27
Foy = FuallCrl) (1.227)
where 1 :Z — 7 is the unitary magma morphism defined by n(x) := —x for all x € Z.

2. Quotients and suboperads

We define here quotients and suboperads of Cf, leading to the construction of some
new operads involving various combinatorial objects which are, basically, Jf-cliques with
some restrictions.

2.1. Main substructures. Most of the natural subfamilies of Jf-cliques that can be de-
scribed by simple combinatorial properties as Jf-cliques with restrained labels for the bases,
edges, and diagonals, white Jf-cliques, Jf-cliques with a fixed maximal value for their cross-
ings, Jf-bubbles, Jf-cliques with a fixed maximal value for their degrees, nesting-free J1-
cliques, and acyclic Jf-cliques inherit the algebraic structure of operad of Cf and form
quotients and suboperads of Cf. We construct and briefly study here these main substruc-
tures of CJIL.

2.1.1. Restricting the labels. In what follows, if X and Y are two subsets of Jf, X x Y
denotes the set {xxy:x € Xandy € Y]

Let B, E, and D be three subsets of Jf and Labg g p I be the subspace of CJf generated
by all Jff-cliques p such that the bases of p are labeled on B, all edges of p are labeled on E,
and all diagonals of p are labeled on D.

ProposiTiON 2.1.1. Let Jf be a unitary magma and B, E, and D be three subsets of
M IflyeB 1yeD, and ExB C D, Labggp M is a suboperad of CJL.
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PROPOSITION 2.1.2. Let Jf be a unitary magma and B, E, and D be three finite subsets
of JI. For alln > 2,

dim Labg g pJL(n) = be"d"+1n-2/12, (2.1.1)
where b := #B, e := #E, and d := #D.

2.1.2. White cliques. Let WhiJf be the subspace of CJf generated by all white -
cliques. Since, by definition of white Jf-cliques,

Whi g = Lab{]lﬂ},{nﬂ},ﬂjﬂ, (2.1.2)

by Proposition 2.1.1, WhiJJf is a suboperad of CJf. It follows from Proposition 2.1.2 that
when J1 is finite, the dimensions of WhiJf satisfy, for any n > 2,

dim WhiZ(n) = mn+1n-2/2, (2.1.3)
where m = # 1.

2.1.3. Restricting the crossings. Let k > 0 be an integer and Rcyo, sz be the subspace of
CJI generated by all #f-cliques p such that cros(p) > k + 1. As a quotient of graded vector
spaces,

CropJf := CHM/ge,, (2.1.4)

is the linear span of all Jf-cliques p such that cros(p) < k.

PropOSITION 2.1.3. Let JI be a unitary magma and k > 0 be an integer. Then, the
space Cro, 1 is both a quotient and a suboperad of C 1.

For instance, in the operad Cro,Z, we have

! _ Z - 215
\MQ 3 2 %2___1 l\ 1 ( )

When 0 < k' < k are integers, by Proposition 2.1.3, Crop#f and Crop Jf are both
quotients and suboperads of Cf. First, since any Jf-clique of Crop Jf is also an Jf-clique
of Crop 1, Crop Y is a suboperad of Crop Jf. Second, since Reyo, 51 is @ subspace of Rero,, 41,
Croyp J1 is a quotient of Croy J1.

Remark that CrogJJf is the linear span of all noncrossing Jf-cliques. We can see these
objects as noncrossing configurations [FN99] where the edges and bases are colored by
elements of Jf and the diagonals, by elements of . The operad CrooJf has a lot of
properties and will be studied in details in Section 3.

2.1.4. Bubbles. Let Rpyp 5y be the subspace of C I generated by all Jf-cliques that are
not bubbles. As a quotient of graded vector spaces,

BubJf := CHl/g,, , (2.1.6)
Bub. Jf

is the linear span of all Jf-bubbles.
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PROPOSITION 2.1.4. Let Jf be a unitary magma. Then, the space Bub gy is a quotient
operad of CJIL.

For instance, in the operad BubZ, we have

a
P -2 ¥ A A

Yos!| |- Tl
4 J o3 1= ) (2.1.7a) « 2303: i=o, (2.1.7b)

S .J 6—1—0 \ 9
When J1 is finite, the dimensions of BubJf satisfy, for any n > 2,
dim BubJt(n) = m"*?, (2.1.8)
where m := # 1.

2.1.5. Restricting the degrees. Let k > 0 be an integer and Rpeg, 5z be the subspace of
CJf generated by all Jf-cliques p such that degr(p) > k + 1. As a quotient of graded vector
spaces,

DegyJL := CIL/@yyeq, (2.1.9)

is the linear span of all #f-cliques p such that degr(p) < k.

ProposiTION 2.1.5. Let Jf be a unitary magma without nontrivial unit divisors and
k > 0 be an integer. Then, the space Deg, JI is a quotient operad of CJL.

For instance, in the operad DegsD, (observe that Dy is a unitary magma without nontrivial
unit divisors), we have

L0
dp o - - -0 ) d A
T T op a0 = | oﬁ?\ (2.1.10a) N S
\‘ : y 1. &d }) ! I _
gf’ﬁ o Ty, ) \ g)ﬂ) 5 [0 =0 (2.1.10b)

When 0 < k' < k are integers, by Proposition 2.1.5, Deg, Jf and Deg, Jf are both
quotients operads of CJf. Moreover, since Rpeg, sz is a subspace of Rpeg,, g1, Degy I is a
quotient operad of Deg, J1.

Observe that Deg, 1 is the linear span of all Jf-cliques without solid arcs. If p and q are
such Jf-cliques, all partial compositions p o; g are equal to the unique Jf-clique without solid
arcs of arity |p| + |q] — 1. For this reason, Deg, /1 is the associative operad As.

Any skeleton of an Jf-clique of arity n of Deg, Jf can be seen as a partition of the set
[n + 1] in singletons or pairs. Therefore, Deg,; Jf can be seen as an operad on such colored
partitions, where each pair of the partitions have one color among the set JJf. In the operad
Deg; Dy (observe that Dy is the only unitary magma without nontrivial unit divisors on two
elements), one has for instance

PR A

a - ~, SN S

AN ) 0 e N

0T 1 = '?ZO L, (2441a) o Tos o =0 (2441D)
Y K (lf_O__O\,') d( —' %

R 0
}/_—-d \\C/ 7
A1
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By seeing each solid arc (x, y) of an Jf-clique p of Deg Dy of arity n as the transposition
exchanging the letter x and the letter y, we can interpret p as an involution of &,.1 made
of the product of these transpositions. Hence, Deg,;Dy can be seen as an operad on involu-
tions. Under this point of view, the partial compositions (2.1.11a) and (2.1.11b) translate on
permutations as

42315 0, 3412 = 6452317, (2.1.12a) 42315 05 3412 = 0. (2.1.12b)

Equivalently, by the Robinson-Schensted correspondence (see for instance [Sch61, Lot02]),
Deg Dy is an operad of standard Young tableaux. The dimensions of Deg;Dy operad begin
by

1,4,10, 26,76, 232, 764, 2620, (2.1.13)

and form, except for the first terms, Sequence A000085 of [Slo]. Moreover, when #Jf = 3,
the dimensions of Deg, JI begin by

1,7,25,81,331,1303,5937, 26785, (2.1.14)
and form, except for the first terms, Sequence A047974 of [Slo].

Besides, any skeleton of an Jf-clique of Deg, I can be seen as a thunderstorm graph,
i.e., a graph where connected components are cycles or paths. Therefore, Deg, Jf can be
seen as an operad on such colored graphs, where the arcs of the graphs have one color
among the set Jf. When # 1 = 2, the dimensions of this operad begin by

1,8, 41,253,1858, 15796, 152219, 1638323, (2.1.15)
and form, except for the first terms, Sequence A136281 of [Slo].

2.1.6. Nesting-free cliques. Let Ryes sz be the subspace of C L generated by all Jf-cliques
that are not nesting-free. As a quotient of graded vector spaces,

NesJf := C /gy, (2.1.16)

is the linear span of all nesting-free Jf-cliques.

PRroOPOSITION 2.1.6. Let JI be a unitary magma without nontrivial unit divisors. Then,
the space Nes I is a quotient operad of C L.

For instance, in the operad NesDy,,

oy T 5(1 \?0 T 0
R di7 o4 d = , 1. . < —0—%
A oed )8 (2.1.17a) @dﬁj% 4y ' =0. (2.1.17b)
\ N Oo-=-=--0 v 0 p ] 1
¥--4 \ , V0 I L
S—t ¥--4

Remark that in the same way as considering Jf-cliques of crossings no greater than
k leads to quotients Crop ML of CJL (see Section 2.1.3), it is possible to define analogous
quotients Nes, I spanned by Jf-cliques having solid arcs that nest at most k other ones.


http://oeis.org/A000085
http://oeis.org/A047974
http://oeis.org/A136281
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PRroposITION 2.1.7. Let Jf be a finite unitary magma without nontrivial unit divisors.
Foralln > 2,
dim NesJf(n) = Z (m — 1)k nar(n + 2, k), (2.1.18)
0<k<n

where m := # 1.

In the statement of Proposition 2.1.7, nar(n, k) is a Narayana number whose definition is
recalled in Section 2.2.3 of Chapter 1.

The skeletons of the Jf-cliques of NesJJf of arities greater than 1 are the graphs such
that, if {x,y} and {x',y'} are two arcs such that x < x' < 9’ < y,thenx = x"and y = y'.
Therefore, NesJf can be seen as an operad on such colored graphs, where the arcs of the
graphs have one color among the set Jf.

By Proposition 2.1.7, when #Jf = 2, the dimensions of NesJJf begin by
1,5,14, 42,132, 429,1430, 4862, (2.1.19)

and form, except for the first terms, Sequence A000108 of [Slo]. When #Jf = 3, the
dimensions of NesJf begin by

1,11, 45,197,903, 4279, 20793, 103049, (2.1.20)

and form, except for the first terms, Sequence A001003 of [Slo]. When #Jf = 4, the
dimensions of NesJf begin by

1,19, 100, 562, 3304, 20071, 124996, 793774, (2.1.21)
and form, except for the first terms, Sequence A007564 of [Slo].

2.1.7. Acyclic decorated cliques. Let Racy iy be the subspace of CJf generated by all
J-cliques that are not acyclic. As a quotient of graded vector spaces,

Acy I := C I/, (2.1.22)
is the linear span of all acyclic Jf-cliques.
PRrOPOSITION 2.1.8. Let JI be a unitary magma without nontrivial unit divisors. Then,
the space Acy It is a quotient operad of C L.

For instance, in the operad AcyDy,,

N 22N~
RN SR
% di o~ ? /E 'Kdi ﬁ) d1ﬁ‘\ /’?\\\ o= ——4

) 0 o’/,’a op | "1 =/"\0 ., (2.1.23a) ({\/0 dy 0\/9 o5 ! dQ/ij -0 (2.1.23b)
N\ Clldi—é \\\ 0 7 O%Il yd | . A
' —dy—o

The skeletons of the Jf-cliques of AcyJf of arities greater than 1 are acyclic graphs
or equivalently, forest of non-rooted trees. Therefore, AcyJf can be seen as an operad on
colored forests of trees, where the edges of the trees of the forests have one color among
the set Jf. When # 1 = 2, the dimensions of Acy /£ begin by

1,7,38,291, 2932, 36961, 561948, 10026505, (2.1.24)


http://oeis.org/A000108
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and form, except for the first terms, Sequence A001858 of [Slo].

2.2. Secondary substructures. Some more substructures of CJf are constructed and
briefly studied here. They are constructed by mixing some of the constructions of the seven
main substructures of C_Jf defined in Section 2.1 in the following sense.

For any operad O and operad ideals ®4 and Ry of O, the space Ry + Ry, is still an operad
ideal of O, and O/g,+«, is a quotient of both O/, and O/,. Moreover, if ' is a suboperad
of O and R is an operad ideal of O, the space R N O is an operad ideal of ', and O’ /gy is
a quotient of O and a suboperad of O/%. For these reasons (straightforwardly provable), we
can combine the constructions of the previous section to build a bunch of new suboperads
and quotients of C1.

2.2.1. Colored white noncrossing configurations. When Jf is a unitary magma, let
WNCJT := Whiﬂ/&’,\;moﬂmwmﬂ- (2.2.1)

The Ji-cliques of WNC U are white noncrossing Jff-cliques.

PROPOSITION 2.2.1. Let Jf be a finite unitary magma. For all n > 2,

dim WNCJZ(n) = Z m*(m —1)""%2 nar(n, k), (2.2.2)

0<k<n—2

where m := # 1.
When # I = 2, the dimensions of WNC [ begin by
1,1,3,11, 45,197,903, 4279, (2.2.3)
and form Sequence A001003 of [Slo]. When #Jf = 3, the dimensions of WNCJf begin by
1,1,5,31,215,1597, 12425, 99955, (2.2.4)

and form Sequence A269730 of [Slo]. Observe that these dimensions are shifted versions
the ones of the y-polytridendriform operads TDendr, (see Section 6.2 of Chapter 5) with y :=
# — 1.

2.2.2. Colored forests of paths. When Jf is a unitary magma without nontrivial unit
divisors, let

Pat L == CIL/ Ry, 1+ Ry (2.25)

The skeletons of the Jf-cliques of Pat§f are forests of non-rooted trees that are paths.
Therefore, PatJJf can be seen as an operad on colored such graphs, where the arcs of the
graphs have one color among the set Jf.

When # 1 = 2, the dimensions of PatJf begin by
1,7,34,206,1486,12412,117692, 1248004, (2.2.6)

an form, except for the first terms, Sequence A011800 of [Slo].
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2.2.3. Colored forests. When Jf is a unitary magma without nontrivial unit divisors, let
For i := CIL/ Ry, g+ Racy s+ (2.2.7)

The skeletons of the Jf-cliques of For /L are forests of rooted trees having no arcs {x,y}
and {x’,y'} satisfying x < x’ < ¥y < ¥'. Therefore, For Jf can be seen as an operad on such
colored forests, where the edges of the forests have one color among the set Jf. When
#JI = 2, the dimensions of ForJf begin by

1,7,33,81,1083, 6854, 45111, 305629, (2.2.8)
and form, except for the first terms, Sequence A054727, of [Slo].

2.2.4. Colored Motzkin configurations. When Jf is a unitary magma without nontrivial
unit divisors, let
Mot := C I/ Qe g1+ Rreg, a1+ (2.2.9)

The skeletons of the Jf-cliques of Mot Jf are configurations of non-intersecting chords on
a circle. Equivalently, these objects are graphs of involutions (see Section 2.1.5) having no
arcs {x,y} and {x’,y’'} satisfying x < x’ < y < ¥. These objects are enumerated by
Motzkin numbers [Mot48]. Therefore, MotJf can be seen as an operad on such colored
graphs, where the arcs of the graphs have one color among the set Jf. When #f = 2, the
dimensions of MotJJf begin by

1,4,9,21,51,127,323, 835, (2.2.10)
and form, except for the first terms, Sequence A001006, of [Slo].

2.2.5. Colored dissections of polygons. When Jf is a unitary magma without nontrivial
unit divisors, let
Dis 1 := Whi‘%/(g@cmo_n+9€Deg1ﬂz)ﬂWhiﬂZ' (2.2.11)

The skeletons of the Jf-cliques of DisJf are sfrict dissections of polygons, that are graphs
of Motzkin configurations with no arcs of the form {x,x + 1} or {1,n + 1}, where n + 1
is the number of vertices of the graphs. Therefore, DisJf can be seen as an operad on
such colored graphs, where the arcs of the graphs have one color among the set Jf. When
#I = 2, the dimensions of DisJf begin by

1,1,3,6,13,29,65, 148, (2.2.12)
and form, except for the first terms, Sequence A093128 of [Slo].

2.2.6. Colored Lucas configurations. When Jf is a unitary magma without nontrivial
unit divisors, let
LucJt := CM/QQBubJﬁggDegiﬂ. (2.2.13)

The skeletons of the Jf-cliques of LucJJf are graphs such that all vertices are of degrees
at most 1 and all arcs are of the form {x,x + 1} or {1,n + 1}, where n + 1 is the number
of vertices of the graphs. Therefore, LucJf can be seen as an operad on such colored
graphs, where the arcs of the graphs have one color among the set Jf. When # ¢ = 2, the
dimensions of LucJf begin by

1,4,7,11,18,29, 47,76, (2.2.14)
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and form, except for the first terms, Sequence A000032 of [Slo].

2.3. Relations between substructures. The suboperads and quotients of CJf construc-
ted in Sections 2.1 and 2.2 are linked by injective or surjective operad morphisms. To
establish these, we rely on the following lemma.

Lemma 2.3.1. Let Jf be a unitary magma. Then,

(i) the space Racy s is a subspace of Rpeg, s

(ii) the spaces Ryess; and Rpupgy are subspaces of Rpeg, s1;
(iii) the spaces Reyo, s and Rpeg, s are subspaces of Rpup.1/
(iv) the spaces Rpeg, s and Racy gy are subspaces of Rues.s-

2.3.1. Relations between the main substructures. Let us list and explain the morphisms
between the main substructures of Cf. First, Lemma 2.3.1 implies that there are surjective
operad morphisms from AcyJJf to Deg, M, from NesJf to Deg, L, from BubJf to Deg, L,
from CrooJf to BubJt, from Deg, Jf to BubJf, from Deg, Jf to NesJf, and from AcyJJf
to NesJI. Second, when B, E, and D are subsets of Jf such that 15 € B, 14 € E, and
ExB C D, WhiJJf is a suboperad of Labg g p Jf. Finally, there is a surjective operad morphism
from WhiJf to the associative operad As sending any Jf-clique p of WhiJf to the unique basis
element of As of the same arity as the one of p. The relations between the main suboperads
and quotients of CJf built here are summarized in the diagram of operad morphisms of
Figure 7.2.

CJIr
Acy It Deg, JL CropJJ1 Labg g p L
J
Deg, J1, CrogJJL

\
Nes 1 Degy J1 BubJr WhiJg

2

Dego /1

F1GURE 7.2. The diagram of the main suboperads and quotients of C #f. Ar-
rows — (resp. —») are injective (resp. surjective) operad morphisms. Here,
J1 is a unitary magma without nontrivial unit divisors, k is a positive integer,
and B, E, and D are subsets of Jf such that1 4 € B, 14 € E,and ExB C D.
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2.3.2. Relations between the secondary and main substructures. Let us now list and
explain the morphisms between the secondary and main substructures of CJf. First, imme-
diately from their definitions, WNC 1 is a suboperad of CroyJf and a quotient of Whi 1,
PatJf is both a quotient of Deg, /L and AcyJJf, ForJf is both a quotient of CrogJf and
Acy 1, MotJf is both a quotient of CropJf and Degy 1, DisJf is a suboperad of MotJf
and a quotient of WNCUJY, and Luc ¥ is both a quotient of BubJf and Deg, Jf. Moreover,
since by Lemma 2.3.1, Racy gy is a subspace of Rpeg, 51, Rpeg,sr and Racy gy are subspaces of
RNessr, and Rero, g7 18 @ subspace of Rpyp g7, we respectively have that Rpeg, 51 + Racy.sr is @
subspace of both Rpeg, i1 and Rues. g1, Reropsr + Racysr is @ subspace of Reroygr + Rpeg, 41, and
Rerop st + Rpeg, s 18 @ subspace of Rpup gy + Rpeg, 51 For these reasons, there are surjective
operad morphisms from PatJJf to Degy J1, from PatJf to NesJJt, from For Jf to MotJf, and
from MotJf to LucJf. The relations between the secondary suboperads and quotients of
CJL built here are summarized in the diagram of operad morphisms of Figure 7.3.

WhiJg CrogJL Acy L Deg, J1
WNC 1L For g PatJg BubJr
Deg, J1 Nes 1
/
MotJr
LucJi

Dis.Jf \ /
DegJJL

F1GURE 7.3. The diagram of the secondary suboperads and quotients of C L
together with some of their related main suboperads and quotients of CJ1.
Arrows — (resp. —») are injective (resp. surjective) operad morphisms. Here,
J1 is a unitary magma without nontrival unit divisors.

3. Operads of noncrossing decorated cliques

We perform here a complete study of the suboperad CrogJf of noncrossing Sf-cliques
defined in Section 2.1.3. For simplicity, this operad is denoted in the sequel as NCJf and
named as the noncrossing Ji-clique operad. The process giving from any unitary magma
I the operad NC U is called the noncrossing clique construction.
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3.1. General properties. To study NC.Jf, we begin by establishing the fact that NC 1
inherits some properties of CJf. Then, we shall describe a realization of NCJf in terms
of decorated Schroder trees, compute a minimal generating set of NCJf, and compute its
dimensions.

First of all, we call fundamental basis of NCJf the fundamental basis of CJf restricted
on noncrossing Jf-cliques. By definition of NCJf and by Proposition 2.1.3, the partial compo-
sition p o; g of two noncrossing Jf-cliques p and q in NC T is equal to the partial composition
po; q in CHL. Therefore, the fundamental basis of NCJf is a set-operad basis.

3.1.1. First properties.

PROPOSITION 3.1.1. Let Jf be a unitary magma. Then,

(i) the associative elements of NC L are the ones of CJ1;

(ii) the group of symmetries of NCJf contains the map ret (defined by (1.2.8)) and all the
maps CO where 0 are unitary magma automorphisms of Ji;

(iii) the fundamental basis of NCJI is a basic set-operad basis if and only if Jf is right
cancellable;

(iv) the map p (defined by (1.2.10)) is a rotation map of NCJL endowing it with a cyclic
operad structure.

3.1.2. Treelike expressions on bubbles. Let p be a noncrossing Jf-clique or arity n > 2,
and (x,y) be a diagonal or the base of p. Consider the path (x = zy,29,...,2Zp,Zp1 = )
in p such that k > 2, for alli € [k +1], x < z; < y, and for all i € [k], z;+1 is the greatest
vertex of p so that (z;,z;,1) is a solid diagonal or a (non-necessarily solid) edge of p. The
area of p adjacent to (x,y) is the Jf-bubble q of arity k whose base is labeled by p(x,y)
and q; = p(z;, z;,1) for all i € [k]. From a geometric point of view, q is the unique maximal
component of p adjacent to the arc (x,y), without solid diagonals, and bounded by solid
diagonals or edges of p. For instance, for the noncrossing Z-clique

T
- 42)$1 2\1>, (3.1.)

the path associated with the diagonal (4,9) of p is (4,5,6,8,9). For this reason, the area of p
adjacent to (4,9) is the Z-bubble

7 N
v I
\ Y
\ 1
\ )
o—1—o

(3.1.2)

ProrosiTION 3.1.2. Let Jf be a unitary magma and p be a noncrossing Ji-clique of
arity greater than 1. Then, there is a unique JL-bubble q with a maximal arity k > 2 such
thatp = qofty,...,tx], where each v;, i € [R], is a noncrossing JL-clique with a base labeled
by 1 4.
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Consider the map
bt: NCUL — FO (B y) (3.1.3)

defined linearly an recursively by bt(e- -0) ;=1 and, for any noncrossing Jf-clique p of arity
greater than 1, by

bt(p) := @ (q) o [bt(ry),..., bt(tr)], (3.1.4)

where p = qo|ty,...,tg] is the unique decomposition of p stated in Proposition 3.1.2. We call
bt(p) the bubble tree of p. For instance, in NCZ,

LN . e . 315
\%@ /df‘f%b\ 3 \ e

—1— /N e

1 1
| |
o-=--0

/1\

LEMMA 3.1.3. Let Jf be a unitary magma. For any noncrossing Jf-clique p, bt(p) is a
treelike expression on 9By of p.

PROPOSITION 3.1.4. Let JI be a unitary magma. Then, the map bt is injective and the
image of bt is the linear span of all syntax trees t on 9By such that

(i) the root of t is labeled by an Jf-bubble;

(ii) the internal nodes of t different from the root are labeled by Jf-bubbles whose bases
are labeled by 1 y;

(iii) if x and y are two internal nodes of t such that y is the ith child of x, the ith edge of
the bubble labeling x is solid.

Observe that bt is not an operad morphism. Indeed,

) ) e AN R R
bt o )= Ll F AT =t (et (). (3.1.6)
ATIRY &->

Observe moreover that (3.1.6) holds for all unitary magmas Jf since 1 j is always idempotent.

3.1.3. Realization in terms of decorated Schréder trees. An JI-Schréder tree t is a
Schroder tree (see Section 2.2.3 of Chapter 1) such that each edge connecting two internal
nodes is labeled on JJf, each edge connecting an internal node an a leaf is labeled on J%,
and the outgoing edge from the root of t is labeled on Jf (see (3.1.7) for an example of a
Z-Schroder tree).
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From the description of the image of the map bt provided by Proposition 3.1.4, any
bubble tree t of a noncrossing Jf-clique p of arity n can be encoded by an Jf-Schroder tree
s with n leaves. Indeed, this JI-Schroder tree is obtained by considering each internal node
x of t and by labeling the edge connecting x and its ith child by the label of the ith edge
of the Jf-bubble labeling x. The outgoing edge from the root of s is labeled by the label of
the base of the Jf-bubble labeling the root of t. For instance, the bubble tree of (3.1.5) is
encoded by the Z-Schroder tree

(3.1.7)

where the labels of the edges are drawn in the hexagons and where unlabeled edges are
implicitly labeled by 1 4. We shall use these drawing conventions in the sequel. As a side
remark, observe that the Jf-Schroder tree encoding a noncrossing Jf-clique p and the dual
tree of p (in the usual meaning) have the same underlying unlabeled tree.

This encoding of noncrossing Jf-cliques by bubble trees is reversible and hence, one
can interpret NC_Jf as an operad on the linear span of all Jf-Schroder trees. Hence, through
this interpretation, if s and t are two JI-Schrdder trees and i is a valid integer, the tree so; t
is computed by grafting the root of t to the ith leaf of s. Then, by denoting by b the label of
the edge adjacent to the root of t and by a the label of the edge adjacent to the ith leaf of s,
we have two cases to consider, depending on the value of ¢ := a xb. If ¢ + 1 4, we label the
edge connecting s and t by c. Otherwise, when ¢ = 1 j, we contract the edge connecting
s and t by merging the root of t and the father of the ith leaf of s (see Figure 7.4). For
instance, in NCNj3, one has the two partial compositions

(3.1.8a)

(3.1.8b)

In the sequel, we shall indifferently see NCJf as an operad on noncrossing Jf-cliques
or on JI-Schroder trees.
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# t

. .@.>

(a) The expression s o; t to compute. The displayed leaf is the ith one of s.

4 th

(c) The resulting tree when

(B) The resulting tree when axb=1y.
axb -7’= 1.

F1GURE 7.4. The partial composition of NCJf realized on Jf-Schroder trees.
Here, the two cases (b) and (c) for the computation of so; t are shown, where
s and t are two Jf-Schroder trees. In these drawings, the triangles denote
subtrees.

3.1.4. Minimal generating set.

PropPOSITION 3.1.5. Let Jf be a unitary magma. The set I y of all Ji-triangles is a
minimal generating set of NC L.

Proposition 3.1.5 also says that NC Y is the smallest suboperad of CJf that contains all
J-triangles and that NC Y is the biggest binary suboperad of CJ1.

3.1.5. Dimensions. We now use the notion of bubble trees introduced in Section 3.1.2 to
compute the dimensions of NCJ.
ProposITION 3.1.6. Let Jf be a finite unitary magma. The Hilbert series $(nc gy (t) of
NC It satisfies
t+(m® —2m? + 2m — 1) 2+ (2m?t - 3mt + 2t — 1) Foncu(t) +(m — 1) Finc u(t)? = 0, (3.1.9)
where m := # 1.
We deduce from Proposition 3.1.6 that the Hilbert series of NC 1 satisfies

1 —(2m? —3m + 2)t — /1 - 2(2m?2 — m)t + m2¢2
2(m —1)

Fnem(t) = , (5.1.10)
where m := #Jf # 1.

By using Narayana numbers, whose definition is recalled in Section 2.1.6, one can state
the following result.
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PRropPOSITION 3.1.7. Let Jf be a finite unitary magma. For all n > 2,

dim NC £ (n) = Z m™ 1 (m —1)" %2 nar(n, k), (3.1.11)
0<k<n—2

where m := # 1.

We can use Proposition 3.1.7 to compute the first dimensions of NCJf. For instance,
depending on m := # I, we have the following sequences of dimensions:

1,1,1,1,1,1,1,1, m=1, (3.1.12a)
1,8, 48, 352, 2880, 25216, 231168, 2190843, m=2, (3.1.12b)
1,27, 405, 7533, 156735, 349263, 81520425, 1967414265, m=3, (3.1.12¢)

1,64,1792, 62464, 2437120, 101859328, 4459528192, 201889939456. m = 4, (3.1.12d)

The second one forms, except for the first terms, Sequence A054726 of [Slo]. The last two
sequences are not listed in [Slo] at this time.

3.2. Presentation and Koszulity. The aim of this section is to establish a presentation
by generators and relations of NCf. For this, we will define an adequate rewrite rule on
the set of the syntax trees on I 5 and prove that it admits the required properties.

3.2.1. Space of relations. Let Rncy be the subspace of FO (J ) (3) generated by the
elements

A
® <z1popi> 01 ® <£§3}> -® <£§i> 01 ® <£{}3}> , difprxgo=rtixrg £ Ly, (321a)

@<P1f\pg>o@ q1}\qz>_@<q1ﬂr2>o@<q2ﬂp?> —
Lood) T \Lad Lpn) 20\ L) P10

0) <({mﬂpp\)> 09 ® < qﬁfn) - ® < mﬂrz > 09 ® < CI&I?\)) if poxqo=toxrg # 1y, (32.1¢)

To x Tty = Ibﬂ, (321b)

—Po— J—q()% J—Po—\D J—fo—

where p, g, and ¢ are Jf-triangles.

Lemma 3.2.1. Let JI be a unitary magma, and s and t be two syntax trees of arity 3
on I 4. Then, s — t belongs to Ryc g if and only if ev(s) = ev(t).

PROPOSITION 3.2.2. Let JI be a finite unitary magma. Then, the dimension of the space
Rnc.y satisfies

dim Rycyr = 2m® — 2m® + m?, (3.2.2)

where m := # 1.

Observe that, by Proposition 3.2.2, the dimension of Ryc i only depends on the cardi-
nality of Jf and not on its operation .
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3.2.2. Rewrite rule. Let = j be the rewrite rule on the set of the J y-syntax trees on

satisfying
A A A
o (2) e (i) e (i) oo (o). tmt i wheresipa
(3.2.3a)
A A A A
PP qr q qr Y, 2 , if =1y, 3.2.3b
® <J_p03)> 01 ® <&1q03\3> =4O <J—1po—b> 0y ® <£__pf\3> if prrgo="Tuy ( )

A A A A
pL b ai qe | = s ) if 14, wh = ,
@<<{_1pof\>> 02@<J_1q0f\>> JZ@(({_;O_\) 02@<21 qa) if go # 157, where P2 * do
(3.2.3¢)
where p and q are Jf-triangles. Let also ~ j be the closure of = 4.

ProprosITION 3.2.3. Let Jf be a finite unitary magma. Then, ~ y is a convergent rewrite
rule and an orientation of Rnc .

LEMMA 3.2.4. Let JI be a unitary magma. The set of the normal forms of ~ y is the
set of the I y-syntax trees t such that, for any internal nodes x and y of t where y is a
child of x,
(i) the base of the Ji-triangle labeling y is labeled by 1 y;
(ii) if y is a left child of x, the first edge of the Ji-triangle labeling x is not labeled by 1 y.

Moreover, when JI is finite, the generating series of the normal forms of ~ 4 is the Hilbert
series Flnc ) of NCIL.

3.2.3. Presentation and Koszulity. The results of Sections 3.2.1 and 3.2.2 are finally used
here to state a presentation of NC £ and the fact that NC [ is a Koszul operad.

THEOREM 3.2.5. Let JI be a finite unitary magma. Then, NCJf admits the presenta-
tion (T sz, Rncar)-

Prook. First, Proposition 3.2.3 implies that we can regard the underlying space of the
quotient operad
0:=FO (qﬂfﬂ) /<€RNCJZ> (324)

as the linear span of all normal forms of ~ j5. Moreover, as a consequence of Lemma 3.2.1,
the map ¢ : O - NCJZ defined linearly for any normal form t of ~ g5 by ¢(t) := ev(t) is an
operad morphism. Now, by Proposition 3.1.5, ¢ is surjective. Moreover, by Lemma 3.2.4, we
obtain that the dimensions of the spaces O(n), n > 1, are the ones of NCf(n). Hence, ¢ is
an operad isomorphism and the statement of the theorem follows. O

By Theorem 3.2.5, the operad NCN; is generated by

R R R A A
qNQ = { /l \\ ’ 1;\\ ’ //}i1 ’ 1R1 ’ /, \\ ’ 1 \\ ’ Il 1 ’ 11 }r (3'2‘5)
o LoD don D LoD 1> 1> 1D 1D
and these generators are subjected exactly to the nontrivial relations
A A A A
, bz o biby = 1 bs 01 by by, a,by, by, bz € Ny, (3.2.6a)

a> 1> Lad LoD
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A A R A R A A AR
1 bs of biby = ,bs 0o byby = by ', 09 bybs = by 1 09 by bs , a,by, by, bz € Ny, (3.2.6b
Lad A T La AT R T LTSN T Lan PN 1:b2,b5 € Ny, (3.2.6)

A A A A
by ', 09 bpbs = by 1 09 by bz, a,bq, by, bz € Nog. 3.2.6¢
LN PLAT LGN e T = (5:2:6¢)

THEOREM 3.2.6. For any finite unitary magma JMf, NCJf is Koszul and the set of the
normal forms of ~ g5 forms a Poincaré-Birkhoff-Witt basis of NC 1.

3.3. Suboperads generated by bubbles. In this section, we consider suboperads of
NC UL generated by finite sets of JJf-bubbles. We assume here that Jf is endowed with an
arbitrary total order so that JL = {xo,x1,...} with xo = 1 4.

3.3.1. Treelike expressions on bubbles. Let B and E be two subsets of Jf. We denote
by %ﬁf the set of all Jf-bubbles p such that the bases of p are labeled on B and all edges of
p are labeled on E. Moreover, we say that Jf is (E, B)-quasi-injective if for all x,x’ € E and
V.Y eB xxy=x'*xy #+ 14 impliesx =x"andy =y’

LemMmA 3.3.1. Let JI be a unitary magma, and B and E be two subsets of 1. If JI is
(E, B)-quasi-injective, then any Jf-clique admits at most one treelike expression on %ﬁf
of a minimal degree.

3.3.2. Dimensions. Let G be a set of Jf-bubbles and E := {&,&,,...} be a set of
noncommutative variables. Given x; € Jf, let By, be the series of N((E)) defined by

Bxi (SIU' gl]l e ) = Z ]_l gpi: (331)
pe®BG,  iEllpl]
pfo--o

where B3, is the set of all Jf-bubbles that can be obtained by partial compositions of elements
of G. Observe from (3.3.1) that a noncommutative monomial u € £>? appears in B,, with 1
as coefficient if and only if there is in the suboperad of NC_Jf generated by G an Jf-bubble
with a base labeled by x; and with u as border.

Let also for any x; € JI, the series Fy, of N((t)) defined by

F.(f) := By, (t + (), t+ By (), .. ) , (3.3.2)
where for any x; € J1,
Fr(t)i= Y Fylt). (3.3.3)
ijM
xi*xi#ﬂ“u

ProposITION 3.3.2. Let JI be a unitary magma and & be a finite set of JI-bubbles
such that, by denoting by B (resp. E) the set of the labels of the bases (resp. edges) of
the elements of &, Jf is (E, B)-quasi-injective. Then, the Hilbert series Hyc e (t) of the
suboperad of NC I generated by & satisfies

Foncage (1) = t+ > Frlt). (3.3.4)

xieN
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As a side remark, Proposition 3.3.2 can be proved by using the notion of bubble de-
compositions of operads developed in Chapter 3. This result provides a practical method
to compute the dimensions of some suboperads (NCJZ)® of NCf by describing the se-
ries (3.3.1) of the bubbles of %%. This result implies also, when & satisfies the requirement
of Proposition 3.3.2, that the Hilbert series of (NCJ£)® is algebraic.

3.3.3. First example: a cubic suboperad. Consider the suboperad of NCE, generated
by

R A
=1 /e, /] . 3.35
® { & 6161\3 d—ezei\J } ( )

Computer experiments show that the generators of (NCE,)® are not subjected to any qua-
dratic relation but are subjected to the four cubic nontrivial relations

di,}i\) 09 <di,§i\> 09 di,:ei > - di/:}i\; ) <di/:}i\> 09 df}i\;) , (3.3.6a)
diI:e A <df:} 32 d:’:} A > - d;'}j\j ©2 <djj:3) o2 d:’f:&) : (3.3.6b)
d::e A% <dL'} A2 d;':e ;> - d;'jjf\j °2 <djjjf\j o2 di'}i\) : (3.3.6¢)
di':ei\) o <di':ei\> o di}@ _ di':\ff\; o <diljff\) o di/:\ff\) . (33.6d)

Hence, (NCE,)® is not a quadratic operad. Moreover, it is possible to prove that this operad
does not admit any other nontrivial relations between its generators. This can be performed
by defining a rewrite rule on the syntax trees on &, consisting in rewriting the left patterns
of (3.3.6a), (3.3.6b), (3.3.6c), and (3.3.6d) into their respective right patterns, and by checking
that this rewrite rule admits the required properties (like the ones establishing the presen-
tation of NCZ by Theorem 3.2.5). The existence of this nonquadratic operad shows that
NCUJI contains nonquadratic suboperads even if it is quadratic.

By describing the bubbles of (NCE,)®, Proposition 3.3.2 leads to the fact that the Hilbert
series of (NCE,)® satisfies the algebraic equation

t+ (t = 1)FCncrye (1) + (2t + 1)FCncE,y)e (1) = 0. (3.3.7)
The first dimensions of (NCE,)® are
1,2,8, 36,180,956, 5300, 30316, (3.3.8)

and form Sequence A129148 of [Slo].

3.3.4. Second example: a suboperad of Motzkin paths. Consider the suboperad of

NCDy generated by
A 70—
Gi=1 0, P (3.3.9)
!

& - 1

Computer experiments show that the generators of (NCIDy)® are subjected to four quadratic

nontrivial relations
R R R R
° oy S N, (3.3.10a)

VRN 1/, « = /
&F--2 &-- &---> é--->
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T A AT
.01 S N = N o9, v (33.10b)
! [ A S A !
&= = o &=-- ==0
—0—o o—(0)—o
R ? T T T R
SN o1, L= vog N, (3.3.10c)
- ! o [ S
O == == O &----0
§—0—p ¢—0—9 §—0—p ¢—0—%
Colerl =l logl (3.3.10d)
&= -=b G- == O & =---=0 G- == O

It is possible to prove that this operad does not admit any other nontrivial relations between
its generators. This can be performed by defining a rewrite rule on the syntax trees on
®, consisting in rewriting the left patterns of (3.3.10a), (3.3.10b), (3.3.10c), and (3.3.10d) into
their respective right patterns, and by checking that this rewrite rule admits the required
properties (like the ones establishing the presentation of NCf by Theorem 3.2.5).

By describing the bubbles of (NCID,)®, Proposition 3.3.2 leads to the fact that the Hilbert
series of (NCIDo)?® satisfies the algebraic equation

t + (t — 1)FCepge (t) + tFnepge (1) = 0. (3.3.11)
The first dimensions of (NCD)® are
1,1,2,4,9,21,51,127, (3.3.12)

and form Sequence A001006 of [Slo]. The operad (NCDy)® has the same presentation by
generators and relations (and thus, the same Hilbert series) as the operad Motz defined
in Section 2.1.5 of Chapter 4, involving Motzkin paths. Hence, (NCDy)® and Motz are two
isomorphic operads. Note in passing that these two operads are not isomorphic to the
operad MotDy constructed in Section 2.2.4 and involving Motzkin configurations. Indeed, the
sequence of the dimensions of this last operad is a shifted version of the one of (NCDg)®
and Motz.

3.4. Algebras over the noncrossing clique operads. We begin by briefly describing
NCJf-algebras in terms of relations between their operations and the free NC._if-algebras
over one generator. We continue this section by providing two ways to construct (non-
necessarily free) NC Jf-algebras. The first one takes as input an associative algebra endowed
with endofunctions satisfying some conditions, and the second one takes as input a monoid.

3.4.1. Relations. From the presentation of NC I established by Theorem 3.2.5, an NC -
algebra is a vector space A endowed with binary linear operations

AN
Z;:i AR A - A, peET y, (3.4.1)
satisfying, for all ay,as,as € A, the relations
A A A A
a1 qg p1p = a1 qg TP i =
<<11 L az) Jix as <a1 P 02> % as, if py*qo =1ty *vo £ Ly, (3.4.2a)
A A A A
a1 g2 P19 = a1 to a2 py i = =
<a1 nR a2> L;Oi asz = ay Py <a2 Lcoi a3> , if pr*xqo =toxry =14, (3.4.2b)

AN N\ AN N\
ag P2 (ag M2 az) =ay P12 (dg M2 asz if P2 * (o = To * T ./—é 1.y (3.4.2C)
Lpgd Lo Lo LegA ’ ’
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where p, g, and v are Jf-triangles. Remark that Jf has to be finite because Theorem 3.2.5
requires this property as premise.

3.4.2. Free algebras over one generator. From the realization of NCJf coming from its
definition as a suboperad of CJf, the free NC.f-algebra over one generator is the linear
span NC 1 of all noncrossing Jf-cliques endowed with the linear operations

f;:‘,’i :NCUf(n) ® NCHE(m) —» NCH(n + m), peTgnm>1, (3.4.3)

defined, for any noncrossing Jf-cliques q and t, by

N

A

In terms of J7-Schroder trees (see Section 3.1.3), (3.4.4) is the JI-Schrdder tree obtained by
grafting the JI-Schroder trees of q and ¢ respectively as left and right children of a binary
corolla having its edge adjacent to the root labeled by po, its first edge labeled by py * qo,
and second edge labeled by ps * tp, and by contracting each of these two edges when labeled
by 1 4. For instance, in the free NCN3z-algebra, we have

(3.4.5a)

(3.4.5b)

(3.4.5¢)

(3.45d)
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3.4.3. From associative algebras. Let A be an associative algebra with associative prod-
uct denoted by ¢, and

wy: A — A, x € S, (3.4.6)
be a family of linear maps, not necessarily associative algebra morphisms, indexed by the

elements of Jf. We say that A together with this family (3.4.6) of maps is a Jf-compatible
algebra if

Wy © Wy = Wysy, (3.4.7)
for all x,y € Jf. Observe that (3.4.7) implies in particular that wy , = Id 4 where Id 4 is the
identity map on A. This notion of Jf-compatible algebras is very similar to the notion of

Ji-compatible algebras where Jf is a monoid, developed in Section 1.2 of Chapter 4. Let us
now use Jf-compatible associative algebras to construct NC_ff-algebras.

THEOREM 3.4.1. Let Jf be a finite unitary magma and A be an Jf-compatible asso-
ciative algebra. The vector space A endowed with the binary linear operations

JAN
A A > A, peTy, (3.4.8)
defined for each JI-triangle p and any a;,as € A by
JAN
ar f122 ag i= Wy, (Wp, (@1) © wy, (a2)), (3.4.9)
is an NCJI-algebra.

By Theorem 3.4.1, A has the structure of an NC Jf-algebra. Hence, there is a left action -
of the operad NCJZ on the tensor algebra of A of the form

-:NCUL(n) ® A" - A, n>1, (3.4.10)

whose definition comes from the ones of the operations (3.4.8) and Relation (4.1.25) of Chap-
ter 2. We describe here an algorithm to compute the action of any element of NCJI of arity
n on tensors aq ® - - - ® a, of A®". First, if b is an JI-bubble of arity n,

b1 @ @an) = wy, | | | we (@)], (3.4.11)

ic[n]

where the product of (3.4.11) denotes the iterated version of the associative product ® of A.
When p is a noncrossing Jf-clique of arity n, p acts recursively on a; ® - -- ® a, as follows.
One has

p-ag=aqq (3412)
when p = o- -0, and
plas® - @an) = b (- (18- @) @& (s (s sios O+ @)
(3.4.13)

where, by setting t as the bubble tree bt(p) of p (see Section 3.1.2), b and ty, ..., tp are the
unique Jf-bubble and noncrossing Jf-cliques such that t = ® (b) o [bt(ry), ..., bt(t)].
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Here are few examples of the construction provided by Theorem 3.4.1.

Noncommutative polynomials and selected concatenation: Consider the unitary magma
S¢ of all subsets of [¢] with the union as product. Let A := {a; : j € [€]} be an alphabet of
noncommutative letters. We define on the associative algebra K(A) of polynomials on A the
linear maps

ws : K(A) - K(A), S eSS, (3.4.14)

as follows. For any u € A* and S € Sy, we set

u if Julg; >1foralljeS,

ws(u) := { (3.4.15)

0 otherwise.

Since, for all u € A*, wg(u) = u and (ws o ws)(u) = wsys (u), and @ is the unit of S;, we obtain
from Theorem 3.4.1 that the operations (3.4.8) endow K(A) with an NCS-algebra structure.
For instance, when ¢ := 3, one has

A
(ay + aqaz + agas) /{1} 2} (1 + as + asaq) = ajasasay, (3.4.16a)
d-1{2,3}
\
(a1 + aqas + agag) 1 6 (1 +as + agaq) = 2 a1as + a1asas + a;asaqsdy. (3.4.16Db)

1.3}
Besides, to compute the action

27T

A
{er L2 )

{1}{” T fRfRfefefefefof) (3.417)
/ 1.2}
Lo UE
LA

where f := a1 + ay + as, we use the above algorithm and (3.4.11) and (3.4.13). By presenting
the computation on the bubble tree of the noncrossing Ss-clique of (3.4.17), we obtain

1
(as + ag + az)ajazasaras(asas + asay)
1

A
{1,112}
T A

\

(a1 +as + as)aiazasa10s  (qq + ay + az)?
A
0 ey~ R
< ¥ A
‘ 3} SN (3.4.18)

.\
// T J N / \
§ aidy  aslay +ag +as) Ny f !
N\

4 / \
/{1{\{2} {2}/1\ \
Lo 2N Lo 2%
/ \ / \
f f f f
/ \ / \

so that (3.4.17) is equal to the polynomial (a4 + as + az)ajasasajas(ajas + asay).
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Noncommutative polynomials and constant term product: Consider the unitary magma
Dy. Let A := {aj,ay, ...} be an infinite alphabet of noncommutative letters. We define on the
associative algebra K(A) of polynomials on A the linear maps

w1, wy : K(A) - K(A), (3.4.19)

as follows. For any u € A* we set wy(u) := u, and

1 ifu=c¢,
wo(u) := (3.4.20)
0 otherwise.

In other terms, wy(f) is the constant term, denoted by f(0), of the polynomial f € K(A). Since
wy is the identity map on K(A) and, for all u € A%,

(wo 0 wo)(f) = (£(0))(0) = £(0) = wo(f), (8.4.21)

we obtain from Theorem 3.4.1 that the operations (3.4.8) endow K(A) with a NCDy-algebra
structure. For instance, for all polynomials f; and f, of K(A), we have

fi 4 o = fifo, (5.4.92a) fu 50 fo = H1(0) fo (3.4.22¢)
f1 ﬁ?& fo = (f1f2)(0) = f1(0) f2(0),  (3.4.22b) f1 gﬁg fo = f1 (f2(0)). (3.4.22d)

From (3.4.22¢) and (3.4.22d), when f;(0) = 1 = f,(0),
(000 + 00) fo= f10) o+ fi (O)) = fu + fo. (5.425)

3.4.4. From monoids. If Jf is a monoid, with binary associative operation x and unit
1 4, we denote by K(JL*) the space of all noncommutative polynomials on Jf, seen as an
alphabet, with coefficients in K. This space can be endowed with an NC _/f-algebra structure
as follows.

For any x € Jf and any word w € JI*, let
X W= (0 x W) ... (X * Wyy)). (3.4.24)
This operation * is linearly extended on the right on K(Jf*).
ProposiTION 3.4.2. Let JI be a finite monoid. The vector space K(J1*) endowed with
the binary linear operations
riv K(IE) @ K(I) - K(I),  pe Ty (3.4.25)

defined for each JiI-triangle p and any f1, fo € K(JL*) by
N\
fu pi¥2 fo o= po* ((pr* f1) (p2* fa)), (8.4.26)
is an NCf-algebra.

Here are few examples of the construction provided by Proposition 3.4.2.



3. OPERADS OF NONCROSSING DECORATED CLIQUES 243

Words and double shifted concatenation: Consider the monoid N, foran £ > 1. By Propo-
sition 3.4.2, the operations (3.4.25) endow K(Nj) with a structure of an NCNj-algebra. For
instance, in K (Nj), one has
AN
0211 21& 312 = 3100023. (3.4.27)

Words and erasing concatenation: Consider the monoid D, for an ¢ > 0. By Proposi-
tion 3.4.2, the operations (3.4.25) endow K(Dj) with a structure of an NCD-algebra. For
instance, for all words u and v of Dj, we have

u Lﬂ?& v =uv, (3.4.28a) u Lﬂﬁg v = olul+v, (3.4.28¢)
u 0 v = (uvlg, (3.4.28D) u 800 v = ug, v, (3.4.28d)

where, for any word w of D7 and any element d; of Iy, j € [€], wyq, is the word obtained by
replacing each occurrence of 1 by d; and each occurrence of d;, i € [¢], by 0 in w.

3.5. Koszul dual. Since by Theorem 3.2.5, the operad NC.J is binary and quadratic,
this operad admits a Koszul dual NCZ'. We end the study of NCZ by collecting the main
properties of NC 1.

3.5.1. Presentation. Let %L,CM be the subspace of FO (T ) (3) generated by the elements

Y o ( C;f‘m\o) 01 ® < ﬁ@ L Pobo i € LG €, (354a)

prdoE L —Po— qo—
p1xgo=6

A A A A
p1 b qi q — q1 p 92 ps |, , o, d1, g7, (3.5.1b
2. © <</ 3;) oo <</ 2\;) © <proi\>> 2@ <</_2qof\>> po-p2. A g2 € I, (354b)

p1,q0€ S P -

prxqo="1
A A -
E @ P Jog@( ata |, Po,P1, 91,92 € I, S € I, (3.5.1¢c)
Lpod Lqod
p2,q0€ I
poxgo=6

where p and q are Jf-triangles.

PROPOSITION 3.5.1. Let Jf be a finite unitary magma. Then, the Koszul dual NC Jf' of
NCJL admits the presentation (T g, Ric 5 )-

By Proposition 3.5.1, the operad NCN!2 is generated by

A R R A A
O‘TNQ = { /I \\ ’ 1))\\\ ’ 11&1 ’ 1A1 ’ /I \\ ’ 1 \\ ’ II 1 7 11 }r (3-5-2)
A A N A N o - B A B AN RS
and these generators are subjected exactly to the nontrivial relations
A A PAN R
S bs o4 biby + 1 bs of by by =0, a, by, by, bz € Ny, (3.5.3a)

d—a—> EAyE da-d L--2

A A R R A A A A
1 by of biby + " bs 04 byby = by ', 0p bybs + by 1 09 by bz, a, by, by, bz € Ny, (3.5.3b
La AN LA T LA A T LN PN T Lan TP 17D, b5 € Ny, )

A A A A
by ', 09 babs + by 1 09 bybs =0, a,by, by, bz € Ny. 3.5.3¢c
P i e by 1:b2; bs € Ny (853)
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PROPOSITION 3.5.2. Let JI be a finite unitary magma. Then, the dimension of the space
Ry Satisfies
dim Ry 5y = 2m® — m*, (3.5.4)

where m := # 1.

Observe that, by Propositions 3.2.2 and 3.5.2, we have

dim Rye g + dim Ry =2m® —2m® + m* + 2m® - m*
NC L

=2m° (35.5)
= dim FO (O\TV@Z) (3),

as expected by Koszul duality, where m := # 1.
3.5.2. Dimensions.

ProposITION 3.5.3. Let Jf be a finite unitary magma. The Hilbert series (yc yp (t) of
NCJI' satisfies

t+(m—1)t*+ (2m?t — 3mt + 2t — 1) Fyc i (£) + (M® — 2m? + 2m — 1) T g (1)? = 0, (35.6)
where m := # 1.

We deduce from Proposition 3.5.3 that the Hilbert series of NC ' satisfies

1 —(2m? —3m + 2)t — /1 — 2(2m3 — 2m? + m)t + m2¢2
Foncn (t) = o3 —\/2m2 T om 1) , (3.5.7)

where m := #Jf + 1.

PROPOSITION 3.5.4. Let Jf be a finite unitary magma. For all n > 2,

dimNCUJ£'(n) = Z m™ ! m(m — 1) + 1)*(m(m —1))" %2 nar(n, k). (3.5.8)
0<k<n—2
We can use Proposition 3.5.4 to compute the first dimensions of NCJf'. For instance,

depending on m := # 1, we have the following sequences of dimensions:

1,1,1,1,1,1,1,1, m=1, (3.5.9a)
1,8,80,992, 13760, 204416, 3180800, 51176960, m =2, (3.5.9b)

1,27,1053,51273,2795715, 163318599, 9994719033, 632496651597, m =3, (3.5.9¢)

1, 64,6400, 799744, 111923200, 16782082048, 2636161024000, 428208345579520, m = 4.
(3.5.9d)
The second one is Sequence A234596 of [Slo]. The last two sequences are not listed in [Slo]
at this time. It is worth observing that the dimensions of NC /' when #.f = 2 are the ones
of the operad BNC of bicolored noncrossing configurations (see Chapter 3).
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3.5.3. Basis. To describe a basis of NCZ', let us introduce the following sort of J-deco-
rated cliques. A dual Ji-clique is an Jf%-clique such that its base and its edges are labeled
by pairs (a,a) € 12, and all solid diagonals are labeled by pairs (a,b) € JI? with a # b.
Observe that a non-solid diagonal of a dual #f-clique is labeled by (1 4, 1 4). All definitions
about Jf-cliques of Section 1.1 remain valid for dual Jf-cliques. For example,

< o 2)/\3 (35.10)
(1,%'
______ dl

ProprosiTiON 3.5.5. Let JI be a finite unitary magma. The underlying graded vector
space of NC ' is the linear span of all noncrossing dual Jf-cliques.

is a noncrossing dual Nz-clique.

Proposition 3.5.5 gives a combinatorial description of the elements of NC Jf'. Neverthe-
less, we do not know for the time being a partial composition on the linear span of these
elements providing a realization of NC 1.

4. Concrete constructions

The clique construction provides alternative definitions of known operads. We explore
here the cases of the operad NCT of based noncrossing trees, the operad %, of formal
fractions, the operad BNC of bicolored noncrossing configurations, the operads MT and
DMT of multi-tildes and double multi-tildes, and the gravity operad Grav.

4.1. Rational functions and related operads. We use here the (noncrossing) clique
construction to interpret some few operads related to the operad RatFct of rational functions.

41.1. Dendriform and based noncrossing free operads. One can build the operad NCT
of based noncrossing trees [Cha07] (see for instance Section 3.2.8 of Chapter 3 where an
operad isomorphic to NCT is constructed) in the following way.

PROPOSITION 4.1.1. The suboperad Oncr of CZ generated by
{ AR, } (41.1)
Lo d--->
is isomorphic to the operad NCT.

By Theorem 1.2.9, Fi4 is an operad morphism from CZ to RatFct. Hence, the restriction
of Fig on Oncr is also an operad morphism from Oycr to RatFct. Moreover, since

Flq < £ > _ (4.1.2a) Flq < ,'p‘_1> _ b (4.1.2)
L--> uy 4

and RatFet{¥ '} js isomorphic to the dendriform operad Dendr [Lod01,Lod10] (see Sec-
tion 4.2.4 of Chapter 2), the map Fyq is a surjective operad morphism from Oycr to Dendr.
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41.2. Operad of formal fractions. One can build the suboperad &%, of the operad of
formal fractions &% [CHN16] in the following way.

ProposITION 4.1.2. The suboperad Ozg, of CZ generated by
A
A1, 11,11, -1 41.3
{J-A-% Ly Lad J—1—\>} ( )
is isomorphic to the operad F%F,.

Proposition 4.1.2 shows hence that the operad &%, can be built through the construc-
tion C. Observe also that, as a consequence of Proposition 4.1.2, all suboperads of F%F,
defined in [CHN16] that are generated by a subset of (4.1.3) can be constructed by the clique
construction.

4.2. Operad of bicolored noncrossing configurations. One can build the operad BNC
of bicolored noncrossing configurations (see Chapter 3) in the following way.

Consider the unitary magma JMipnc := {1,a,b} wherein operation * is defined by the
Cayley table

* 1 a

b
1 1 a b
(4.2.1)

1

a a a

b b 1 b

In other words, MgNc is the unitary magma wherein a and b are idempotent, and axb =
1 = bxa. Observe that Jignc is a commutative unitary magma, but, since

(bxa)xa=T1xa=a#+b=bx1=bx(axa), (4.2.2)
the operation * is not associative.

Let ¢pne : BNC — NCUIgne be the linear map defined in the following way. For any
bicolored noncrossing configuration ¢, ¢pgnc(c) is the noncrossing Mpnc-clique of NC Mgne
obtained by replacing all blue arcs of ¢ by arcs labeled by a, all red diagonals of ¢ by diagonals
labeled by b, all uncolored edges and bases of ¢ by edges labeled by b, and all uncolored
diagonals of ¢ by diagonals labeled by 1. For instance,

I
dBNC % o] = <b<abjza . (4.2.3)

Oo——-0 \O— G—C{

PROPOSITION 4.2.1. The linear span of o -o together with all noncrossing JMpnc-cliques
without edges nor bases labeled by 1 forms a suboperad of NC M gnc isomorphic fo BNC.
Moreover, ¢ppnc is an isomorphism between these two operads.

Proposition 4.2.1 shows hence that the operad BNC can be built through the noncrossing
clique construction. Moreover, observe that in Section 2.2.5 of Chapter 3, an automorphism
of BNC called complementary is considered. The complementary of a bicolored noncrossing
configuration is an involution acting by modifying the colors of some of its arcs. Under our
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setting, this automorphism translates simply as the map CO : Ogne — Opne Where Ogyne
is the operad isomorphic to BNC described in the statement of Proposition 4.2.1 and 8 :
Mpne — Mpne is the unitary magma automorphism of Mpnc satisfying 6(1) = 1, 6(a) = b,
and O(b) = a.

Besides, it is shown in Chapter 3 that the set of all bicolored noncrossing configurations
of arity 2 is a minimal generating set of BNC. Thus, by Proposition 4.2.1, the set
{ A AAA A AN }

LN LN LN LN EN LN LN LA (42.4)
is @ minimal generating set of the suboperad Ognc of NC Mgy isomorphic to BNC. As a con-
sequence, all the suboperads of BNC defined in Chapter 3 which are generated by a subset of
the set of the generators of BNC can be constructed by the noncrossing clique construction.
This includes, among others, the magmatic operad, the free operad on two binary gener-
ators, the operad of noncrossing plants NCP [Cha07], the dipterous operad [LR03, Zin12],
and the 2-associative operad [LR06, Zin12].

4.3. Operads from language theory. We provide constructions of two operads coming
from formal language theory by using the clique construction.

4.3.1. Multi-tildes. One can build the operad MT of multi-tildes [LMN13] (see also Chap-
ter 12) in the following way.

Let ¢ypr : MT — CDDy be the map linearly defined as follows. For any multi-tilde (n, s)
different from (1, {(1,1)}), émr((n, s)) is the Dy-clique of arity n defined, for any 1 < x <y <
n + 1, by

0 if (x,y -1 ,
dmr((n, 5))(x, y) := { if (x y, )es (4.3.1)
1 otherwise.
For instance,
FR
, 0\
omr((5, {(1,5),(2,4), (4,5) ) = cf\—OTp. (4.3.2)
o

ProposITION 4.3.1. The operad CDy is isomorphic to the suboperad of MT consisting
in the linear span of all multi-tildes except the nontrivial multi-tilde (1, {(1,1)}) of arity 1.
Moreover, ¢yt is an isomorphism between these two operads.

4.3.2. Double multi-tildes. One can build the operad DMT of double multi-tildes (see
Chapter 12) in the following way.

Consider the operad C]Dg and let ¢pyr : DMT — CD% be the map linearly defined as
follows. The image by ¢pyir of (1,0, f) is the unit of CD3 and, for any double multi-tilde (n, s, t)
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of arity n > 2, ¢pmr((n, s, 1)) is the D%—clique of arity n defined, forany 1 <x <y <n+1, by

0,

=

if (x,y —1)esand (x,y —1) ¢t

(
1,0) if (x,y —1)¢sand (x,y —1) €t
éonr(in, &, g}, ) 1= Eo, 0 if Exi - 13 € s and Exi - 1§ et, (453)
(1,1) otherwise.
For instance,
(0,11)/3\\\
Sonnllh, £2,2), 23}, (113,14, 23] = o /. (45.4)

. ]
3 f J
(1,0)—o

PROPOSITION 4.3.2. The operad CD% is isomorphic to the suboperad of DMT consisting
in the linear span of all double multi-tildes except the three nontrivial double multi-tildes
of arity 1. Moreover, ¢pyr is an isomorphism between these two operads.

4.4. Gravity operad. One can build the nonsymmetric version [AP15] (see Section 4.2.7
of Chapter 2) of the operad Grav of gravity chord diagrams [Get94] in the following way.

Let ¢gray : Grav — CDy be the linear map defined in the following way. For any gravity
chord diagram ¢, ¢gray(c) is the Dy-clique of CDy obtained by replacing all blue arcs of ¢ by
arcs labeled by 0 and all unlabeled arcs by arcs labeled by 1. For instance,

P—O/—Q
0 0
Mo.%
¢Grav = (I) 0 (I) .
0
QO O—P
00—

(441)

Let us say that an Jf-clique p satisfies the gravity condition if p = o -5, or p has only
solid edges and bases, and for all crossing diagonals (x, y) and (x’, ') of p such that x < x/,

p(x,y) + Ly £ p(x’,y') implies p(x’,y) = L.

PROPOSITION 4.4.1. The linear span of all Dy-cliques satisfying the gravity condition
forms a suboperad of CDDy isomorphic to Grav. Moreover, ¢g,av is an isomorphism between
these two operads.

Proposition 4.4.1 shows hence that the operad Grav can be built through the clique
construction. Moreover, as explained in [AP15], Grav contains the nonsymmetric version
of the Lie operad, the symmetric operad describing the category of Lie algebras. This
nonsymmetric version of the Lie operad as been introduced in [ST09]. Since Lie is contained
in Grav as the subspace of all gravity chord diagrams having the maximal number of blue
diagonals for each arity, Lie can be built through the clique construction as the suboperad
of CDy containing all the Dy-cliques that are images by ¢gray 0f such maximal gravity chord
diagrams.
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Besides, this alternative construction of Grav leads to the following generalization for
any unitary magma Jf of the gravity operad. Let Grav g be the linear span of all Jf-cliques
satisfying the gravity condition. It follows from the definition of the partial composition of
CJr that Grav g is an operad. Moreover, observe that when Jf has nontrivial unit divisors,
Grav j; is not a free operad.

Concluding remarks

This chapter presents and studies the clique construction C, producing operads from
unitary magmas. We have seen that C has many both algebraic and combinatorial properties.
Among its most notable ones, CJf admits several quotients involving combinatorial families
of decorated cliques, admits a binary and quadratic suboperad NCf which is a Koszul, and
contains a lot of already studied and classic operads. Besides, in the course of this chapter,
whose is already long enough, we have put aside a bunch of questions. Let us address these
here.

First, we have for the time being no formula to enumerate prime (resp. white prime)
Ji-cliques (see (1.2.3) (resp. (1.2.4)) for # 41 = 2). Obtaining these forms a first combinatorial
question.

When Jf is a Z-graded unitary magma, a link between C_Jf and the operad of rational
functions RatFct has been developed in Section 1.2.7 by means of a morphism Fy between
these two operads. We have observed that Fy is not injective (see (1.2.22a) and (1.2.22h)). A
description of the kernel of Fy, even when Jf is the unitary magma 7Z, seems not easy to
obtain. Trying to obtain this description is a second perspective of this work.

Here is a third perspective. In Section 2, we have defined and briefly studied some
quotients and suboperads of CJf. In particular, we have considered the quotient Degy Jf of
CJ1, involving Jf-cliques of degrees at most 1. As mentioned, Deg Dy is an operad defined
on the linear span of involutions (except the nontrivial involution of Gy). A complete study
of this operad seems worth considering, including a description of a minimal generating
set, a presentation by generators and relations, a description of its partial composition on
the H-basis and on the K-basis, and a realization of this operad in terms of standard Young
tableaux.

The last question we develop here concerns the Koszul dual NC Jf' of NCf. Section 3.5
contains results about this operad, like a description of its presentation and a formula for
its dimensions. We have also established the fact that, as graded vector spaces, NC Jf' is
isomorphic to the linear span of all noncrossing dual Jf-cliques. To obtain a realization of
NC ', it is now enough to endow this last space with an adequate partial composition. This
is the last perspective we address here.
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Combinatorial Hopf bialgebras






CHAPTER 8

Hopf bialgebra of packed square matrices

The content of this chapter comes from [CGM15] and is a joint work with Hayat Chebal-
lah and Rémi Maurice.

Introduction

The combinatorial collection of the permutations is naturally endowed with two oper-
ations. One of them, the shifted shuffle product, takes two permutations as input and put
these together by blending their letters. The other one, the deconcatenation coproduct, takes
one permutation as input and disassembles it by cutting it into prefixes and suffixes. These
two operations satisfy certain compatibility relations, resulting in that the linear span of all
permutations forms a Hopf bialgebra [MR95], known as the Malvenuto-Reutenauer Hopf
bialgebra or FQSym [DHTO02] (see Section 3.2.3 of Chapter 2).

This Hopf bialgebra plays a central role in algebraic combinatorics for at least two
reasons. On the one hand, FQSym contains, as Hopf sub-bialgebras, several structures
based on well-known combinatorial objects as e.g., standard Young tableaux [DHTO02], binary
trees [HNTO05], and integer compositions [GKL*95]. The construction of these substructures
revisits many algorithms coming from computer science and combinatorics. Indeed, the in-
sertion of a letter into a Young tableau (following Robinson-Schensted [Sch61,Lot02]) or in a
binary search tree [Knu98] are algorithms which prove to be as enlightening as surprising
in this algebraic context [DHTO02, HNTO05]. On the other hand, the polynomial realization
of FQSym allows to associate a polynomial with any permutation [DHTO02] providing a gen-
eralization of symmetric functions, the free quasi-symmetric functions. This generalization
offers alternative ways to prove several properties of (quasi)symmetric functions.

It is thus natural to enrich this theory by proposing generalizations of FQSym. In the
last years, several generalizations were proposed and each of these depends on the way
we regard permutations. By regarding a permutation as a word and allowing repetitions
of letters, Hivert introduced in [Hiv99] (see [NT06] for a detailed study) a Hopf bialgebra
WQSym on packed words. Additionally, by allowing some jumps for the values of the
letters of permutations, Novelli and Thibon defined in [NT07] another Hopf bialgebra PQSym
which involves parking functions. These authors also showed in [NT10] that the k-colored
permutations admit a Hopf bialgebra structure FQSym™®. Furthermore, by regarding a
permutation o as a bijection associating the singleton {o(i)} with any singleton {i }, Aguiar and
Orellana constructed [AO08] a Hopf bialgebra structure UBP on uniform block permutations,
i.e., bijections between set partitions of [n], where each part has the same cardinality as its
image. Finally, by regarding a permutation through its permutation matrix, Duchamp, Hivert

253
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and Thibon introduced in [DHTO02] a Hopf bialgebra MQSym which involves some kind of
integer matrices.

In this chapter we propose a new generalization of FQSym by regarding permutations
as permutation matrices. For this purpose, we consider the set of 1-packed matrices that
are square matrices with entries in the alphabet {0,1} which have at least one 1 by row
and by column. By equipping these matrices with a product and a coproduct, we obtain a
bigraded Hopf bialgebra, denoted by PM;. By only considering the grading offered by the
size (resp. the number of nonzero entries) of matrices, we obtain a simply graded Hopf
bialgebra denoted by PMN; (resp. PML,). Note that since permutation matrices form a
Hopf sub-bialgebra of PMN; (and PML,) isomorphic to FQSym, PMN; (and PML,) provides
a generalization of FQSym. Now, by allowing the entries different from 0 of a packed matrix
to belong to the alphabet [k] where k is a positive integer, we obtain the notion of a k-packed
matrix. The definition of PM; (and PMN; and PML,) obviously extends to these matrices
and leads to the Hopf bialgebra PM}, (and PMN}, and PML,) involving k-packed matrices.
Besides, since any k-packed matrix is also a k + 1-packed matrix, (PMp)r>1 is an increasing
infinite sequence of Hopf bialgebras for inclusion. Let us now list some remarkable facts
about these Hopf bialgebras. First, FQSym“Q embeds into PMN, (and PMLy), and the dual
UBP* of UBP embeds into PMN;. Besides, as associative algebras, PML;* embeds into
MQSym. On the other hand, by considering a bijection between the set of the alternating
sign matrices [MRR83] and particular 1-packed matrices, it appears that the linear span of
these 1-packed matrices forms a Hopf sub-bialgebra of PM,. This Hopf bialgebra, called
ASM, is hence a Hopf bialgebra on alternating sign matrices. Several statistics defined on
alternating sign matrices through the six-vertex configurations with domain wall boundary
conditions [Kup96] can be interpreted under this algebraic point of view.

Our results are presented as follows. The aims of Section 1 are to introduce k-packed
matrices and the Hopf bialgebra of k-packed matrices. Section 2 is devoted to the study
of the algebraic properties of PM,. In Section 3, we describe morphisms between PM,
another Hopf bialgebras. We also provide a general way to construct Hopf sub-bialgebras
of PM, analogous to the construction of Hopf sub-bialgebras of FQSym by monoid congru-
ences [Hiv99] (see also [Girl11]). We end this chapter by Section 4 where we study the Hopf
sub-bialgebra ASM of PMN;j.

1. Hopf algebra of packed matrices

We begin this section by defining k-packed matrices and by enumerating them following
their sizes and their number of nonzero entries. Then we introduce the Hopf algebra PMy
on the linear span of the k-packed matrices.

1.1. Packed matrices. Let us introduce here the most important combinatorial object
of this work.
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1.1.1. First definitions. Let k > 1 be an integer. We denote by Ml , ¢ the set of n x n
matrices with exactly £ nonzero entries in the alphabet A, := {0,1, ..., k} and by N,(M) (resp.
Nc.(M)) the set of the indices of the zero rows (resp. columns) of M € .. For example,
by considering the matrix

M := (1.1.1)

[elelelelele]
[=lelelelele]

0
1
0
1
0
0

[elellelel
[l =lelelje]
<

1
0
1
0
0
0
we have N,(M) = {5} and N.(M) = {1,3}.

A k-packed matrix M of size n is a matrix of Jf} , ¢ in which each row and each column
contains at least one entry different from 0, that is to say if the subsets N,(M) and N.(M) are
empty.

We shall denote in the sequel by &, the set of all k-packed matrices of size n with
exactly £ nonzero entries, by P, _ the set of all k-packed matrices of size n, by P _, the
set of all k-packed matrices with exactly ¢ nonzero entries, and by &, the set of all k-packed

matrices. The k-packed matrix of size 0 is denoted by @. For instance, the seven 1-packed
matrices of size 2 are

691 [96) el ot [R91. 191 ]. [3 1] (1.1.2)
and the ten 1-packed matrices of Py _ 3 are
117 1111 T101 To01 100} [100} [010} [001] [010] [001]
8] L 0 (000 (84 (34 [Eet) - 508 [844) [888) s
1.1.2. Operations and decompositions. Let us now define some operations on packed

matrices. We shall denote by Z" the n x m null matrix. Given M; and M, two k-packed
matrices of respective sizes ny and ny, set

and M\ My := (1.1.4)

c ny
M, | Zm

Note that these two matrices are k-packed matrices of size n; + no. We shall respectively
call / and \ the over and under operators. These two operators are obviously associative.

Given a matrix M whose entries are in Ap, the compression of M is the matrix cp(M)
obtained by deleting in M all null rows and columns. Let M be a k-packed matrix. The tuple
(My,...,M,) is a column decomposition of M, and we write M = M; e --- @ M,, if for all
i € [r] the cp(M;) are square matrices (and not necessarily column matrices) and

M=[M1‘,,,‘Mr]. (1.1.5)

Similarly, the tuple (M;, ..., M,) is a row decomposition of M, and we write M = Mjo---oM,,
if for all i € [r] the cp(M;) are square matrices (and not necessarily row matrices) and

M=1| .. |. (1.1.6)
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For instance, here are a 1-packed matrix of size 5, one of its column decompositions and
one of its row decompositions:

86%88 8 00011
00011| = |0 10000}. (1.1.7)
10000 6 00011

00011

oi] [00

01100
00| @ |11]| = )
} H [85186] o]
00 i1
These two decompositions have t

he following property.

¢}

LEMMA 1.1.1. Let M be a packed matrix and (M, My) be a column (resp. row) decom-
position of M. Then, there is no integer i such that the ith rows (resp. columns) of M,
and M, contain both a nonzero entry.

Lemma 1.1.1 provides a sufficient condition to ensure that a given pair (M;, M) of ma-
trices cannot be a column (resp. row) decomposition of a matrix M. Nevertheless, it is not
a necessary condition. Indeed, let

s () 19

Then, even if there is no nonzero entry on the same row in M; and My, (My, My) is not a
column decomposition of M.

1.2. Enumeration. We enumerate here k-packed matrices by both their size and their
number of nonzero entries. We then specialize our enumeration to obtain formulas enu-
merating these objects by their size and, separately, by their number of nonzero entries.

1.2.1. General enumeration. Using the sieve principle, we obtain the following enumer-
ative result.

ProrosiTION 1.2.1. For any k > 1, n > 0, and ¢ > 0, the number #% o of k-packed
matrices of size n with exactly ¢ nonzero entries is

i\ fn\ i\,
#P = —1)* . 2.
iz 2 ()G () 2
0<i,j<n
Table 8.1 shows the first few values of #% ,, o. The enumeration in the case k = 1 is
Sequence A055599 of [Slo].
1.2.2. Enumeration by size. Notice that for any n > 0, since
gjk,n,— = |_| gjk,n,ér (122)
n<é<n?
the set P, is finite. Hence, by using Proposition 1.2.1, we obtain
... /n n ..
HPpn_ = Z (—1)l+1<i> <]> (k+ 1)V, (1.2.3)
0<i,j<n
Sequences (#gjiln,—)@o and (#g’g,n,_)@() respectively start with
1,1,7,265, 41503, 24997921, 57366997447, (1.2.4)
and
1, 2,56, 16064, 39156608, 813732073472, 147662286695991296. (1.2.5)
These are respectively Sequences A048291 and A230879 of [Slo].


http://oeis.org/A055599
http://oeis.org/A048291
http://oeis.org/A230879
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(a) Number of 1-packed matrices.

01234 5 6 7 89
0|1

1 1

2 2 41

3 6 45 90 78 36 9 1

(B) Number of 2-packed matrices.

0123 4 5 6 7 8 9
1

8 32 16

N N =~ O

48 720 2880 4992 4608 2304 512

TABLE 8.1. The number of k-packed matrices of size n (vertical values) with
exactly ¢ nonzero entries (horizontal values).

1.2.3. Enumeration by number of nonzero entries. Similarly, since for any ¢ > 0,

Prp= || Pene (1.2.6)
[VE]<nge

the set ¥, _ ¢ is finite. Hence, by using Proposition 1.2.1, we obtain
#Pp g = . (1) <n> <”> <l€]> k. (1.2.7)
0<i,j<n<et AR

Sequences (#P1,—0),-o and (#Py, ¢),-, respectively start with
1,1,2,10,70, 642, 7246,97052, 1503700, (1.2.8)

and
1,2,8,80,1120, 20544, 463744, 12422656, 384947200. (1.2.9)

These are respectively Sequences A104602 and A230880 of [Slo].

1.3. Hopf bialgebra structure. We are now in position to define a Hopf bialgebra struc-
ture on the linear span of all k-packed matrices.


http://oeis.org/A104602
http://oeis.org/A230880
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1.3.1. Bigraded space. Let, for any k > 1,
PM; := B P K(Pene) (1.3.1)
n>0 €0

be the bigraded vector space spanned by the set of all k-packed matrices. The elements
Fyr, where the M are k-packed matrices, form a basis of PM,. We shall call this basis the
fundamental basis of PMg.

1.3.2. Product and coproduct. Given M; and M, two k-packed matrices of respective
sizes nq and ny, set

M, Zn;
Mjony:= and nyoM,:= . (1.3.2)
Zn, M,

The column shifted shuffle My W My of My and M, is the set of all matrices obtained by
shuffling the columns of M; o ny, with the columns of ny o My,

Let us endow PM;, with a product - linearly defined, for any k-packed matrices M; and
My, by

Fay -Fupi= Y. Fu (1.3.3)
M e M;DM,
For instance, in PM; one has
F[m] 'F{m] =Fro1007 +Fjoot10] +Frooot1] +Frooto7 +Fjooo1] +Froooty- (1.3.4)
11 01 1100 1010 1001 0110 0101 0011
0010 0100 0100 1000 1000 1000
0001 0001 0010 0001 0010 0100
Moreover, we endow PM; with a coproduct A linearly defined, for any k-packed matrix
M, by
AfFy)i= Y Fepnny) @ Fepiny)- (1.3.5)
M=M, eM,

For instance, in PM; one has

AF ] @F+FeF (1.3.6)

1100
0001
1010
0100

Note that by definition, the product and the coproduct of PM, are multiplicity free.

1
0
1
0

THEOREM 1.3.1. The vector space PM, endowed with the product - and the coproduct
A is a bigraded and connected bialgebra where homogeneous components are finite-
dimensional.

Notice that since any k-packed matrix is also a k + 1-packed matrix, the vector space
PM,, is included in PM,.s. Hence, and by Theorem 1.3.1,

PM; < PM, < --- (1.3.7)

is an increasing infinite sequence of bigraded bialgebras for inclusion. The first few dimen-
sions of PM; and PM, are given by Table 8.1.
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1.3.3. Antipode. Since PMy, is, by Theorem 1.3.1, a bigraded and connected bialgebra, it
admits an antipode and hence, is a Hopf bialgebra. The antipode v of PM, satisfies, for any
k-packed matrix M,

v(Em) = Y (=1)" Fepnty -+ - - Fepivty- (1.3.8)

=1
M=M1 O---OM@
M;+0, ic[f]

For instance, in PM; one has

*(ggy) = "pag oo
(1.3.9)
T I

Note besides that v is not an involution. Indeed,

R e T TR
1.3.4. Two alternative gradings. Let us now set

PMNy = (DK (Pen,-) and  PMLg:= PK(Pr_0) (1.3.41)

n>0 €0

the vector spaces of k-packed matrices respectively graded by the size and by the number
of nonzero entries of matrices. By Theorem 1.3.1, and since each homogeneous component
of these vector spaces is finite-dimensional (see Section 1.2), PMN,; and PML, are Hopf
bialgebras. Besides,

PMN; < PMNj; — --- and PML; — PML; — --. (1.3.12)

are increasing infinite sequences of Hopf bialgebras for inclusion. The first few dimensions
of PMN; and PMN, are given by (1.2.4) and (1.2.5), and the first few dimensions of PML;
and PML, are given by (1.2.8) and (1.2.9). In the sequel, we shall denote by $( ,(t) (resp.
F(r,¢(t)) the Hilbert series of PMN}, (resp. PMLy).

2. Algebraic properties

A complete study of the algebraic properties of PMy, is performed here. We show that
PM,, is free as an associative algebra, self-dual, and admit a bidendriform bialgebra structure.

2.1. Multiplicative bases and freeness. To show that PM, is free as an associative
algebra, we define two multiplicative bases of PM. The definitions of these bases rely on a
poset structure on the set of all k-packed matrices.
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i i+1

0 || Zi+1 0

Zi || 0 = = 0

FIGURE 8.1. The condition for swapping the ith and (i + 1)st columns of a
packed matrix according to the relation —. The darker regions contain any
entries and the white ones, only zeros.

2.1.1. Poset structure. Let — be the binary relation on &, defined in the following way.
If M; and M, are two k-packed matrices of size n, we have M; — M, if there is an index
i € [n — 1] such that, denoting by z; the number of 0 ending the ith column of Mj, and by
Z;41 the number of 0 starting the (i + 1)st column of M;, one has z; + z;;1 > n, and M, is
obtained from M, by exchanging its ith and (i + 1)st columns (see Figure 8.1).

We now endow %, with the partial order relation <py defined as the reflexive and
transitive closure of —. Figure 8.2 shows an interval of this partial order.

r
OO
i =lele)
=l lele)
OO
f

r
[l =lelw]
OO
el ol
OO
L —

FIGURE 8.2. The Hasse diagram of an interval for the order <py of packed
matrices.

Notice that by regarding a permutation o of &, as its permutation matrix (i.e., the 1-
packed matrix M of size n satisfying M;; = 1 if and only if o; = i), the poset (Prn,—, <pm)
restricted to permutation matrices is the right weak order on permutations [GR63].
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2.1.2. Multiplicative bases. By mimicking definitions of the bases of symmetric func-
tions, for any k-packed matrix M, the elementary elements Ey; and the homogeneous ele-
ments Hys are respectively defined by

Ev:= Y. Fw and  Hy:= > Fy. (2.1.1)
M<puM’ M'<pmM

By triangularity, these two families are bases of PM,. For instance, in PM; one has

+F , (2.1.2)

and
H [ ] . (2.1.3)

ProposiTiON 2.1.1. The elements appearing in a product of PM, expressed in the
fundamental basis form an interval for the <py-partial order. More precisely, for any
k-packed matrices My and Mo,

Fu, - Fu, = Y. Fr. (2.1.4)
M/ Ma<pmM<pm M1\ Mo
ProposiTION 2.1.2. The product of PM, satisfies, for any k-packed matrices M; and
Mo,
Em, - Em, = Enmy o and Hu, - Hag, = Hyg - (2.1.5)

2.1.3. Freeness. Given a k-packed matrix M + @, we say that M is connected (resp.
anti-connected) if, for all k-packed matrices M; and My, M = M, /M, (resp. M = M\ My)
implies My = M or My = M.

THeEOREM 2.1.3. The Hopf bialgebra PMy, is freely generated as an associative algebra
by the elements Ey; (resp. Hy;) where the M are connected (resp. anti-connected) k-packed
matrices.

Theorem 2.1.3 also implies that PMN, and PML;, are freely generated by the Ey; (resp.
Hys) where the M are connected (resp. anti-connected) k-packed matrices. Hence, the gener-
ating series Gy, ,,(f) and Gy ¢(t) of algebraic generators of PMN} and PML, satisfy respectively

1 1
Genlt) =1 — ——+— and Gre(t) =1 - ——. 2.1.6
enll) = 1~ g bilt) =1~ g 2.1.6)
The first few numbers of algebraic generators of PMN; and PMN, are respectively
0,1,6,252, 40944, 24912120, 57316485000 (2.1.7)
and
0,2,52,15848, 39089872, 813573857696, 147659027604370240. (2.1.8)

These are respectively Sequences A230881 and A230882 of [Slo]. The first few numbers of
algebraic generators of PML; and PML, are respectively

0,1,1,7,51,497,5865, 81305, 1293333 (2.1.9)


http://oeis.org/A230881
http://oeis.org/A230882
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and
0,2,4,56,816, 15904, 375360, 10407040, 331093248. (2.1.10)

These are respectively Sequences A230883 and A230884 of [Slo].

2.2. Self-duality. The product and the coproduct of the dual of PM}, are described here.
Moreover, the fact that PMy, is a self-dual Hopf bialgebra is shown.

2.2.1. Dual Hopf bialgebra. Let us denote by PM,* the bigraded dual vector space of
PM,;, by F3,, where the M are k-packed matrices, the adjoint basis of the fundamental basis
of PM,, and by (—, —) the associated duality bracket (see (1.1.17) of Chapter 2).

Let M; and M, be two k-packed matrices of respective sizes ny and ny. By duality, the
product in PM,” satisfies

Mo Fi = Y (A(Fum), Fiy, ® Fiy,) Fire (2.2.1)
MePy
Let us set
M eny := [ M, ‘ zne ] and nye M, := [ Zn | M, } (2.2.2)
The row shifted shuffle My * My of My and M, is the set of all matrices obtained by shuffling
the rows of M, e ny with the rows of ny ¢ My. By a routine computation, we obtain the

following expression for the product of PM}*:

MoFi = Y. Fi (2.2.3)
MeMy+M,y
For instance, in PM;* one has
% * * * * * * *
F[m]'F{m}:Fmoo +Fro1007 +Froo107 T Fro1007 ¥ Flooio +F0010}-(2-2-4)
11 01 1100 0010 0100 0010 0100 0001
0010 1100 1100 0001 0001 0100
0001 0001 0001 1100 1100 1100
Let M be a k-packed matrix. By duality, the coproduct in PM,* satisfies
AFy) = Y (Fm,-Fu, Fiy) Fiy, ® Fiy,e (2.25)
M1,MQ€gjk

By a routine computation, we obtain the following expression for the coproduct of PM™:
AFM) = Y. Fiu @ oo (2.2.6)
M=M;oM,
For instance, in PM;”* one has

AFTo0 =Froo010 ®F3+FT10]®FI10]+F*001
00 loom} 11 01 [100
10 1000 110

11 1100

t

Let us denote by M7 the transpose of M.

©Ff +F®F 00101 (227)
0001
1000
1100

10
01
00
00

ProposITION 2.2.1. The map ¢ : PM, — PM}* linearly defined for any k-packed matrix
M by

¢ (Fyi) = Fiyr (2.2.8)

is a Hopf isomorphism.
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Since the transpose of any packed matrix of &, ,, ; also belongs to &P, ,, s, Proposition 2.2.1
also implies that PMN}, and PML, are self-dual for the isomorphism ¢.

2.2.2. Primitive elements. For any k-packed matrix M, define
WM = Fy, ... - Fiy (2.2.9)

where the M; are connected packed matrices (see Section 2.1.3) and M = M, /... /M,.
Then, we have
WM =Fy+ Y Fir (2.2.10)
M'eR
where any matrix M’ of R satisfies MT <py M'T since the product in PM,* consists in
shifting and shuffling rows of matrices. Thus, by triangularity, the WM form a basis of PM,*.
Moreover, for any k-packed matrices M; and My, the product of PM,* can be expressed as

WM WMz — WM M (2.2.11)
Let us denote by Vy;, where the M are k-packed matrices, the adjoint elements of the WM,

PROPOSITION 2.2.2. The elements Vy;, where M are connected k-packed matrices, form
a basis of the vector space of primitive elements of PMj.

By Proposition 2.2.2, the V;, where M are connected k-packed matrices, generate the
Lie algebra of primitive elements of PM,. The first few dimensions of the Lie algebras of
primitive elements of PMN,, PMN,, PML;, PML, are respectively given by (2.1.7), (2.1.8),
(2.1.9), and (2.1.10).

2.3. Bidendriform bialgebra structure. We show here that PM} admits a bidendriform
bialgebra structure [Foi07] (see also Section 2.3.3 of Chapter 2).

2.3.1. Dendriform algebra structure. We denote by PM,;" the subspace of PM; re-
stricted on nonempty matrices. For any nonempty matrix M, we shall denote by last.(M)
its last column. Let us endow PM," with two products < and > linearly defined, for any
nonempty k-packed matrices M; and M, of respective sizes ny and ny, by

Fu, < Fag, i= Y. Fu (2.3.1)
MeM; WM,
last. (M)=last.(Mjony)
and
Fu, > Fug, i= Y Fy. (2.3.2)
M e MM,

last. (M) =last.(njoMp)

In other words, the matrices appearing in a <-product (resp. >-product) on the funda-
mental basis involving M; and M, are the matrices M obtained by shifting and shuffling the
columns of M; and M, such that the last column of M comes from M; (resp. M,). For
example,

+F +F

o1 <Fe = Fl

OO0
[l =lel)
OO~

} ) (2.3.3a)

(= el
OO
==l
OO~

OO
(= el
===
OO~ O
OO~
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Frog1 > Fpio)=F . (2.3.3b)
4] 77 [61) l }

Since the last column of any matrix appearing in the shifted shuffle of two matrices
comes from exactly of the two operands, for any nonempty packed matrices M; and My,
one obviously has

FM1 . FMQ = FM1 < FMQ + FM1 > PMQ. (234)

ProprosiTiON 2.3.1. The Hopf algebra PM, admits a dendriform algebra structure for
the products < and >.

2.3.2. Codendriform coalgebra structure. For any nonempty matrix M, we shall denote
by last,(M) its last row. Let us endow PM}, with two coproducts A and A, linearly defined,
for any nonempty k-packed matrix M, by

A (Fy) = Y. Fepw) @ Fopim) (2.3.5)

M=LeR
last, (Ler)=last,(M)

and

A, (Fym) = Z Fepr) ® Fepir)s (2.3.6)

M=LeR
last, (¢eR)=last,(M)

where r (resp. ¢) is the number of columns of R (resp. L). In other words, the pairs of
matrices appearing in a A_-coproduct (resp. A, -coproduct) in the fundamental basis are the
pairs (L, R) of packed matrices such that the last row of L (resp. R) comes from the last row
of M. For example,

A Fr1000007 =Fr1001®Fj0017+Fr100007 ® Fpy, (2.3.7a)
011000 [011J [100} 01100
000001 001 110 00010
000100 00011
000110 00100
001000
A.Fri000007 =F11®Fr11000 (2.3.7b)
011000 00001
000001 00100
000100 00110
000110 01000
001000

Since by Lemma 1.1.1, one cannot vertically split a packed matrix by separating two
nonzero entries on a same row, for any nonempty packed matrix M, one has

A(Fy) =1@Fy + A (Fy) + A (Fy) + Py @ 1. (2.3.8)

ProposiTION 2.3.2. The Hopf algebra PM, admits a codendriform coalgebra structure
for the coproducts A, and A..

2.3.3. Bidendriform bialgebra structure.

THEOREM 2.3.3. The Hopf bialgebra PM, admits a bidendriform bialgebra structure
for the products <, > and the coproducts A, A..
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Theorem 2.3.3 also implies that PMN, and PML; admit a bidendriform bialgebra struc-
ture. Following [Foi07], the generating series T ,(t) and Ty ¢(t) of totally primitive elements
of PMN, and PML,, satisfy respectively

_ 93Ck,n(t) -1

Tenlt) = %k,n(t)Q = %k,é’(t) 1

and g'k,[(t) = FCp g(t)Q (239)

The first few dimensions of totally primitive elements of PMN; and PMN, are respectively
0,1,5, 240, 40404, 24827208, 57266105928 (2.3.10)

and
0,2, 48,15640, 39023776, 813415850016, 147655768992433664. (2.3.11)

There are respectively Sequences A230885 and A230886 of [Slo]. The first few dimensions
of totally primitive elements of PML; and PML, are respectively

0,1,0,5,36,381, 4720, 67867, 1109434 (2.3.12)
and
0,2,0,40,576,12192, 302080, 8686976, 284015104. (2.3.13)

These are respectively Sequences A230887 and A230888 of [Slo].

3. Related Hopf bialgebras

In this section, we describe links between PM} and some already known Hopf bialgebras.
Next, we provide a method to construct Hopf sub-bialgebras of PMy.

3.1. Links with known bialgebras. We consider here the Hopf bialgebras of k-colored
permutations, of uniform block permutations, and of matrix quasi-symmetric functions.

3.1.1. Hopf bialgebra of colored permutations. The Hopf bialgebra FQSym® of k-
colored permutations is introduced in [NT10] (see also Section 3.2.5 of Chapter 2).

ProposITION 3.1.1. The map ay, : FQSym(k) — PMNy, linearly defined, for any k-colored
permutation (o,c) by

ap (F(()"C)) = FM(G,C) (3.1.1)

where M©<) is the k-packed matrix satisfying Mi(f'c) = Cj i is an injective Hopf mor-
phism.

In particular, Proposition 3.1.1 shows that PMN; contains FQSym. Notice that the map
ay, is still well-defined on the codomain PML,, instead of PMNp.


http://oeis.org/A230885
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3.1.2. Hopf bialgebra of uniform block permutations. The Hopf bialgebra UBP of uni-
form block permutations is introduced in [AOO08] (see also Section 3.2.6 of Chapter 2).
ProposiTION 3.1.2. The map B : UBP* — PMN; linearly defined, for any UBP st by
B(F%) := Fpx (3.1.2)

where M” is the 1-packed matrix satisfying

.. |1 ifthereisec 7t such thatj c e and i € nle), (3.13)
v 0 otherwise. .
is an injective Hopf morphism.
For example, if 5t is the UBP defined by
w({1,4,5}):= {2,5,6}, x({2}):={1}, and n({3,6}):= {34}, (3.1.4)
we have
B =Froto0000- (3.1.5)
100110
001001
001001
100110
100110

The existence of this particular morphism S exhibited by Proposition 3.1.2 implies that
UBP” is free (as an associative algebra), cofree (as a coassociative coalgebra), self-dual, and
admits bidendriform bialgebra structure.

Besides, by using same arguments as those used in Section 2.1, one can build multiplica-
tive bases of UBP* by setting, for any UBP o,

Eini= Y. Fyr and Mri= Y. Fye (3.1.6)

M7 <puM™ M7 <puM7™

This gives another way to prove the freeness of UBP* by using same arguments as those
of Theorem 2.1.3. Hence, UBP” is freely generated by the elements Ey~ (resp. Hyx) where
the 71 are UBPs such that the M™ are connected (resp. anti-connected) 1-packed matrices.
The first few numbers of algebraic generators of UBP* are

0,1,2,11,98,1202, 19052, 375692, 8981392, 255253291, 8488918198 (3.1.7)
and the first few dimensions of totally primitive elements are
0,1,1,7,72,962,16135, 330624, 8117752, 235133003, 7929041828. (3.1.8)
These are Sequence A230889 and A230890 of [Slo].

Moreover, since for any UBP u, there exists a UBP ;r~! such that the transpose of M™
is M7, by Proposition 2.2.1, the map ¢ : UBP* — UBP linearly defined for any UBP s by

¢ (Fygr) 1= Fyper (3.1.9)

is an isomorphism.


http://oeis.org/A230889
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3.1.3. Algebra of matrix quasi-symmetric functions. The Hopf algebra of matrix quasi-
symmetric functions is introduced in [DHTO02] (see also [Hiv99] and Section 3.2.3 of Chap-
ter 2).

Let us endow the set of matrices indexing MQSym with a binary relation — defined in
the following way. If M; and M, are two matrices such that M; has n rows and m columns,
we have M; — M if there is an index i € [n — 1] such that, denoting by z; the number of
0 which end the ith row of Mj, and by z;,1 the number of 0 which start the (i + 1)st row
of My, one has z; + z;;1 > m and M, is obtained from M, by overlaying its ith and (i + 1)st
rows (see Figure 8.3).

| o [

i+1 0 |

Zi+1

FIGURE 8.3. The condition for overlaying the ith and (i + 1)st rows of a (not
necessarily square) packed matrix according to the relation —. The darker
regions contain any entries and the white ones, only zeros.

We now endow the set of matrices that index MQSym with the partial order relation
<mq defined as the reflexive and transitive closure of —. Figure 8.4 shows an interval of this
partial order.

FIGURE 8.;. The Hasse diagram of an interval for the order <y on (not
necessarily square) packed matrices.

ProposITION 3.1.3. The map 7 : PML;* — MQSym linearly defined, for any 1-packed
matrix M by

y(Fadi= Y. My, (3.1.10)

M<moM’

is an injective associative algebra morphism.
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For instance, one has

*
Y| 1100 =M
0010
0110
0001

Notice that 7 is not a Hopf morphism since it is not a coassociative coalgebra morphism.

Indeed, we have
A<?’<*11>>=1®M11 +Mp @1, (3.1.12)
[10] [1 0] [1 0]
but

(’)’@ '}’) <A < Ti 1]>> =1 X M[1 1] + M“ 1] ®M[1] + M[1 1] X 1. (3113)
10 10 10
3.1.4. Diagram of embeddings. The diagram of Figure 8.5 summarizes the relations
between known Hopf algebras related to PM, and, more specifically, to its simply graded
versions PMN, and PML,. The Hopf bialgebra ASM is the subject of Section 4.

PMNk pMLIe

PMN, s: FQSym'* f PML, MQSym

Y
PMN; FQSym PML,4 PML,*
B \
UBP* a ASM a
FQSym

FiGURE 8.5. The diagram of Hopf bialgebras of packed matrices and related
structures. Arrows — are injective Hopf bialgebra morphisms. The dotted
arrow is an associative algebra morphism.

3.2. Equivalence relations and Hopf sub-bialgebras. We provide here a way to con-
struct Hopf sub-bialgebras of PM, analogous to the way using congruences to construct
Hopf sub-bialgebras of FQSym (see Section 3.2.4 of Chapter 2).
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3.2.1. The monoid of words of columns. Let C; be the free monoid generated by the set
Cr of all n x 1-matrices with entries in Ag, for all n > 1. In other words, the elements of Cj
are words whose letters are columns and its product e is the concatenation of such words.
When all the letters of an element M € Cj, have, as columns, a same number of rows, M is
a matrix and we shall denote it as such in the sequel.

The alphabet Cy is naturally equipped with the total order < where, for any c1,cy € Cy,
¢y < ¢y if and only if the bottom to top reading of the column c; is lexicographically smaller
than the bottom to top reading of cy. For instance,

W<l [ <l w<]]

1
Since Cy, is then totally ordered and Cj is a free monoid, one can consider the previous

0
0
1
0
1

i< 2] (3.2.1)

two congruences on Cj, instead on A*. For instance, Figure 8.6 represents a «s-equivalence
class and a <p-equivalence class of packed matrices.

(101107

10101

01100

00011

LOO110l

(110107 11010

11001 11001

01100 01100

00011 00011

LO1010J 01010
11100 11010 110107 11100
11001 11001 11001 11001
01010 10100 10100 01010
00101 00011 00011 00101
01100 10010 10010 01100

(111007 111007

11001 11001

10010 10010

00101 00101

L10100 101001

(11100 111007

10101 10101

10010 10010

01001 01001

L11000 110001

(a) A sylvester equiv- (B) A plactic equivalence class.

alence class.

FiGURE 8.6. Two equivalence classes of packed matrices.

The order relation < on Cy is compatible with the shifted shuffle of packed matrices in
the following sense. Let M; and M, be two nonempty packed matrices and M be a matrix
appearing in M; (0 My. Then, if ¢; (resp. c¢g) is a column of M coming from M; (resp. My),
we necessarily have ¢; < ¢2 and ¢4 # co. The obvious analogous property holds for words
of A* and the shifted shuffle of words.
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3.2.2. Properties of equivalence relations. An equivalence relation < on Cj is compati-
ble with the restriction to alphabet intervals if for any interval I of Cy and for all u,v € Cj,
u < v implies uj; < vj;, where u); denotes the word obtained by erasing in u the letters that
are not in L.

Finally, we say that < is compatible with the decompression process if for all u,v € C;
such that u and v are matrices, u «< v if and only if cp(u) < cp(v) and u and v have the
same commutative image.

3.2.3. Construction of Hopf sub-bialgebras. Given an equivalence relation < on the
words of C; and a «-equivalence class [M]., of packed matrices of Cj, we consider the

elements
P[M]H = E FM/ (322)
M’e[M].,
OfPMk.
One has for instance
Prri1o10 =Fr110107+Fr110107 +Fri11007 +Fr111007 +Fri11007.  (3.2.3)
11001 11001 11001 11001 11001 10101
01100 01100 10100 01010 10010 10010
00011 00011 00011 00101 00101 01001
01010 01010 10010 01100 10100 11000

“p

In particular, if < is compatible with the decompression process, any «-equivalence
class of a packed matrix only contains packed matrices. The family Py, where the [M].,
are «—-equivalence classes of packed matrices, forms then a basis of a vector subspace of
PM}, denoted by PM, .

THEOREM 3.2.1. Let <+ be an equivalence relation on the words of Cj, such that <

(i) is a monoid congruence on Cj;
(ii) is compatible with the restriction to alphabet intervals;
(iii) is compatible with the decompression process.

Then, PM,“ is a Hopf sub-bialgebra of PM,.

Let < be an equivalence relation on Cj satisfying (i), (ii), and (iii) of Theorem 3.2.1.
Note that since < is compatible with the decompression process, any matrix contained in a
<-equivalence class [M]., is obtained by switching columns of M. Then, any «-equivalence
class [M]., of k-packed matrices only contains matrices whose size and number of nonzero
entries are the same as in M. Hence, Theorem 3.2.1 also implies that the family (3.2.2) forms
a basis of Hopf sub-bialgebras of both PMN, and PML,. We respectively denote these by
PMN.“ and PML; .

3.2.4. Computer experiments. By Theorem 3.2.1, the version of sylvester, plactic, Baxter,
Bell, hypoplactic, and total equivalence relations (see Section 3.2.4 of Chapter 2) applied to
C; lead to bigraded Hopf sub-bialgebras of PM,. Table 8.2 shows first few dimensions of
the Hopf subalgebras of PMN; and PML; obtained from these congruences, computed by
computer exploration.
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Hopf bialgebra First dimensions

PMN;, “Bx 1 1 7 265 38051

PMN; ¥ 1 1 7 221 25789

PMN; <8 1 1 7 221 24243

PMN; “® 1 1 7 177 17339

PMN; “°H 1 1 7 177 13887

PMN; ©1 1 1 4 57 2306

PML, 7B 11 2 10 68 578 5782 65745
PML,; ~® 11 2 9 53 390 3389 33881
PML; ¢ 11 2 9 52 364 2918 26138
PML, “*® 11 2 8 41 266 1976 16569
PML,; ~H 11 2 8 39 220 1396 9716
PML,; 7 111 3 11 43 191 939

TABLE 8.2. First few dimensions of the Hopf sub-bialgebras PMN;“ and
PML, ", where « is successively the Baxter, Bell, sylvester, plactic, hypoplac-
tic, and total congruence.

4. Alternating sign matrices

In this last section of the chapter, we construct and study a Hopf sub-bialgebra of PM;
whose bases are indexed by ASMs. We provide its main properties and investigate how usual
statistics on ASMs behave algebraically inside it.

4.1. Hopf bialgebra structure. Let us explain how to encode ASMs by particular 1-
packed matrices. As a consequence, we obtain a Hopf bialgebra on ASMs.

41.1. From ASMs to 1-packed matrices. Let 6 be an ASM [MRRS83] (see also Section 3.4
of Chapter 1). We denote by M° the matrix satisfying

1 if &€ {+,-},
MS := if & € {+,-} (4.1.1)
0 otherwise.
For instance, of 6 is the ASM defined by
05300
6= +—J60+l, (4.1.2)
0+ -+0
00+00

we obtain

00100
M®=|i1001]. (4.1.3)
it
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It is immediate that M? is a 1-packed matrix of the same size as &. Besides, observe that
since the + and the - alternate in an ASM, by starting from a 1-packed matrix M, there is at
most one ASM & such that M° = M.

41.2. Hopf bialgebra structure on ASMs. Let ASM be the vector space spanned by
the set of all ASMs. For any ASM 6, let us denote by Fs the element Fps. Due to the
above observation, the family Fs, where 6 are ASMs, spans ASM. Moreover, since the map
Fs — Fys is an injective morphism from ASM to PM;y, this family forms a basis.

The product and the coproduct of PM; induce the product and the coproduct of ASM.
For example, we have

Froro1 Flsy=Fro+o007+Fro+o007+Fjoo0+07+Froo+o07, (4.1.4)
+ -+ +-+0 + - 0+ + 0 - + 0+ -+
0+0 l0+00 0400 00+0 00+0}
000 + 00+0 0+00 +000
and
AFro:0071=Fs®Fro1007+Fro+07®F+1+Fro+007®Fg (4.1.5)
000+ 000+ + - 000+
I+—+O [+—+0 0 + +-+0
0+00 0+00 L0+00

THEOREM 4.1.1. The vector space ASM, endowed with the product and coproduct of
PM;, forms a free, cofree, and self-dual bigraded Hopf bialgebra which admits a biden-
driform bialgebra structure.

From now on, we shall see ASM as a simply graded Hopf bialgebra so that the degree of
any Fs, where 6 is an ASM,, is the size of §. The dimensions of ASM form Sequence A005130
of [Slo] and the first few terms are

1,1,2,7,42,429, 7436, 218348, 10850216, 911835460, 129534272700. (4.1.6)

By using same arguments as those used in Section 2.1, one can build multiplicative bases
of ASM by setting, for any ASM 6,

Esi= Y, Fy and Hs:i= Y Fo. (4.1.7)

This gives another way to prove the freeness of ASM by using same arguments as those of
Theorem 2.1.3. Hence, ASM is freely generated by the elements Es (resp. Hs) where the
6 are ASMs such that the M?¢ are connected (resp. anti-connected) 1-packed matrices. The
first few numbers of algebraic generators of ASM are

0,1,1,4,29,343,6536,202890, 10403135, 889855638, 127697994191 (4.1.8)
and the first few dimensions of totally primitive elements are

0,1,0,2,20,277,5776, 188900, 9980698, 868571406, 125895356 788. (4.1.9)
These are respectively Sequences A231498 and A231499 of [Slo].

Moreover, since the transpose of an ASM is also an ASM, by Proposition 2.2.1, the map
¢ : ASM — ASM* linearly defined for any ASM & by

¢ (Fs) := F; (4.1.10)

is an isomorphism.
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4.2. Algebraic interpretation of statistics on ASMs. We provide algebraic interpreta-
tions of very common statistics on ASMs, whose definitions are recalled in Section 3.4 of
Chapter 1. These algebraic interpretations rely on the Hopf bialgebra ASM and morphisms
from ASM to K(q) (see Section 1.2.7 of Chapter 2 for notations about g-analogs of integers).
We also study here algebraic quotients of ASM defined by ideals involving these statistics.

4.21. Maps from ASM to q-rational functions. The results presented here are conse-
quences of the following two combinatorial properties, highlighting compatibility between
the statistics ne, sw, se, nw, oi, and io with the column shifted shuffle product of ASMs.

LEMMA 4.2.1. Let S, &, and &, be three ASMs such that M° € M® [ M®. Then, for
any statistics s of N,

s(6) = s(61) + s(6Sy). (4.2.1)
LEMMA 4.2.2. Let 6, 61, and &, be three ASMs such that M® ¢ M 1 M. Let m be the

size of 6y (resp. 61) and {ky < ky < --- < k,, } be the set of the indices of the columns of
M?¢ coming from M% (resp. M ). Then, for any s € {nw,se} (resp. s € {sw,ne}),

s(6) = s(61) +s(S) + Y (kj —J). (4.2.2)

1<j<m

To illustrate Lemmas 4.2.1 and 4.2.2, we show here the product (4.1.4) in ASM, seen
on six-vertex configurations, where the vertices represented by squaresare of kind io while
those represented by circles are of kind nw:

F . F"I“ =F . +F 4 +F 4 +F 1.2, (4.2.3)
ﬁ : : ks ole e

v v

ProposITION 4.2.3. The maps ¢ : ASM — K(q) and ¢, : ASM — K(q) linearly defined,
for any s € M, s’ € 3, and any ASM 6 of size n by

Y
A

Y
A

q°© ,
¢s (Fs) := o and o, (Fs) :=

(4.2.4)

are associative algebra morphisms.

This previous results remain valid in the dual ASM* of ASM.

PRrOPOSITION 4.2.4. The maps s : ASM* — K(q) and ¥}, : ASM* — K(q) linearly defined,
for any s €¢ M, s’ € 3, and any ASM § of size n by

W (F5) o= and v (Fs) = 1 (425)

are associative algebra morphisms.
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4.2.2. Equivalence relations on ASMs and associated subspaces of ASM. Let S C 3UN
be a set of statistics and ~g be the equivalence relation on the set of ASMs defined, for any
ASMs 61 and &y of the same size, by

61 ~s &y if and only if s(61) = s(6g) for all s € S. (4.2.6)
We denote by 95 the associated vector space spanned by
{Fs, = Fs,:61 ~s5 62} (4.2.7)
4.2.3. The algebra ASM/},. Let us first study the statistics io € 1.

PRrOPOSITION 4.2.5. The quotient ASM/g, is a commutative associative algebra.

Note however that ASM/g,, does not inherit the structure of a coalgebra of ASM because
even if
J (4.2.8)

is an element of J,, the element

Alx)=1®@x+Fro+01@F+x®1 (4.2.9)
+ -+
0+0

is not in ASM ® 9, + Jio ® ASM. Hence, Jj, is not a coideal.

PROPOSITION 4.2.6. For any n > 0, the dimension of the nth graded component of

ASM/q, satisfies
2

dim ASM/g, (n) = {”

|+t (4.2.10)

The dimensions of ASM/q,, form Sequence A033638 of [Slo] and the first few terms are
1,1,1,2,3,5,7,10,13,17,21. (4.2.11)

A basic argument on generating series implies that these dimensions cannot be the ones
of a free commutative algebra and hence, ASM/y, is not free as a commutative associative
algebra.

Using the symmetry between the statistics io and oi provided by Proposition 3.4.1 of
Section 3.4 of Chapter 1, we immediately have ~.=~;, and then, ASM/s, = ASM/y,,.

4.2.4. The algebra ASM/; . Let us now study the statistics nw € 3.

nw

PROPOSITION 4.2.7. The quotient ASM/s, is a commutative associative algebra.

Note however that ASM/q, , does not inherit the structure of a coalgebra of ASM because

even if
JC=F[000+}—F[00+0} (4.2.12)
+000 0+00
00+0 + 0 - +
0+00 00+0
is an element of 9, the element
A(JC)=1®I+F[+]®F00+ +F,01®@F 01 +Fy001®F+x®1 (4.2.13)
2-68 [0+] [+0] 82-6
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is not in ASM ® Jnw + Tnw ® ASM. Hence, 9, is not a coideal.

PROPOSITION 4.2.8. For any n > 0, the dimension of the nth graded component of
ASM/q_ satisfies

nw

dim ASM/y_(n) = <;> +1. (4.2.14)

The dimensions of ASM/q, , form Sequence A152947 of [Slo] and the first few terms are
1,1,2,4,7,11,16,22, 29,37, 46, 56. (4.2.15)

A basic argument on generating series implies that these dimensions cannot be the ones
of a free commutative algebra and hence, ASM/q_ is not free as a commutative associative
algebra.

Using the symmetry between the statistics nw and se provided by Proposition 3.4.1, we
immediately have ~g=~nw and then, ASM/y,_ = ASM/y, . Moreover, by using the same
arguments as before, ASM/g_, and ASM/q  are the same commutative algebras.

Note that the map 6: ASM/g_ , — ASM/qg_, linearly defined for any ASM & by
0 (Tnw (Fs)) := Ttew (Fs5) (4.2.16)

where 1, (resp. 7gy) is the canonical projection from ASM to ASM/q_, (resp. ASM/y_ ) and
“— —

6 is the ASM where, for any i € [n], the ith column of & is the (n —i + 1)st column of &, is
an isomorphism between ASM/¢ and ASM/q

nw sw*®

4.2.5. The algebra ASM/|,

ionw *

Let us finally study the set of statistics {io, nw}.

ProposITION 4.2.9. The quotient ASM/q, _ is a commutative associative algebra.

io,nw

Note however that ASM/y, . does not inherit the structure of a coalgebra of ASM because
even if
J (4.2.17)

is an element of ¥, hw, the element

Alx) =1@x +Fro+ o) @ Fyp + x©1 (4.2.18)
0+0

is not in ASM ® Jionw + Jionw ® ASM. Hence, T nw is not a coideal.

By computer exploration, the first few dimensions of ASM/¢._  are

io,nw

1,1,2,5,13,31,66, 127,225, (4.2.19)
and seems to be Sequence A116701 of [Slo].

A basic argument on generating series implies that these dimensions cannot be the ones
of a free commutative associative algebra and hence, ASM/q. _ is not free as a commutative

io,nw

algebra.


http://oeis.org/A152947
http://oeis.org/A116701

276 8. HOPF BIALGEBRA OF PACKED SQUARE MATRICES

4.2.6. Others quotients of ASM. Using the symmetries provided by Proposition 3.4.1, all
the algebras ASM/q,, where S contains two nonsymmetric statistics, are equal to ASM/q,_ .

Moreover, note that by using the same arguments as before, one can prove that for any
S e 3UMN ASM/y, is a commutative algebra isomorphic to ASM/g,, ASM/q,,, or ASM/q

io” ionw *

Concluding remarks

The work presented in this chapter contributes to enrich the already large collection
of combinatorial Hopf bialgebras related to FQSym. Our main contributions are the Hopf
bialgebra PM,, of k-packed matrices and the Hopf bialgebra ASM of alternating sign matrices.

Naturally, our results raise several questions for further research. First, one can ask
for the enumeration of equivalence classes of k-packed matrices for the equivalence rela-
tions considered in Section 3.2.4. Second, we have described an injective associative algebra
morphism from PML;* to MQSym (see Proposition 3.1.3). Nevertheless, as observed, this
morphism is not a Hopf bialgebra morphism. Then, the question to define a Hopf embed-
ding of PML;* into MQSym is open. Let us address a last research direction. Most Hopf
bialgebras related to FQSym have polynomial realizations, that is, a way to encode their ele-
ments as polynomials [DHTO02], compatible with the product and the alphabet doubling (see
for instance [Hiv03]). The question to provide such a polynomial realization of PM}, seems
worth studying.



CHAPTER 9

From pros to Hopf bialgebras

The content of this chapter comes from [BG16] and is a joint work with Jean-Paul Bultel.

Introduction

The theory of operads and the one of Hopf bialgebras have several known interactions.
One of these is a construction [vdL04] taking an operad O as input and producing a Hopf
bialgebra H(O) as output, which is called the natural Hopf bialgebra of O. This construction
has been studied in some recent works: in [CLO07], it is shown that H can be rephrased in
terms of an incidence Hopf bialgebra of a certain family of posets, and in [ML14], a general
formula for its antipode is established. Let us also cite [Fra08] in which this construction
is considered to study series of trees. The initial motivation of the work contained in this
chapter was to generalize this H construction with the aim of constructing some new and
interesting Hopf bialgebras. The direction we have chosen is to start with pros (see [ML65,
Lei04, Mar08]), algebraic structures which generalize operads in the sense that pros deal
with operators with possibly several outputs (see Section 5.1 of Chapter 2).

Our main contribution consists in the definition of a new construction H from pros to
bialgebras. Roughly speaking, the construction H can be described as follows. Given a pro
& satisfying some mild properties, the Hopf bialgebra H(%) has bases indexed by a particular
subset of elements of . The product of H(%) is the horizontal composition of & and the
coproduct of H(%) is defined from the vertical composition of &, enabling to separate a basis
element into two smaller parts. The properties satisfied by & imply, in a nontrivial way, that
the product and the coproduct of H(%) satisfy the required axioms to be a bialgebra. This
construction generalizes H and establishes a new connection between the theory of pros and
the theory of Hopf bialgebras.

Let us provide some details about our construction H. A first version of this construction
is presented, associating a Hopf bialgebra H(%) with a free pro &. The fundamental basis of
this Hopf bialgebra is a set-basis with respect to the product, and the structure coefficients of
the coproduct are nontrivial (i.e., they are possibly different from 0 and 1). As an associative
algebra, H(%) is always free. This construction is extended to a class of non-necessarily free
pros. The pros of this class, called stiff pros, can be described by particular quotients of
free pros. These pros arise somewhat naturally because, under some mild conditions, two
well-known constructions of pros [Mar08] produce stiff pros. The first one, R, takes as input
operads and the second one, B, takes as input monoids. The construction R is used to show
that the natural Hopf bialgebra of an operad can be reformulated as a particular case of
our construction H. The Hopf bialgebras that one can construct from H are very similar to
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the Connes-Kreimer Hopf bialgebra [CK98] in the sense that their coproduct can be com-
puted by means of admissible cuts in various combinatorial objects. From very simple stiff
pros, it is possible to reconstruct the Hopf bialgebra of noncommutative symmetric func-
tions Sym [GKL"95] and the noncommutative Faa di Bruno Hopf bialgebra FdB [BFK06].
Besides, we present a way of using H to reconstruct some of the Hopf bialgebras I'dB,, a
v-deformation of FdB introduced by Foissy [Foi08].

This chapter is organized as follows. In Section 1, we recall the natural Hopf bialgebra
construction H of an operad and some background about the noncommutative Faa di Bruno
Hopf bialgebra FdB and its commutative version FdB. We provide in Section 2 the descrip-
tion of our new construction H and study some of its algebraic and combinatorial properties.
We conclude this chapter by giving some examples of applications of H in Section 3 from
very simple pros. We hence obtain several Hopf bialgebras, which, respectively, involve
forests of planar rooted trees, some kinds of graphs consisting of nodes with one parent
and several children or several parents and one child that we call forests of bitrees, heaps
of pieces (see [Vie86] for a general presentation of these combinatorial objects), and a par-
ticular class of heaps of pieces that we call heaps of friable pieces. All these Hopf bialgebras
depend on a nonnegative integer as parameter 7.

Note. This chapter deals only with ns set-operads. For this reason, “operad” means “ns
set-operad” in this chapter. Similarly, “pro” means “set-pro”. Moreover, all the free pros
appearing here have generators with at least one input and one output.

1. Hopf bialgebras and the natural Hopf bialgebra of an operad

We recall in this section a construction associating a combinatorial Hopf bialgebra with
an operad. This construction can be used to define the Faa di Bruno Hopf bialgebra.

1.1. Combinatorial Hopf algebras. Let us start by recalling some definitions and prop-
erties about the Faa di Bruno Hopf bialgebra, the Hopf bialgebra of symmetric functions,
and some of its noncommutative analogs. Here, we assume that the ground field K on which
all the Hopf bialgebras are defined contains R.

1.1.1. Faa di Bruno Hopf bialgebra and its deformations. Let FdB be the free commu-
tative algebra generated by elements h,, n > 1, with deg(h,) = n. The bases of FdB are thus
indexed by integer partitions, and the unit is denoted by hy. Alternatively, FdB := K(Part),
where Part is the graded combinatorial collection of integer partitions defined in Section 1.2.4
of Chapter 1. This is the algebra of symmetric functions [Mac15]. There are several ways
to endow FdB with a coproduct to turn it into a Hopf bialgebra. In [Foi08], Foissy obtains, as
a byproduct of his investigation of combinatorial Dyson-Schwinger equations in the Connes-
Kreimer algebra, a one-parameter family A,, ¥ € R, of coproducts on FdB, defined by using
alphabet transformations (see [Mac15]), by

Ay(hn):i= Y he @ hy il((ky +1)X), (1.1.1)

0<k<n
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where, for any a € R and n € N, h,(aX) is the coefficient of " in the series <Zk>0 hktk>a.
In particular,

Ao(hp) = Z hr ® hy—g. (1.1.2)

0<k<n

The algebra FdB with the coproduct Ay is the classical Hopf bialgebra of symmetric func-
tions Sym [Mac15]. Moreover, for all ¥ + O, all FdB, are isomorphic to FdBj, which is
known as the Faa di Bruno bialgebra [JR79]. The coproduct Ay comes from the interpre-
tation of FdB as the algebra of polynomial functions on the multiplicative group

Glt):i=41+) aptf:apcRk>1 (1.1.3)
k21
of formal power series of constant term 1, and A; comes from its interpretation as the
algebra of polynomial functions on the group tG(t) for the series composition of formal
diffeomorphisms of the real line.

1.1.2. Noncommutative analogs. Formal power series in one variable with coefficients in
a noncommutative algebra can be composed (by substitution of the variable). This operation
is not associative, so that they do not form a group. For example, when a and b belong to a
noncommutative algebra, one has

(t? oat) o bt = a’t? o bt = a’b?t? (1.1.4)

but
t? o (atobt) = t? cabt = ababt?. (1.1.5)

However, the analogue of the Faa di Bruno Hopf bialgebra still exists in this noncommu-
tative context and is known as the noncommutative Faa di Bruno Hopf bialgebra. It is
investigated in [BFKO06] in view of applications in quantum field theory. In [Foi08], Foissy
also obtains an analogue of the family FdB, in this context. Indeed, considering noncom-
mutative generators S,, (with deg(S,) = n) instead of the h,, for all n > 1, leads to a free
noncommutative algebra FdB whose bases are indexed by integer compositions. This is the
algebra of noncommutative symmetric functions [GKL"95]. The addition of the coproduct
A, defined by

Ay(Sn)i= Y Sk ®Sn kllky +1)A), (1.1.6)

0<k<n

a
where, for any a € R and n € N, S,(aA) is the coefficient of t" in <Zk>o Sktk> , forms a
noncommutative Hopf bialgebra FdB,. In particular,

n
Ao(Sn) =Y Sk @ Sn_k, (1.1.7)
k=0
where Sy is the unit. In this way, FdB with the coproduct Ay is the Hopf bialgebra of

noncommutative symmetric functions Sym [GKL"95, KLT97], and for all 7 # 0, all the
FdB, are isomorphic to FdB,, which is the noncommutative Faa di Bruno Hopf bialgebra.
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1.2. The natural Hopf bialgebra of an operad. We describe here a construction as-
sociating a Hopf bialgebra with an operad (under some conditions). We then apply this
construction to obtain FdB from the associative operad.

1.2.1. The construction. A slightly different version of the construction we shall present
here is considered in [vdL04, CLO7, ML14]. Let O be an operad and denote by OF the set
O\ {1}. The natural Hopf bialgebra of O is the free commutative algebra H(O) spanned
by the Ty, where the x are elements of OF. The bases of H(O) are thus indexed by finite
multisets of elements of OF. Alternatively, H(O) = K(S(O")), where S is the multiset operation
over graded collections (see Section 1.1.6 of Chapter 1). The unit of H(O) is denoted by Ty
and the coproduct of H(O) is the unique associative algebra morphism satisfying, for any
element x of OF,

AlT)= Y Ty@T,...Ty. (1.2.1)

Y.21,..,2¢€0

The Hopf bialgebra H(O) can be graded by deg(Ty) := |x| — 1. Note that with this grading,
when O(1) = {1} and when the O(n) are finite for all n > 1, H(O) becomes a combinatorial
Hopf bialgebra.

1.2.2. The natural Hopf bialgebra of the associative operad. Let us consider the asso-
ciative operad As (see Section 4.2.1 of Chapter 2). The set As* consists in the elements a,
with n > 2. The Hopf bialgebra H(As) is the linear span of the elements Ty,
x; € As™, i € [¢]. Any multiset X := Jap,,...,apn, | of As* can be encoded by a nondecreasing
word ufi ...u% where o; is the multiplicity of a;;4 in X for any i € [r]. For instance, the
basis element T, q,,a,,a6a60;; 15 €ncoded by Tess311. Moreover the degrees of such basis
elements indexed by words are the sums of their letters. For this reason, the basis elements
of H(As) are indexed by integer partitions. Besides, here is an example of a coproduct in

H(As) using (1.2.1):
AlT)=T1 T+ T1 @ (ThTy + 1 Ty) + To@ Ty Th Th

(1.2.2)
=TTy +2Ty @ Ty + To ® Ty.

For instance, the coefficient of Ty ® Ty in A(T5) is 2 because there are two ways to factorize asz
in As by using the complete composition map where the first operand is ay: az = ag o [ay, ag]
and az = ago[ag, a4]. It is known (see for instance [ML14]) that H(As) is isomorphic to FdB;.

2. From pros to combinatorial Hopf algebras

We introduce in this section the main construction of this work and review some of its
properties. In all this section, & is a free pro generated by a bigraded set &. We recall that
we work only with generating sets satisfying &(p, q) = § when p = 0 or q = 0. Starting with
&, our construction produces a bialgebra H(%’) whose bases are indexed by the reduced
elements of . We shall also extend this construction over a class of non necessarily free
pros.
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2.1. The Hopf bialgebra of a free pro. We shall use from now on the notions about
prographs introduced in Section 3.3.3 of Chapter 1 and the notions about free pros contained
in Section 5.1.3 of Chapter 2.

The bases of the vector space
H(P) := K(red(%)) 2.141)

are indexed by the reduced elements of &. The elements S,, x € red(%), form thus a basis
of H(%P), called fundamental basis. We endow H(%) with a product - : H(®P) @ H(P) — H(P)
linearly defined, for any reduced elements x and y of &, by

Sy Sy = Sx*yr (212)

and with a coproduct A : H(®) — H(%) ® H(%) linearly defined, for any reduced elements x
of P, by

A (Sy) = Z Sred(y) ® Sred(z)- (2.1.3)

v.zeP
yoz=x

Throughout this section, we shall consider some examples invo]ving the free pro gen-
erated by & := 6(2,2) LU 6(3,1) where 6(2,2) := {a} and &(3,1) := {b}, denoted by AB. For
instance, we have in H(AB)

(2.1.4)

SE\ ):|®S + S ®S':\ po_p
@ ﬁ@ f & h :(®\::(®\:
d \

+ S:\@):! @@SE\ A+ S ®Sl:\ Ao+ S ®Sy,. (2.1.5)
d bddn @ |:( hS

As a consequence of Lemma 5.1.2 of Chapter 2, the coproduct A of H(%) is coassociative.

Moreover, this lemma implies that A is a morphism of associative algebras. Hence, we obtain
the following result.
THEOREM 2.1.1. Let & be a free pro. Then, H(®) is a Hopf bialgebra.

2.2. Properties of the construction. Let us now study the general properties of the
Hopf bialgebras obtained by the construction H.

2.2.1. Algebraic generators and freeness.

ProposITION 2.2.1. Let & be a free pro. Then, H(%P) is freely generated as an associative
algebra by the set of all Sy, where the g are indecomposable and reduced elements of &P.
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2.2.2. Gradings. There are several ways to define gradings for H(%) to turn it into a
combinatorial Hopf bialgebra. For this purpose, we say that a map w : red(%) - N is a
grading of @ if it satisfies the following four properties:

(G1) for any reduced elements x and y of &P, w(x *y) = w(x) + w(y);

(G2) for any reduced elements x of & satisfying x = y oz where y,z ¢ &P, w(x) =
w(red(y)) + w(red(z));

(G3) for any n > 0, the fiber w~!(n) is finite;

(G4) w™4(0) = {Io}

A very generic way to endow & with a grading consists in providing a map w : & — N\ {0}
associating a positive integer with any generator of &, namely its weight; the degree w(x) of
any element x of & being the sum of the weights of the occurrences of the generators used
to build x. For instance, the map w defined by w(a) := 3 and w(b) := 2 is a grading of AB and
we have

10t
w
m
d :(!\: d

PROPOSITION 2.2.2. Let & be a free pro and w be a grading of . Then, with the grading

=8. (2.2.1)

H(®) = (DK ({S: : x € red(?) and w(x) = n}), (2.2.2)

n>0

H(%P) is a combinatorial Hopf bialgebra.

2.2.3. Antipode. Since the antipode of a combinatorial Hopf bialgebra can be computed
by induction on the degrees, we obtain an expression for the one of H(9%?) when & admits a
grading. This expression is an instance of the Takeuchi formula [Tak71] and is particularly
simple since the product of H(%) is multiplicative.

PROPOSITION 2.2.3. Let P be a free pro admitting a grading. For any reduced element
x of P different from 1, the antipode v of H(%P) satisfies

vS:) = Y (1) Srediyssxy- (2.2.3)

b P ne@,é}i
X1 0-+-0Xp =2
red(x;)#1o,i€[f]

We have for instance in H(AB),

vSa_ = S _r

(2.2.4)
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2.2.4. Duality. When & admits a grading, let us denote by H(%)* the graded dual of
H(%). By definition, the dual basis of the fundamental basis of H(%) consists in the elements
Si, x € red(9P).

PROPOSITION 2.2.4. Let &P be a free pro admitting a grading. Then, for any reduced
elements x and y of P, the product and the coproduct of H(P)* satisfy

S:-S) = Y S (2.2.5)
x'yeP
x’oy’ered(P)
red(x’)=x,red(y’)=y

and
ASy) =) S, ®S;. (2.2.6)

v,zeP
V¥*z=x

For instance, we have in H(AB)

53\@))3 S ol - Sé\@))’ C‘E) ol *Sa g
e dFud W o mdBud u

7/ \ /
:(@\: " %
n g (227)
:(®\:

©S;,. (228)

2.2.5. Quotient bialgebras.

ProposITION 2.2.5. Let & and &' be two bigraded sets such that &' C &. Then, the map
¢ : H(FP(&)) — H (FP (&) linearly defined, for any reduced element x of FP(&), by

Sy ifx e FP (&),

0  otherwise,

B(Sy) = { (2.2.9)
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is a surjective bialgebra morphism. Moreover, H (FP (&')) is a quotient bialgebra of
H (FP (®)).

2.3. The Hopf bialgebra of a stiff pro. We now extend the construction H to a class a
non-necessarily free pros. Still in this section, & is a free pro.

Let = be a congruence of P. For any element x of &, we denote by [x]- (or by [x] if

the context is clear) the =-equivalence class of x. We say that = is a stiff congruence if the
following three properties are satisfied:

(C1) for any reduced element x of &, the set [x] is finite;

(C2) for any reduced element x of &, [x] contains reduced elements only;

(C3) for any two elements x and x’ of & such that x = x’, the maximal decompositions
of x and x’ are, respectively of the form (x1,...,x,) and (xj,...,x;) for some ¢ >0,
and for any i € [€], x; = ;.

We say that a pro is a stiff pro if it is the quotient of a free pro by a stiff congruence.

For any =-equivalence class [x] of reduced elements of &, set
= ) S (2.3.1)
x'€[x]

Notice that thanks to (C1) and (C2), T}y is a well-defined element of H(%).

For instance, if & is the quotient of the free pro generated by & := &(1,1) U &(2,2) where
®(1,1) := {a} and &(2,2) := {b} by the finest congruence = satisfying

EKF E\F
= , (2.3.2)

@) (®)

N "

T =SE\F+SEKF+SE\F+SE\F (2.3‘3)

i

Moreover, we can observe that = is a stiff congruence.

one has

If = is a stiff congruence of &, (C2) and (C3) imply that all the elements of a same =-
equivalence class [x] have the same number of factors and are all reduced or all nonreduced.
Then, by extension, we shall say that a =-equivalence class [x] of $/_ is indecomposable
(resp. reduced) if all its elements are indecomposable (resp. reduced) in &. In the same
way, the wire of &/_ is the =-equivalence class of the wire of &.

We shall now study how the product and the coproduct of H(%°) behave on the Tp,.
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2.3.1. Product. Let us show that the linear span of the T, where the [x] are =-equi-
valence classes of reduced elements of &, forms an associative subalgebra of H(%). The
product on the T, is multiplicative and admits the following simple description.

PRropOSITION 2.3.1. Let & be a free pro and = be a stiff congruence of . Then, for
any =-equivalence classes [x] and [y],

Ty - Try) = Thewy)s (2.3.4)
where x (resp. y) is any element of [x] (resp. [y]).

2.3.2. Coproduct. To prove that the linear span of the T};, where the [x] are =-equi-
valence classes of reduced elements of &, forms a subcoalgebra of H(%?) and provides the
description of the coproduct of a T|y), we need the following notation. For any element x
of &P,

red ([x]) := {red (x') : x" € [x]}. (2.3.5)

LEMMA 2.32. Let & be a free pro and = be a stiff congruence of . For any element
x of &P,

red ([x]) = [red(x)]. (2.3.6)

LEmMMA 2.3.3. Let & be a free pro, = be a stiff congruence of &, and y and z be two
elements of & such that y = z. Then, red(y) = red(z) implies y = z.

The next result is based upon Lemmas 2.3.2 and 2.3.3.

PRrOPOSITION 2.3.4. Let & be a free pro and = be a stiff congruence of . Then, for
any =-equivalence class [x],

A(Tw) = Y. Tredtsh ® Trealz)- (2.3.7)
[v].[z]eP/-
[¥]o[z]=[x]
2.3.3. Hopf sub-bialgebra. The description of the product and the coproduct on the Tjy
leads to the following result.

THEOREM 2.3.5. Let & be a free pro and = be a stiff congruence of . Then, the linear
span of the T|;, where the [x] are =-equivalence classes of reduced elements of ¥, forms
a Hopf sub-bialgebra of H(P).

We shall denote, by a slight abuse of notation, by H(%?/_) the sub-bialgebra of H(%)
spanned by the T[,j, where the [x] are =-equivalence classes of reduced elements of &.
Notice that the construction H as it was presented in Section 2.1 is a special case of this latter
when = is the most refined congruence of pros.
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Note that this construction of sub-bialgebras of H(%) by taking an equivalence relation
satisfying some precise properties and by considering the elements obtained by summing
over its equivalence classes is analog to the construction of certain sub-bialgebras of the
Malvenuto-Reutenauer Hopf algebra [MR95]. Indeed, some famous Hopf algebras are ob-
tained in this way (see Sections 3.2.3 and 3.2.4 of Chapter 2).

2.3.4. The importance of the stiff congruence condition. Let us now explain why the
stiff congruence condition required as a premise of Theorem 2.3.5 is important by providing
an example of a non-stiff congruence of pros failing to produce a Hopf bialgebra.

Consider the pro & quotient of the free pro generated by & := &(1,1) U &(2,2) where
®(1,1) := {a} and &(2,2) := {b} by the finest congruence = satisfying

R_A
= 2.3.8
00 - 5 e

Here, = is not a stiff congruence since it satisfies (C2) but not (C3).

cl o ICR-IClo h

but this last element cannot be expressed on the Ty.

We have

T -T

Besides, by a straightforward computation, we have

TBod T Tedd o R H &
s 56 e ™
TR R0

e e

showing that neither the coproduct is well-defined on the Tp.

d M

2.3.5. Properties. By using similar arguments as those used to establish Proposition 2.2.1
together with the fact that = satisfies (C3) and the product formula of Proposition 2.3.1,
we obtain that H(%?/-) is freely generated as an algebra by the T[, where the [x] are =-
equivalence classes of indecomposable and reduced elements of . Moreover, when w is
a grading of & so that all elements of a same =-equivalence class have the same degree,
the bialgebra H(%/_) is graded by the grading inherited the one of H(%) and forms hence a
combinatorial Hopf bialgebra.
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ProposITION 2.3.6. Let & be a free pro and =, and =, be two stiff congruences of P
such that =, is finer than =y. Then, H(%/.,) is a sub-bialgebra of H (¥/-,).

2.4. Related constructions. In this section, we first describe two constructions allowing
to build stiff pros. The main interest of these constructions is that the obtained stiff pros can
be placed at the input of the construction H. We next present a way to recover the natural
Hopf bialgebra of an operad through the construction H and the previous constructions of
stiff pros.

2.41. From operads to stiff pros. Any operad O gives naturally rise to a pro R(O) whose
elements are sequences of elements of O (see [Mar08]).

We recall here this construction. Let us set R(O) := Lp>0 Ug=0 R(O)(p, q) where
R(O)(p,q) := {x1...xq:x; € O(p;) foralli € [q) and p1 + ---+ pq = P} (2.4.1)

The horizontal composition of R(O) is the concatenation of sequences, and the vertical com-
position of R(O) comes directly from the composition map of O. More precisely, for any
x1...x, € RO)(q,r) and y11...91q, - - - ¥r1 - - . ¥rq, € R(O)(p, q), we have

X1...Xp 0011 . Yq-+-¥r1---¥rq, := X1 0 [y11,. .. ,y1q1] ...Xp O [y,q, e ,yrq,,], (242)

where for any i € [r], x; € O(q;) and the occurrences of o in the right-member of (2.4.2)
refer to the total composition map of O.

For instance, if O is the magmatic operad Mag (see Section 4.2.2 of Chapter 2), since
its elements are binary trees, the elements of the pro R(O) are forests of binary trees. The
horizontal composition of R(O) is the concatenation of forests, and the vertical composition
f1 o fo in R(0O), defined only between two forests f; and f, such that the number of leaves of
f1 is the same as the number of trees in fy, consists in the forest obtained by grafting, from
left to right, the roots of the trees of fo on the leaves of f;.

ProposITION 2.4.1. Let O be an operad such that the monoid (O(1), 0;) does not contain
any nontrivial subgroup. Then, R(0O) is a stiff pro.

2.4.2. From monoids to stiff pros. Any monoid Jf can be seen as an operad concentrated
in arity one. Then, starting from a monoid Jf, one can construct a pro B(Jf) by applying
the construction R to Jf seen as an operad.

This construction can be rephrased as follows. We have B(Jf) = Uy,>0 Ug>0 B(J1)(p, q)
where

{x1...xp:x; e Mforallie[p]} ifp=gq,

B(J1)(p.q) = { (2.4.3)

1] otherwise.

The horizontal composition of B(Jf) is the concatenation of sequences and the vertical com-
position o : B(Jf)(p,p) x B(UL)(p,p) — B(I)(p,p) of B(S) satisties, for any x1...x, €
B(J1)(p.p) and 31 ...y4 € B(J1)(q, q),

Xt...XpO¥1...¥p = (X1 x31)...(xp * Fp), (2.4.4)

where * is the product of Jf.
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For instance, if Jf is the additive monoid of natural numbers, the pro B(Jf) contains all
words over N. The horizontal composition of B(Jf) is the concatenation of words, and the
vertical composition of B(Jf), defined only on words with a same length, is the component-
wise addition of their letters.

PRropOSITION 2.4.2. Let Jf be a monoid that does not contain any nontrivial subgroup.
Then, B(J1) is a stiff pro.

2.4.3. The natural Hopf bialgebra of an operad. We call abelianization of a Hopf bial-
gebra FC the Hopf bialgebra quotient of ¥ by the Hopf bialgebra ideal spanned by the
x-y—y-xforall x,y € ¥.

Here is the main link between our construction H and the construction H.

ProprosiTION 2.4.3. Let O be an operad such that the monoid (O(1), o1) does not contain
any nontrivial subgroup. Then, the bialgebra H(O) is the abelianization of H(R(O)).

3. Examples of application of the construction

We conclude this chapter by presenting examples of application of the construction H.
The pros considered in this section fit into the diagram represented by Figure 9.1 and the
obtained Hopf bialgebras fit into the diagram represented by Figure 9.2.

FBT, Heap,
PRF, BAs,
As, FHeap,

FIGURE g.1. Diagram of pros where arrows »— (resp. —») are injective (resp.
surjective) pro morphisms. The parameter 7 is a positive integer. When
v =0, PRFy = Asp = Heap, = FHeap, and FBT; = BAs,.

3.1. Hopf bialgebra of forests. We present here the construction of two Hopf bialge-
bras of forests, one depending on a nonnegative integer 7, and with different gradings. The
pro we shall define in this section will intervene in the next examples.

3.1.1. Pro of forests with a fixed arity. Let ¥ be a nonnegative integer and PRI, be the
free pro generated by & := &(y + 1,1) := {a}, with the grading w defined by w(a) := 1. Any
prograph x of PRF, can be seen as a planar forest of planar rooted trees with only internal
nodes of arity 7 + 1. Since the reduced elements of PRI, have no wire, they are encoded
by forests of nonempty trees.



3. EXAMPLES OF APPLICATION OF THE CONSTRUCTION 289

H(FBT,) H(Heap,)
/ \
H(PRF,) H(BAs,)
\ /
H(As,) H(FHeap,)

FIGURE g.2. Diagram of combinatorial Hopf bialgebras where arrows »—
(resp. —») are injective (resp. surjective) Hopf bialgebras morphisms. The pa-
rameter 7 is a positive integer. When y = 0, H(PRF,) = H(Asy) = H(Heap,) =
H(FHeap,) and H(FBT,) = H(BAsy).

3.1.2. Hopf bialgebra. By Theorem 2.1.1 and Proposition 2.2.2, H(PRF,) is a combina-
torial Hopf bialgebra. By Proposition 2.2.1, as an associative algebra, H(PRF,) is freely
generated by the S, where the t are nonempty planar rooted trees with only internal nodes
of arity 7 + 1. Its bases are indexed by planar forests of such trees where the degree of a
basis element S; is the number of internal nodes of f.

Notice that the bases of H(PRF,) are indexed by forests of linear trees and that H(PRF)
and Sym are trivially isomorphic as combinatorial Hopf bialgebras.

3.1.3. Coproduct. By definition of the construction H, the coproduct of H(PRF,) is given
on a generator S¢ by
= ) Se®Sy,, (3.1.1)
t'eAdm(y)
where Adm(t) is the set of admissible cuts of t, that is, the empty tree or the subtrees of t
containing the root of t and where t/¢ denotes the forest consisting in the maximal subtrees
of t whose roots are leaves of t/, by respecting the order of these leaves in t' and by removing
the empty trees. For instance, we have

AS@:%(@S@+S&®S&%+S@®S%
+snﬁn®s&&+sm®s&+s ®s&+s ® Sg.

(3.1.2)

This coproduct is similar to the one of the noncommutative Connes-Kreimer Hopf bial-
gebra CK [CK98]. The main difference between H(PRF,) and CK lies in the fact that in a
coproduct of CK, the admissible cuts can change the arity of some internal nodes; it is not
the case in H(PRF,) because for any ¢ € Adm(t), any internal node u of ¢ has the same arity
as it has in t.
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3.1.4. Dimensions. The series of the algebraic generators of H(PRF,) is

1 n(y +1)
Glt) = S t" 3.1.3
(0 Z ny +1 < n ( )

n>1
since its coefficients are the Fuss-Catalan numbers, counting planar rooted trees with n

internal nodes of arity 7 + 1 (see Section 2.2.2 of Chapter 1). Since H(PRF,) is free as an
1

associative algebra, its Hilbert series is %H(pRFy)(t) =

-5
The first dimensions of H(PRF;) are
1,1,3,10, 35,126, 462,1716, 6435, 24310, 92378, (3.1.4)
and those of H(PRF,) are
1,4,19,98,531,2974, 17060, 99658, 590563, 3540464, 21430267. (3.1.5)

These two sequences are respectively Sequences A001700 and A047099 of [Slo].

3.1.5. Pro of general forests. We denote by PRF, the free pro generated by & :=
Un>16(n,1) := Up>1{an }. Any prograph x of PRF, can be seen as a planar forest of planar
rooted trees. Since the reduced elements of PRF ., have no wire, they are encoded by forests
of nonempty trees. Observe that for any nonnegative integer y, PRI, is a sub-pro of PRF .

3.1.6. Hopf bialgebra. By Theorem 2.1.1, H(PRF,,) is a Hopf bialgebra. By Proposi-
tion 2.2.1, as an associative algebra, H(PRF ) is freely generated by the S, where the t are
nonempty planar rooted trees. Its bases are indexed by planar forests of such trees. Be-
sides, by Proposition 2.2.5, since PRI, is generated by a subset of the generators of PRF,
H(PRF,) is a Hopf bialgebra quotient of H(PRF,,). Moreover, the coproduct of H(PRF)
satisfies (3.1.1).

To turn H(PRF,,) into a combinatorial Hopf bialgebra, we cannot consider the grading w
defined by w(a,) := 1 because there would be infinitely many elements of degree 1. There-
fore, we consider on H(PRF ) the grading w defined by w(a,) := n. In this way, the degree
of a basis element S; is the number of edges of the forest f. By Proposition 2.2.2, H(PRF )
is a combinatorial Hopf bialgebra.

3.1.7. Dimensions. The series of the algebraic generators of H(PRF) is

1 /2n\ ,,
S(t):=Y — ( i >t (3.1.6)

n>1

since its coefficients are the Catalan numbers, counting planar rooted trees with n edges. As
H(PRF,,) is free as an associative algebra, its Hilbert series is

1 1/2n\ ,
FCrprr.,)(f) := e Y 5 < i )t : (3.1.7)
n>1

The dimensions of H(PRF,,) are then the same as the dimensions of H(PRF}) (see (3.1.4)).

3.2. Faa di Bruno Hopf bialgebra and its deformations. We shall give here a method
to construct the Hopf bialgebras FdB, of Foissy [Foi08] from our construction H in the case
where 7 is a nonnegative integer.


http://oeis.org/A001700
http://oeis.org/A047099
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3.2.1. Associative pro. Let ¥ be a nonnegative integer and As, be the quotient of PRF,
by the finest pro congruence = satisfying
(@)

We can observe that As, is a stiff pro because = satisfies (C2) and (C3), and that Asy =
PRF,. Moreover, observe that, when y > 1, there is in As, exactly one indecomposable
element of arity ny + 1 for any n > 0. We denote by «a, this element. We consider on
As, the grading w inherited the one of PRT,. This grading is still well-defined in As, since

1l

y k1 + kQ =9 = €1 + €2. (321)

123

I

any =-equivalence class contains prographs of a same degree and satisfies, for all n > 0,

w(a,) = n. Any element of As, is then a word ay, ...ax, and can be encoded by a word

of nonnegative integers ky ... k. Since the reduced elements of As, have no wire, they are
encoded by words of positive integers.

3.2.2. Hopf bialgebra. By Theorem 2.3.5 and Proposition 2.2.2, H(As,) is a combinatorial
Hopf bialgebra. As an associative algebra, H(As,) is freely generated by the T,, n > 1, and its
bases are indexed by words of positive integers where the degree of a basis element Ty, ,
isky + +-- + ky.

3.2.3. Coproduct. Since any element a, of As, decomposes into a, = x oy if and only if
x=arand y = q cee Wiy with iy + -+ 4+ ipy+1 = n — k, by Proposition 2.3.4, for any n > 1,
the coproduct of H(As,) can be expressed as

AlTp)= Y T ® oo T T | (3.2.2)

0<k<n l’1+-4'+ik7+1=n~k

where Ty is identified with the unit T. of H(As,). For instance, in H(As;), we have

A(T3) = To®Ts + Ty ® (ToTo + Ty Ty + ToTy)
+ TQ X <TOTOT1 + TOT1T0 + TiTOTO) + T3 X (ToToToTo)
=Tc®Ts+2T1@To+T1 ®T11 +3To @ Ty + T3 @ T, (3.2.3)

and in H(As,), we have
A<T3) =ToT:+T1 ® (T()T()Tg + ToToTo + ToToTo + ToT1 Ty + T4 ToTy + T1T1T0)
+ TQ X (T0T0T0T0T1 + T0T0T0T1T0 + T0T0T1T0T0 + T0T1T0T0T0 + TiTOTOTOTO)

+ Tz ® ToToToToToToTo
=Tce®Ts+3T1®Ty+3T1 ®T11 +5To®@ Ty + T3 ® Te. (324)

3.2.4. Deformation of the noncommutative Faa di Bruno Hopf bialgebra.

THEOREM 3.2.1. For any nonnegative integer v, the Hopf bialgebra H(As,,) is the defor-
mation of the noncommutative Fad di Bruno Hopf bialgebra FdB,.
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3.3. Hopf bialgebra of forests of bitrees. To define Hopf bialgebras of forests of bi-
trees, we need the following general construction on pros.

3.3.1. Symmetrization of pros. If & is a bigraded collection of the form & = L,>1 Ug>1
&(p, q), we denote by &* the bigraded collection defined by

®*(p,q):=®(q,p), p.q=1 (3.3.1)

From a geometrical point of view, any elementary prograph over &* is obtained by reversing
from bottom to top an elementary prograph over . We moreover denote by rev : FP(6*) —
FP(®) the bijection sending any prograph x of FP(&*) to the prograph rev(x) of FP(®)
obtained by reversing x from bottom to top.

Now, given a pro & := FP(®)/_, we define the symmetrization S(%P) of & as the pro

S(P) := FP (& U &™) /=, (3.3.2)
where = is the finest congruence of FP(& Ll *) satisfying
xZy if(x,yeFP(®)and x =y) or (x,y € FP(®") and rev(x) = rev(y)). (3.3.3)

Notice that in this definition, we consider FP(&) and FP(&*) as sub-pros of FP(& Ll &*) in an
obvious way. Notice also that if & is a free pro FP(®), then the congruence = is trivial, so
that = is also trivial, and S(%°) = FP(& U &*). Besides, as another immediate property of this
construction, remark that when & is a stiff pro, the congruence = satisfies (C2) and (C3),
and then, S(9) is a stiff pro.

We shall present here two Hopf bialgebras coming from the construction S applied to
PRF, and As,.

3.3.2. Pro of forests of bitrees. Let ¥ be a nonnegative integer and BT, be the free pro
generated by & := &(y + 1,1) U &1,y + 1) where &(y + 1,1) := {a} and &(1,y + 1) := {b},
with the grading w defined by w(a) := w(b) := 1. One has S(PRF,) = FBT,. Any prograph
x of FBT, can be seen as a forest of y-bitrees, that are labeled planar trees where internal
nodes labeled by a have 7y + 1 children and one parent, and the internal nodes labeled by b
have one child and 7 + 1 parents. Since the reduced elements of FBT, have no wire, they
are encoded by forests of nonempty 7-bitrees.

3.3.3. Hopf bialgebra. By Theorem 2.1.1 and Proposition 2.2.2, H(FBT,) is a combina-
torial Hopf bialgebra. By Proposition 2.2.1, as an associative algebra, H(FBT,) is freely
generated by the S;, where the t are nonempty y-bitrees. Its bases are indexed by planar
forests of such bitrees where the degree of a basis element S; is the total number of internal
nodes in the bitrees of f. Moreover, by Proposition 2.2.5, since PRI, is generated by a subset
of the generators of FBT,, H(PRF,) is a quotient bialgebra of H(FBT,).
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3.3.4. Coproduct. The coproduct of H(FBT,) can be described, like the one of CK on
forests, by means of admissible cuts on forests of y-bitrees. We have for instance

AS = 55®S ? + S;%J@Sﬁ + S&@Sgé
+ S ®Sl§J + S ®Sr¥: + S Sg.  (3.3.4)

3.3.5. Dimensions. We only know the dimensions of H(FBT,) when y = 0. In this case, O-
bitrees of size n are linear trees and can hence be seen as words of length n on the alphabet
{a,b}. Therefore, as H(FBT,) is free as an associative algebra, the bases of H(FBTy) are
indexed by multiwords on {a,b} and its Hilbert series is

Flrppry) (f) 1= 1 +222" Lgn, (3.3.5)

n>1

3.3.6. Pro of biassociative operators and its Hopf bialgebra. Let BAs, be the quotient
of FBT, by the finest pro congruence = satisfying

A,

k1 + kQ =9 = €1 + 02, (336)

and

1l

ki + ky = Y = b + b (337)

We can observe that BAs, is a stiff pro because = satisfies (C2) and (C3). Notice that
S(As,) = BAs, and BAsy; = FBT;. We consider on BAs, the grading w inherited the one
of FBT,. This grading is still well-defined in BAs, since any =-equivalence class contains
prographs of a same degree. Notice that BAs, is very similar to the pro governing Hopf bial-
gebras (see [Mar08]). Indeed, it only lacks in BAs; the usual compatibility relation between
its two generators. Notice also that the pro governing bialgebras is not a stiff pro.

By Theorem 2.3.5 and Proposition 2.2.2, H(BAs, ) is then a combinatorial Hopf bialgebra.
Moreover, we can observe that H(As,) is a quotient Hopf bialgebra of H(BAs,).

3.4. Hopf bialgebra of heaps of pieces. We present here the construction of a Hopf
bialgebra depending on a nonnegative integer v, whose bases are indexed by heaps of pieces.
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3.4.1. Pro of heaps of pieces. Let ¥ be a nonnegative integer and Heap,, be the free pro
generated by & := &(y + 1,7 + 1) := {a}, with the grading w defined by w(a) := 1. Any
prograph x of Heap, can be seen as a heap of pieces of width y + 1 (see [Vie86] for some
theory about these objects). For instance, the prograph

) CO\/
(a) (3.4.1)
a a / \\ a
of Heap, is encoded by the heap of pieces of width 3 depicted by

— 1 . (3.4.2)

[ | | |

Notice that Heap, = PRF). Besides, since the reduced elements of Heap, have no wire, they
are encoded by horizontally connected heaps of pieces of width y + 1.

3.4.2. Hopf bialgebra. By Theorem 2.1.1 and Proposition 2.2.2, H(Heapy) is a combina-
torial Hopf bialgebra. By Proposition 2.2.1, as an associative algebra, H(Heap,) is freely
generated by the Sy where the A\ are heaps of pieces that cannot be obtained by juxtaposing
two heaps of pieces. Its bases are indexed by horizontally connected heaps of pieces of width
v + 1 where the degree of a basis element Sy is the number of pieces of A.

3.4.3. Coproduct. The coproduct of H(Heap,) can be described, like the one of CK on
forests, by means of admissible cuts on heaps of pieces. Indeed, if A is a horizontally con-
nected heap of pieces, by definition of the construction H,

AlSx) = Y Sy @Sy, (3.4.3)

NeAdm(\)

where Adm(}\) is the set of admissible cuts of ), that is, the set of heaps of pieces obtained
by keeping an upper part of A and by readjusting it so that it becomes horizontally connected
and where A/ denotes the heap of pieces obtained by removing from X the pieces of X\’
and by readjusting the remaining pieces so that they form an horizontally connected heap
of pieces. For instance, in H(Heap,), we have

ASI%E = 55®S + S| |®S ]
+ § 1 ® 3] | + § | 1 © |
T —

+ 5 | 1 ® S |+ S I 1 ®Sg.  (3.4.4)

3.4.4. Dimensions.
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ProposITION 3.4.1. For any nonnegative integer 7y, the Hilbert series %H(Heapy)(t) of
H(Heap,) satisfies ?FCH(Heapy)(t) =Y >0 Cyn(t), where

-1

=]

Cy,n(t) = py,n(t) - Z Cy,k(t)p%n—k—i(t)r (345)
k=0
D, (t) := ! (3.4.6)
r.n F%n(t) ’ .
and
Fyult) = {1 ns<7, (3.4.7)
Fyn-1(t) —tF,n_y_4(t) otherwise.

By using Proposition 3.4.1, one can compute the first dimensions of H(Heap,). The first
dimensions of H(Heap,) are

1,1,4,18,85, 411, 2014, 9950, 49417, 246302, 1230623, (3.4.8)
and those of H(Heap,) are
1,1,6,42,313,2407,18848, 149271, 1191092, 9553551, 769106 32. (3.4.9)

Since by Proposition 2.2.1, H(Heap,) is free as an associative , the series G, (f) of its algebraic
generators satisfies G, (t) = 1 — GF The first dimensions of the algebraic generators

Fertttear (1)
of H(Heap,) are
1,3,11, 44,184,790, 3450, 15242, 67895, 304267, 1369761, (3.4.10)
and those of H(Heap,) are
1,5,31,210, 1488, 10826, 80111,599671, 4525573, 34357725, 262011295. (3.4.11)

These four integer sequences are respectively Sequences A247637, A247638, A059715,
and A247639 of [Slo].

3.5. Hopf bialgebra of heaps of friable pieces. By considering special quotient of
Heap,, we construct a Hopf bialgebra structure on the (v + 1)st tensor power of the vector
space Sym.

3.5.1. Pro of heaps of friable pieces. Let y be a nonnegative integer and FHeap,, be the
quotient of Heap,, by the finest pro congruence = satisfying

<[yl (3.5.1)

(35.2)
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contains exactly the prographs

(35.3)

We can observe that FHeap, is a stiff pro because = satisfies (C2) and (C5) and FHeap, =
Heap,. We call FHeap,, the pro of heaps of friable pieces of width 7 + 1. This terminology is
justified by the following observation. Any piece of width 7 + 1 (depicted by [____1) consists
in v + 1 small pieces, called bursts, glued together. This forms a friable piece (depicted,
for y = 2 for instance, by [_T_T ). The congruence = of Heap, can be interpreted by
letting all pieces break under gravity, separating the bursts constituting them. For instance,
the prographs of (3.5.3), respectively, encoded by the heaps of pieces

(35.4)

all become the heap of friable pieces

I (85.5)

obtained by replacing each piece of any heap of pieces of (3.5.4) by friable pieces.

The grading w of FHeap, is the one inherited the one of Heap,. This grading is still well-
defined in Heap,, since any =-equivalence class contains prographs of a same degree. Since
the reduced elements of FHeap,y have no wire, they are encoded by horizontally connected
heaps of friable pieces.

Besides, FHeap,, admits the following alternative description using the B construction
(see Section 2.4.2). Indeed, FHeap,, is the sub-pro of B(N) generated by 17+1, where N denotes
here the additive monoid of nonnegative integers and 17! denotes the sequence of y + 1
occurrences of 1 € N. The correspondence between heaps of friable pieces and words
of integers of this second description is clear since any element x of the sub-pro of B(N)
generated by 17*! encodes a heap of friable pieces consisting, from left to right, in columns
of x; bursts for i € [n], where n is the length of x. For instance, the word 122211 encodes
the heap of friable pieces of (3.5.5).

3.5.2. Hopf bialgebra. By Theorem 2.3.5 and Proposition 2.2.2, H(FHeap,,) is a combina-
torial Hopf sub-bialgebra of H(Heap,). The bases of H(FHeap,) are indexed by horizontally
connected heaps of friable pieces of width v + 1 where the degree of a basis element T} is
the number of pieces of .

3.5.3. Coproduct. The coproduct of H(FHeap,) can be described with the aid of the
interpretation of FHeap, as a sub-pro of B(N). Indeed, if A is an horizontally connected heap
of friable pieces, by Proposition 2.3.4,

ATa) = Y Tx@Ty, (3.5.6)
A1, Ao€FHeap,
A=A+
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where A1 + Aq is the heap of friable pieces obtained by stacking Ay onto Ay and where X}
(resp. Aj) is the readjustment of A; (resp. Ag) so that it is horizontally connected. For
instance, we have in H(FHeap;)

T — = S|—| + S [ ] + Sl ] , (357)
[ | | [ [
I I_li|
AT = Ty®T + T/ ®T + T —/ T—T—7
| | | | —_

+ T @ T + T ® Ty + T ©Te. (3538)
| |

3.5.4. Dimensions.

ProposiTION 3.5.1. For any nonnegative integers v and n, the nth homogeneous com-
ponent of H(FHeap,) has dimension (y + 21,

3.5.5. Miscellaneous properties. By the dimensions of H(FHeap,) provided by Proposi-
tion 3.5.1, as a graded vector space, H(FHeapy) is the v + 1st tensor power of the underlying
vector space of Sym. Indeed, the nth homogeneous components of these two spaces have
the same dimension. Besides, notice that since FHeap, is by definition a sub-pro of the pro
obtained by applying the construction B to a commutative monoid, H(FHeap,) is cocommu-
tative.

Concluding remarks

We have defined a construction H establishing a new link between the theory of pros
and the theory of combinatorial Hopf bialgebras, by generalizing a former construction from
operads to Hopf bialgebras. By the way, we have exhibited the so-called stiff pros which is
the most general class of pros for which our construction works.

By using H, we have introduced some new and recovered some already known combina-
torial Hopf bialgebras by starting with very simple pros. Nevertheless, we are very far from
having exhausted the possibilities, and it would not be surprising that H could reconstruct
some other known Hopf bialgebras, maybe in unexpected bases.

Computing the Hilbert series of a combinatorial Hopf bialgebra is, usually, a routine
work. Nevertheless, in the general case, it is very difficult to compute the Hilbert series of
H(%) when & is a free pro. Indeed, this computation requires to know, given a free pro &,
the series

Fo(t) = Y 1990, (3.5.9)
xered(P)
which seems difficult to explicitly describe in general.
As another perspective, it is conceivable to go further in the study of the algebraic struc-

ture of the bialgebras obtained by H. The question of the potential autoduality of H(%)
depending on some conditions on the pro & is worth studying. A way to solve this problem
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is to provide enough conditions on ¥ to endow H(%) with a bidendriform bialgebra struc-
ture [Foi07] (see also Section 2.3.3 of Chapter 2). This strategy is based upon the fact that
any bidendriform bialgebra is free and self-dual as a bialgebra [Foi07].



Part 4

Combinatorics and algorithms






CHAPTER 10

Shuffle of permutations

The content of this chapter comes from [GV16] and is a joint work with Stéphane Vialette.

Introduction

The shuffle product W is a well-known operation on words first defined by Eilenberg
and Mac Lane [EML53]. Given three words u, vi, and vy, u is said to be a shuffle of v,
and v, if it can be formed by interleaving the letters from v; and vy in a way that maintains
the left-to-right ordering of the letters from each word (see also Section 2.3.1 of Chapter 2).
Besides purely combinatorial questions, the shuffle product of words naturally leads to the
following computational problems:

(i) Given two words vy and vy, compute the set of the words appearing in the shuffle
of v; with vy;
(ii) Given three words u, vi, and vy, decide if u appears in the shuffle of vy with vy;
(iii) Given a word u, decide if there is a word v such that u is in the shuffle of v with
itself.

Even if these problems seem similar, they radically differ in terms of time complexity.
Let us now review some facts about these. In what follows, n denotes the size of u and
m; denotes the size of each v;. A solution to Problem (i) can be computed in O ((mglm?»
time [Spe86, Al100]. Problem (ii) is in P; it is indeed a classical textbook exercise to design
an efficient dynamic programming algorithm solving it. It can be tested in O (n?/log(n))
time [vLN82]. To the best of our knowledge, the first O(n?) time algorithm for this problem
appeared in [Man83]. This algorithm can easily be extended to check in polynomial-time
whether a word is in the shuffle of any fixed number of given words. Let us now finally focus
on Problem (iii). It is shown in [RV13,BS14] that it is NP-complete to decide if a word u is a
square with respect to the shuffle, that is a word u with the property that there exists a word
v such that u appears in the shuffle of v with itself. Hence, Problem (iii) is NP-complete.

This chapter is intended to study a natural generalization of L, denoted by e, as a shuffle
of permutations. Roughly speaking, given three permutations s, 01, and oy, 7t is said to be a
shuffle of 0y and o, if 71 (viewed as a word) appears in the shuffle of two words whose stan-
dardized permutations are respectively oy and oy. This shuffle product was first introduced
by Vargas [Var14] under the name of supershuffle. Our intention in this work is to study
this shuffle product of permutations e both from a combinatorial and from a computational
point of view by focusing on square permutations, that are permutations st appearing in the
shuffle of a permutation o with itself. Many other shuffle products on permutations appear
in the literature. For instance, in [DHTO02], the authors define the convolution product and

301
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the shifted shuffle product (see Section 3.2.3 of Chapter 2). It is a simple exercise to prove
that, given three permutations s, 01, and oy, deciding if st is in the shifted shuffle of o3 and
0y is in P.

This chapter is organized as follows. In Section 1, we introduce the general notion of
square elements in algebras. We take as examples the case of the shifted shuffle product of
permutations and the shuffle product of words. We provide a definition of the supershuffle
of permutations in Section 2, by introducing it from its dual coproduct A, called unshuffling
coproduct. Some algebraic and combinatorial properties of these product and coproduct are
reviewed. Section 3 is devoted to contain an algorithmic study of square permutations with
respect to e. The most important result of this work, concerning the fact that deciding if a
permutation is square is NP-complete, appears here.

1. Square elements, shuffles, and words

Before defining and studying the supershuffle product of permutations, we set here a
general algebraic framework about square elements in algebras.

1.1. Square elements with respect to a product. The general notion of square elements
in polynomial algebras endowed with a binary product is introduced here. This notion relies
on the notions of collections (see Section 1 of Chapter 1) and of polynomial algebras (see
Section 2 of Chapter 2 for the basic definitions about these structures).

1.1.1. General definitions. Let C be a collection and K {C) be an algebra (not necessarily
an associative algebra) endowed with a binary product . An object x of C is a square with
respect to « if there is an object y of C such that x appears in the product y xy. In this case,
we say that y is a square root of x. Observe that this notion depends on the basis of C of
K (C). Indeed, seen on anther basis C’' of K(C), square elements can be different.

By duality, by considering the dual (K(C)", A,) of (K(C),«), an element x of C is a
square and y € C is one of its square root if and only if the tensor y ® y appears in A,(x).
Indeed, by definition x is a square and y is one of its square root if and only if the structure

coefficient &’imy'x) of x is nonzero (see Section 2.1.1 of Chapter 2). Hence, this is equivalent

x,yQy

to say that the structure coefficient &’(A " of A, is nonzero.

*

In the case where (K(C),*) is graded, there are two algorithmic problems related to
these concepts. The first one takes as input an element x of C of size n and consists in
deciding whether x is a square. We call this problem the square detection problem SDP.
The second one takes as input an element x of C of size n and another element y of C and
consists in deciding whether y is a square root of x. We call this problem the square root
checking problem RCP. The complexity of these two problems is studied with respect to n.

1.1.2. Square permutations in FQSym. To give an example of this notion of squares,
consider the space FQSym = K (&) of all permutations endowed with the shifted shuffle
product (see Section 3.2.3 of Chapter 2). The permutation 316425 is a square since it appears
in the shifted shuffle of 312 with itself. The first square permutations are

€, 12,21, 1234,1324,1342,3124,3142,3412,2143,2413,4213,2431,4231,4321, (1.1.1)
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and the sequence of the number of square permutations begins by
1,0,2,0,12,0,120,0, 1680, 0, 30240, 0, 665280, 0, 17297280, (1.1.2)
forming (after removing the Os) Sequence A001813 of [Slo].

To test if a permutation o of an even size n is a square, one can extract its sub-
word u consisting in the letters in {1,2,...,%}, its subword v consisting in the letters in
{% +1,5+2,..., n}, and checking if std(v) = u, where std is the standardization algorithm
(see Section 1.2.5 of Chapter 1). Since all these operations are obviously polynomial in n,
SDP is polynomial.

Besides, to check if a permutation v is a square root of a permutation o of an even size
n, one can check if the subword u of o consisting in the letters in {1,2, cee %} of 0 and
if the standardized of subword v consisting in the letters in {% +1,5+2,.. .,n} are both
equal to v. Since these operations are polynomial in n, RCP is polynomial.

1.2. Square words for the shuffle product. We now turn our attention to square words
for the shuffle product and the complexity of SDP. These results come from [RV13] and are
used as prototype in our upcoming study of square permutations.

1.2.1. Square words. Let us consider here the shuffle algebra (K(A*), 1) where A is a
finite alphabet (see Section 2.3.1 of Chapter 2). For instance, if A := {a,b}, the word abaaba
is a square since it appears in the shuffle of aba with itself. Contrariwise, the word abba is
not a square. Observe that having an even number of occurrences for each letter of A is a
necessary condition to be a square.

1.2.2. Perfect matchings. Let us describe a way to decide if a word u is a square. This
comes from [RV13] and use perfect matchings on words. A perfect mafching on a word
u € A* is a graph (V, E) such that

V= {(uli)i):i e [[ul]}, (1.2.1)

every vertex of V belongs to exactly one edge of E, and {(u(i), i), (u(j),j)} € E implies u(i) =
u(j). Figure 10.1 shows a perfect matching on a word.

FIGURE 10.1. A perfect matching on the word bababbcc.

A perfect matching (V,E) is confainment-free if there are no edges {(ul(i), i), (u(j),j)}
and {(u(i’),i’), (u(j’),j’)} of E such that i < i’ < j' < j. Observe that the perfect matching of
Figure 10.1 is not containment-free.

The criterion of Rizzi and Vialette [RV13] to recognize square words is the following.


http://oeis.org/A001813
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ProposiTION 1.2.1. A word u € A* is a square if and only if there exists a containment-
free perfect maftching on u.

Figure 10.2 shows two examples related to Proposition 1.2.1.

(a) A containment-free perfect matching on the word ccababbb, showing that it is a
square. The associated square root is cabb.

(B) The word abba is not a square since it admits this only perfect matching which is
not containment-free.

FIGURE 10.2. Two perfect matchings on words.

As a consequence of this criterion, given a containment-free perfect matching on u, a
square root of u is readable by observing the subword u(ij)u(is)...u(i,) of u such that the
indices iy, iy, ..., in satisfy iy < iy < ...in and, for all k € [n], {(ulir), ir), (u(jr), jr)} is an edge
of the perfect matching where i, < jg.

1.2.3. Recognizing square words. By using the criterion provided by Proposition 1.2.1, it
is possible to perform a polynomial-time reduction from the longest common subsequence
problem for binary words (which is NP-complete) to SDP. This leads to the following re-
sult [RV13].

THEOREM 1.2.2. In the shuffle algebra (K(A*),1) where A is a finite alphabet SDP
is NP-complete.

2. Supershuffle of permutations

The purpose of this section is to define a shuffle product e on permutations, different
from the shifted shuffle (see Section 1.1.2). Recall that a first definition of this product was
provided by Vargas [Var14]. To present an alternative definition of this product adapted to our
study, we shall first define a coproduct denoted by A, enabling to unshuffle permutations. By
duality, A implies the definition of e. The reason why we need to pass through the definition
of A to define e is justified by the fact that a lot of properties of e depend of properties of
A, and that this strategy allows to write concise and clear proofs of them.

2.1. Unshuffling coalgebra and square permutations. After defining the unshuffling
coproduct of permutations, we define the supershuffle product. The first properties of this
product and of its square elements are reviewed.
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2.1.1. Unshuffling coproduct. Let us say that two permutations 0 and v are order-iso-
morphic if std(o) = std(v). We endow the polynomial space FQSym with the linear coproduct
A defined in the following way. For any permutation s, we set

Alr)= Y std(mp,) @std (mp,) - (2.1.1)
PyUPy=[|7]]

We call A the unshuffling coproduct of permutations. For instance,
Al213) =e®213+2-1212+1021 +2-1201+21®1 +213®¢, (2.1.2a)
A(1234) = e 1234+ 4- 10123 +6-12012+4-123®1 + 1234 ® €, (2.1.2b)

A1432) = e 1432 +3- 12132 + 1 ®321 + 3-12 21
+3.21012+3-13201 +321 ®1 +1432@ . (2.1.2¢)

Observe that the coefficient of the tensor 1 ® 132 is 3 in (2.1.2c) because there are exactly
three ways to extract from the permutation 1432 two disjoint subwords respectively order-
isomorphic to the permutations 1 and 132 (that are (4,132), (3,142), and (2, 143)).

2.1.2. Supershuffle product. Now, by definition of duality, the dual product of A, denoted
by e, is a linear binary product on FQSym*. Since FQSym is a graded combinatorial poly-
nomial space, FQSym ~ FQSym*, so that we shall identify these two spaces. We call e the
supershuffle of permutations. This product satisfies, for any permutations o and v,

oev=Y ", (2.1.3)
TeS
where the coefficients sg""@m are the structure coefficients of A. For instance,

12 021 = 1243 + 1324 4+ 21342 + 2. 1423 + 3- 1432 + 2134 + 2 - 2314
+ 32341 + 2413 + 22431 + 2. 3124 + 3142 + 3 - 3214 + 2 - 3241
+ 3421 + 34123 + 2- 4132 + 2. 4213 + 4231 + 4312. (2.1.4)

Observe that the coefficient 3 of the permutation 1432 in (2.1.4) comes from the fact that the
coefficient of the tensor 12 ® 21 is 3 in (2.1.2¢).

Intuitively, the supershuffle blends the values and the positions of the letters of the per-
mutations. One can observe that the empty permutation € is a unit for e and that this product
is graded by the sizes of the permutations.

2.1.3. Square permutations. According to Section 1, a permutation st is a square with
respect to e if there is a permutation o such that st appears in o e 0. In this case, we say that
o is a square root of ;1. Equivalently, 5t is a square with ¢ as a square root if and only if the
tensor 0 ® o appears in A(sr). The first square permutations are

e, 12,21, 1234,1243,1324,1342,1423,2134,2143,2314, 2413, 2431,
3124,3142,3241,3412,3421, 4132, 4213, 4231, 4312, 4321.  (2.1.5)

In a more combinatorial way, this is equivalent to saying that there are two sets P; and
D, of disjoints indices of letters of s satisfying Py U Py = [|71]] such that the subwords sp,
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and spp, are order-isomorphic. Computer experiments give us the first numbers of square
permutations with respects to their size, which are, from size 0 to 10,

1,0,2,0,20,0,504,0,21032,0,1293418. (2.1.6)

This sequence (after removing the 0Os) is known as Sequence A279200 of [Slo]. We do not
have any description (by a formula, recurrence, or generating series) of these numbers.

2.2. Square binary words and permutations. In this section, we shall establish the
fact that the square binary words (i.e., square words on the alphabet {0,1} with respect to
the shuffle product) are in one-to-one correspondence with square permutations avoiding
some patterns. This property establishes a link between the shuffle of binary words and the
supershuffle of permutations and allows to obtain a new description of square binary words.

2.2.1. From binary words to permutations. Let u be a binary word of length n with k
occurrences of 0. We denote by btp (Binary word To Permutation) the map sending any
such word u to the permutation obtained by replacing from left to right each occurrence of
Oinuby1, 2 ..., k and from right to left each occurrence of 1 inu by k+1, k+2, ..., n.
For instance,

btp(101100010) = 918723465. (2.2.1)

Observe that for any nonempty permutation st in the image of btp, there is exactly one
binary word u such that btp(u0) = btp(ul) = sr. In support of this observation, when st has
an even size, we denote by ptb(;r) (Permutation To Binary word) the word ua such that |ualy
and |ua|y are both even, where a € {0,1}. For instance,

ptb(615423) = 101100, (2.2.2a)
ptb(1423) = 0101. (2.2.2b)
2.2.2. Link between square binary words and square permutations.

ProposiTION 2.2.1. For any n > 0, the map btp restricted to the set of square binary
words of length 2n is a bijection between this last set and the set of square permutations
of size 2n avoiding the patterns 213 and 231.

The number of square binary words is (after removing the Os) Sequence A191755 of [Slo]
beginning by

1,0,2,0,6,0,22,0,82,0, 320, 0, 1268, 0,5102, 0, 020632. (2.2.3)

According to Proposition 2.2.1, this is also the sequence enumerating square permutations

avoiding 213 and 231. Notice that it is conjectured in [HRS12] that the number of binary

words of length 2n is
<2"> Logn <2“ - 1>2n—1 + 0 (272, (2.2.4)

n/n+1 n+1

2.3. Algebraic properties. The aim of this section is to establish some of properties of
the supershuffle product of permutations e. It is worth to note that, as we will see, algebraic
properties of the unshuffling coproduct A of permutations defined in Section 2.1.1 lead to
combinatorial properties of e.
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2.3.1. Associativity and commutativity.

ProposITION 2.3.1. The supershuffle product e of permutations is associative and com-
mutative, that is (FQSym, e) is an associative commutative algebra.

Prookr. To prove the associativity of e, we shall prove that its dual coproduct A is coas-
sociative. This strategy relies on the fact that a product is associative if and only if its dual
coproduct is coassociative. For any permutation s, by denoting by Id the identity map on
FQSym, we have

(A®IdA) = (A®Id) Y std(mp,)@std (7p,)
PyuPy=[|7[]
= Z A (Std (mﬂ)) ®I (Std (”\%))

PyuPy=[|n]
Z Z std <std (JT[p1)]Q1> ® std <std (JT[p1)]Q2> @ std (7p,)
PiuP, =[] QuUQz=[|Py[]

Z std (mp, ) ® std (7p,) @ std (7p,) -
piUPQUP’f,:[[ﬂ]]

(2.3.1)

1

An analogous computation shows that (Id ® A)A(n) is equal to the last member of (2.3.1),
whence the associativity of e.

Finally, to prove the commutativity of e, we shall show that A is cocommutative, that is
for any permutation s, if in the expansion of A(s) there is a tensor o ® v with a coefficient
A, there is in the same expansion the tensor v ® o with the same coefficient A. Clearly, a
product is commutative if and only if its dual coproduct is cocommutative. Now, from the
definition (2.1.1) of A, one observes that if the pair (P;, Py) of subsets of [|77|] contributes to the
coefficient of std (7p, ) ®std (71p,), the pair (Py, P;) contributes to the coefficient of std (;p,) ®
std (7p, ). This shows that A is cocommutative and hence, that e is commutative. O

Proposition 2.3.1 implies that (FQSym, A) is a coassociative cocommutative coalgebra.

2.3.2. Endomorphisms. If 7t is a permutation of &(n), we denote by u the mirror image
of u, that is the word ujyujy-1...uy, by 71 the complement of s, that is the permutation
satisfying 7(i) = n — 7t(i) + 1 for all i € [n], and by st~! the inverse of .

PROPOSITION 2.3.2. The three linear maps

®1, P2, 5 : FQSym — FQSym (2.3.2)

linearly sending a permutation 7 to, respectively, 7, &, and w~*

the associative algebra (FQSym, e).

are endomorphisms of

2.3.3. Operations preserving square permutations. We now use the algebraic proper-
ties of e exhibited by Proposition 2.3.2 to obtain combinatorial properties of square permu-
tations.

PROPOSITION 2.3.3. Let 7t be a square permutation and o be a square root of i. Then,

(i) the permutation 7 is a square and G is one of its square roots;
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(ii) the permutation 7t is a square and G is one of its square roots;

(iii) the permutation t~! is a square and o~! is one of its square roots.

Prookr. All statements (i), (ii), and (iii) are consequences of Proposition 2.3.2. Indeed,
since st is a square permutation and o is a square root of s, by definition, st appears in
the product o e 0. Now, by Proposition 2.3.2, for any j € [3], since ¢; is an endomorphism
of associative algebras of FQSym, ¢; commutes with the shuffle product of permutations e.
Hence, in particular, one has

¢j(0 @ 0) = ;(0) ® §;(0). (2.3.3)
Then, since st appears in o e 0, ¢;(71) appears in ¢;(o @ 0) and appears also in ¢;(o) e ¢;(0).
This shows that ¢;(0) is a square root of ¢;(sr) and implies (i), (ii), and (iii). O

Let us make an observation about Wilf-equivalence classes of permutations restrained
on square permutations. Recall that two permutations 0 and v of the same size are Wilf
equivalent if #6&(n)% = #&(n)™ for all n > 0. The well-known [SS85] fact that there is a
single Wilf-equivalence class of permutations of size 3 together with Proposition 2.3.3 imply
that 123 and 321 are in the same Wilf-equivalence class of square permutations, and that 132,
213, 231, and 312 are in the same Wilf-equivalence class of square permutations. Computer
experiments show us that there are two Wilf-equivalence classes of square permutations of
size 3. Indeed, the number of square permutations avoiding 123 begins by

1,0,2,0,12,0,118,0,1218,0, 14272, (2.3.4)
while the number of square permutations avoiding 132 begins by
1,0,2,0,11,0,84,0,743,0,7108. (2.3.5)

Besides, another consequence of Proposition 2.3.3 is that it makes sense to enumerate
the sets of square permutations quotiented by the operations of mirror image, complement,
and inverse. The sequence enumerating these sets begins by

1,0,1,0,6,0,81,0,2774,0, 162945. (2.3.6)

These three sequences (2.3.4), (2.3.5), and (2.3.6) are (after removing the 0s) respectively
Sequences A279201, A279202, and A279203 of [Slo]. We do not have any description (by a
formula, recurrence, or generating series) of these numbers.

3. Algorithmic aspects of square permutations

We construct here an analog of the criterion to recognize square words of Rizzi and
Valette [RV13] for the case of square permutations. This criterion is a center piece to show
that SDP for square permutation is NP-complete.

3.1. Directed perfect matchings on permutations. We need a little more complicated
combinatorial object than perfect matching here. We work with directed perfect matchings
and some notions of pattern avoidance.
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3..1. Directed graphs. A directed graph is an ordered pair (V, A) where V is a set whose
elements are called vertices and A is a set of ordered pairs of vertices, called arcs (from a
source vertex to a sink vertex). Notice that the aforementioned definition does not allow a
directed graph to have multiple arcs with same source and target nodes. We shall not allow
directed loops (that is, arcs that connect vertices with themselves). Two arcs are independent
if they do not have any common vertex. A directed graph is a directed matching if all its
arcs are independent. A directed matching is perfect if every vertex is either a source or a
sink.

3.1.2. Directed perfect matchings. A directed perfect mafching on a permutation st of
an even size 2n is a directed perfect matching (V, A) such that

V= {(n(i),i):i € [2n]}. (3.1.1)

Figure 10.3 shows a directed perfect matching on a permutation. The word of sources
(resp. word of sinks) of (V,A) is the subword 7r(iy)m(is)...(iy) of ;1 where the indices
iy <lip <---< iy, are the sources (resp. sinks) of the arcs of (V, A).

FIGURE 10.3. A directed perfect matching Jf on the permutation 41328576.
The word of sources of Jf is 4327 and its word of sinks is 1856.

A pattern is a directed perfect matching ([2k], B). We say that a direct perfect matching

(V,A) on a permutation st admits an occurrence of ([2k], B) if

(i) there is a map ¢ : [2k] — V such that, for any i,j € [2k], i < j implies that the second

coordinate of ¢(i) is smaller than the second coordinate of ¢(j);

(ii) for any arc (i,j) of ([2k], B), (¢(i), ¢(j)) is an arc of (V,A).
Observe that this notion of pattern occurrence does not depend on the permutation 5. In-
tuitively, (V, A) admits an occurrence of ([2k], B) if (V, A) contains a copy of ([2k], B) as a
subgraph by changing some of its labels if necessary and by preserving their order induced
by the second coordinates of the labeling pairs. When (V, A) does not admit any occurrence
of ([2k], B), we say that (V, A) avoids ([2k], B). In the sequel, we shall draw patterns as unla-
beled directed graphs. The vertices of the patterns are implicitly labeled by 1, 2, ..., 2k from
left to right.

For instance, a directed perfect matching (V, A) on a permutation st admits an occurrence
of the pattern m} if there are four vertices (r(iq), i1), (7t(io), io), (71(i3), is), (71(is), is) of (V, A)
such that iy < ip < iz < i4, and ((5t(iy), i1), (71(i4), i4)) and ((7t(i3), iz), (77(ie), i2)) are arcs of (V, A).
The directed perfect matching of Figure 10.3 admits hence exactly two occurrences of this
pattern: a first one for the arcs ((4,1), (5,6)) and ((2,4), (1,2)), and a second one for the arcs
((3,3),(6,8)) and ((7,7),(8,5)).
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3.2. Hardness of recognizing square permutations. We are now in position to state
our criterion to decide if a permutation is a square.

3.2.1. Recognizing square permutations. Let us define two additional properties on di-
rected perfect matchings on permutations. Let (V, A) be a directed perfect matching on a
permutation ;1. We say that (V, A) satisfies PShape if it avoids all the patterns of the set

{6500 653 6805 6805 6835 4550} (524)

Besides, we say that (V, A) satisfies PValue if for any two distinct arcs ((st(i), i), (7t(j), j)) and
(e (i), 1), (7 ('), j)) of (V,A), we have nt(i) < st(i') if and only if 7(j) < 7(j).

ProposiTION 3.2.1. A permutation 5t is a square if and only if there exists a directed
perfect matching on st satisfying PShape and PValue.

Proposition 3.2.1 is hence the analogous of Proposition 1.2.1 for the supershuffle product
and associated square permutations. Moreover, observe that given a square permutation st
and a directed perfect matching (V, A) on 7 satisfying PShape and PValue, one can recover
a square root of ;t by considering the standardized permutation of the word of sources (or,
equivalently, the word of sinks) of (V, A).

Figure 10.4 an example related to Proposition 3.2.1.

FIGURE 10.4. A directed perfect matching on the permutation st := 35867241
satisfying PShape and PValue, showing that it is a square. It follows also that
0 := 2431 is a square root of 5t since o is the standardized of both the word
of sources 3641 and the word of sinks 5872 of the directed perfect matching.

3.2.2. Hardness. Here is the main algorithmic result of this chapter.

THEOREM 3.2.2. In the supershuffle algebra (FQSym, e), SDP is NP-complete.

Recall that the patfern involvement problem consists, given two permutations st and o, in
deciding if 7t admits an occurrence of 0. This problem is known to be NP-complete [BBL9S].
Theorem 3.2.2 can be shown by performing a polynomial-time reduction from the pattern
involvement problem to SDP.

Concluding remarks

There are a number of further directions of investigation in this general subject. They
cover several areas: algorithmic, combinatorics, and algebra. Let us mention several —not
necessarily all new— open problems that are, in our opinion, the most interesting.
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First ones are enumerative questions. We have computed few first terms of some integer
sequences, like (2.1.6) for the number of square permutations, (2.3.6) for the number of
square permutations quotiented by their natural symmetries, or (1.1.2) for the number of
square permutations avoiding the patterns 213 and 231 (equivalently, by Proposition 2.2.1,
this is also the number of square binary words [HRS12]). We can ask about formulas to
compute these numbers.

Second ones are algorithmic questions. One can first ask the difficulty of deciding
whether a permutation avoiding 213 and 231 is a square (see [HRS12, RV13, BS14] for the
point of view of square binary words). Besides, one can ask about the hardness of RCP in
the context of the supershuffle. In other terms, the problem consists, given two permutations
st and o, in deciding if o is a square root of sr.

Finally, in a more algebraic flavor, we can ask about the properties of the associative
algebra (FQSym, ), continuing the work of Vargas [Vari4]. This includes, among others, the
description of a generating family, the definitions of multiplicative bases, and determining
whether this algebra is free as an associative algebra.






CHAPTER 11

Bud generating systems

The content of this chapter comes from [Gir16a].

Introduction

Coming from theoretical computer science and formal language theory, formal gram-
mars [Har78, HMUOG] are powerful tools having many applications in several fields of math-
ematics. A formal grammar is a device which describes—more or less concisely and with
more or less restrictions—a set of words, called language. There are several variations in
the definitions of formal grammars and some sorts of them are classified by the Chomsky-
Schiitzenberger hierarchy [Cho59, CS63] according to four different categories, taking into
account their expressive power. In an increasing order of power, there is the class of Type-3
grammars known as regular grammars, the class of Type-2 grammars known as context-
free grammars, the class of Type-1 grammars known as context-sensitive grammars, and
the class of Type-0 grammars known as unrestricted grammars. One of the most striking
similarities between all these variations of formal grammars is that they work by construct-
ing words by applying rewrite rules [BN98] (see also Section 1.4 of Chapter 1). Indeed, a
word of the language described by a formal grammar is obtained by considering a starting
word and by iteratively altering some of its factors in accordance with the production rules
of the grammar.

Similar mechanisms and ideas are translatable into the world of trees, instead only of
those of words. Grammars of trees [CDG"(07] are hence the natural counterpart of formal
grammars to describe sets of trees, and here also, there exist many very different types
of grammars. One can cite for instance tree grammars, regular tree grammars [GS84],
and synchronous grammars [Gir12e], which are devices providing a way to describe sets
of various kinds of treelike structures. Here also, one of the common points between these
grammars is that they work by applying rewrite rules on trees. In this framework, trees are
constructed by growing from the root to the leaves by replacing some subtrees by other ones.
Like free monoids are algebraic structures involving words, free ns operads are algebraic
structures involving planar rooted trees. Since monoids are the underlying structures for
most of the generating systems on words, it is natural to ask whether ns operads can be
thought as underlying structures of generating systems on trees.

The initial spark of this work has been caused by the following simple observation. The
partial composition x o; ¥ of two elements x and y of a ns operad O can be regarded as
the application of a rewrite rule on x to obtain a new element of O—the rewrite rule being
encoded essentially by y. This leads to the idea consisting in considering a ns operad O to

313
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define grammars generating some subsets of O. In this way, according to the nature of the
elements of O, this provides a way to define grammars which generate objects different than
words (as in the case of formal grammars) and than trees (as in the case of grammars of
trees). We rely in this work on ns colored operads (see Section 4.1.10 of Chapter 2). Ns
colored operads are the suitable devices to our aim of defining a new kind of grammars
since the restrictions provided by the colors allow a precise control on how the rewrite rules
can be applied.

Thus, we introduce in this work a new kind of grammars, the bud generating systems.
They are defined mainly from a ground ns operad O, a set € of colors, and a set R of
production rules. A bud generating system describes a subset of Budg(O)—the ns colored
operad obtained by augmenting the elements of O with input and output colors taken from
¢. The generation of an element works by iteratively altering an element x of Budy(O) by
composing it, if possible, with an element y of fi. In this context, the colors play the role
analogous of the one of nonterminal symbols in the formal grammars and in the grammars
of trees. Any bud generating system 93 specifies two sets of objects: its language L(93) and
its synchronous language Ls(93). Thereby, bud generating systems can be used to describe
sets of combinatorial objects. For instance, they can be used to describe sets of Motkzin
paths with some constraints, sets of Schroder trees with some constraints, the set of {2,3}-
perfect trees [MPRS79, CLRS09] and some of its generalizations, and the set of balanced
binary trees [AVL62]. One remarkable fact is that bud generating systems can emulate both
context-free grammars and regular tree grammars, and allow to see both of these in a
unified manner. In the first case, context-free grammars are emulated by bud generating
systems with the associative operad As as ground ns operad and in the second case, regular
tree grammars are emulated by bud generating systems with a free ns operad FO(®) as
ground ns operad, where & is a precise set of generators.

A very normal combinatorial question consists, given a bud generating system 9%, in
computing the generating series sy q)(t) and si () (t), respectively counting the elements of
the language and of the synchronous language of 93 with respect to the arity of the elements.
To achieve this objective, we consider a new generalization of formal power series, namely
series on ns colored operads. Series on ns operads and operads satisfying some precise
properties have been considered [Cha02, Cha08, Cha09] (see also [vdL04, Fra08, LN13]). In
this work, we consider series on ns colored operads which are, in some sense, generalizations
of these notions of series. Any bud generating system &3 leads to the definition of three series
on ns colored operads: its hook generating series hook(%), its syntactic generating series
synt(9B), and its synchronous generating series sync(9). The hook generating series allows to
define analogues of the hook-length statistics of binary trees [Knu98] for objects belonging to
the language of 93, possibly different than trees. The syntactic (resp. synchronous) generating
series bring functional equations and recurrence formulas to compute the coefficients of
si)(t) and si ) (f). The definitions of these three series rely on particular operations on
series on ns colored operads: a pre-Lie product, an associative product, and their respective
Kleene stars.
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This chapter is organized as follows. Section 1 begins by introduction the construction
Buds. Then, we provide elementary definitions about series on ns colored operads, and
define a pre-Lie product and an associative product on these series. Next, Section 2 is con-
cerned with the definition of bud generating systems and to study their first properties. This
chapter ends with Section 3 wherein we use the definitions and the results of both previous
sections to consider bud generating systems as devices to define statistics on combinatorial
objects or to enumerate families of combinatorial objects.

Note. This chapter deals only with ns set-operads and ns colored set-operads. For these
reasons, “operad” means “ns set-operad” and “colored operad” means “ns colored set-operad”.

1. Colored operads and formal power series

The purpose of this section is twofold. First, we present a very natural construction Bud¢
taking as input a monochrome operad O and outputting a colored operad by augmenting
the outputs and inputs of the elements of O with colors of €. This construction will be used
to define bud generating systems in the next section. Second, we consider series on colored
operads and define two products on them. These products are considered in the last section
of this chapter for enumerative goals.

1.1. Bud operads. Let us first present a simple construction producing colored operads
from operads.

1.1.1. Sets of colors. In all this chapter, we consider that € has cardinal k > 1 and that
the colors of € are arbitrarily indexed so that € = {cy,...,cr}.

1.1.2. From monochrome operads to colored operads. If O is a monochrome operad
and € is a finite set of colors, we denote by Budy(O) the €-colored collection (see Section 1.1.4
of Chapter 1) by

Bude(O)(n) := € x O(n) x €", n>1, (11.1)
and for all (a,x,u) € Bude(0O), out((a,x,u)) := a and in((a,x, u)) := u. We endow Bud¢(0O)
with the partially defined partial composition o; satisfying, for all triples (a,x, u) and (b,y, v)
of Bud¢(0O) and i € [|x]|] such that out((b,y,v)) = in;((a, x, u)),

(a,x,u)o; (b,y,v):=(a,xo;y,u < v), (11.2)

where u «; v is the word obtained by replacing the ith letter of u by v. Besides, if O; and
Oy are two operads and ¢ : O; — O, is an operad morphism, we denote by Budg(¢) the map

Bud¢(¢) . Bud¢(®1) g Budg(Og) (113)

defined by
Bude(¢)((a, x, u)) := (a, ¢(x), u). (1.1.4)

ProposiTiON 1.1.1. For any set of colors €, the construction (O, ¢) — (Bud¢(O), Bude(¢))
is a functor from the category of monochrome operads to the category of €-colored oper-
ads.
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Proposition 1.1.1 shows that Budg is a functorial construction producing colored operads
from monochrome ones. We call Bud¢(0) the ¢-bud operad of O.

When ¢ is a singleton, Bud¢(0O) is by definition a monochrome operad isomorphic to O.
For this reason, in this case, we identify Bud¢(0O) with O.

As a side observation, remark that in general, the bud operad Budg(O) of a free operad
O is not a free ¢-colored operad. Indeed, consider for instance the bud operad Budy »)(0),
where O := FO(C) and C is the monochrome collection defined by C := C(1) := {a}. Then,
a minimal generating set of Budy 2)(0) is

[ Tt —

These elements are subjected to the nontrivial relations

<d, é,1> o1 <1, é,e> =1d, ¢ ,el| = <d, é,2> o1 <2, é,e>, (1.1.6)

where d, e € {1,2}, implying that Bud 2;(0) is not free.

- -0 -

1.1.3. Bud operad of the associative operad. Let us consider the ¢-bud operads of the
associative operad As (see Section 4.2.1 of Chapter 2). For any set of colors €, the bud operad
Bud¢(As) is the set of all triples

(a,ap,uy...up) (1.4.7)
where a € € and uy,...,u, € €. For € := {1,2,3}, one has for instance the partial composi-
tion

(2, a4,3112) 09 (1, a3, 233) = (2, as,323312) . (1.1.8)

The associative operad and its bud operads will play an important role in the sequel. For
this reason, to gain readability, we shall simply denote by (a,u) any element (a, a|u[,u) of
Budy(As) without any loss of information.

1.1.4. Pruning map. Here and in the sequel, we use the fact that any monochrome
operad O can be seen as a ¢-colored operad where all output and input colors of its elements
are equal to ¢4, where c; is the first color of €. Let

pru: Budg(O) - O (1.1.9)
be the map defined, for any (a,x, u) € Budg(0O), by
pru((a, x, u)) := x. (1.1.10)

We call pru the pruning map on Budg(O). Observe that pru is not a morphism of €-colored
operads since it is not a ¢-colored collection morphism.

1.2. The space of series on colored operads. We work here with series on colored
operads. We explain how to encode usual noncommutative multivariate series and series on
monoids by series on colored operads.
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1.2.1. First definitions. For any €-colored operad 6, a G-series is a series on G seen as a
collection (see Section 1.1.7 of Chapter 2). In other terms, a G-series is an element of K ((G)).

For any combinatorial ¢-colored collection C, we denote by sc the generating series of
C, seen as a graded collection.

The B-series u defined by

u:= Z 1, (1.2.1)
acl
is the series of colored units of G and will play a special role in the sequel. Since € is finite,
u is a polynomial.

Observe that G-series are defined here on fields K instead of on the much more general
structures of semirings, as it is the case for series on monoids [Sak09]. We choose to tolerate
this loss of generality because this considerably simplifies the theory. Furthermore, we shall
use in the sequel G-series as devices for combinatorial enumeration, so that it is sufficient to
pick K as the field Q(qo, g1, qo, . . .) of rational functions in an infinite number of commuting
parameters with rational coefficients. The parameters q;, i € N intervene in the enumeration
of colored subcollections of G with respect to several statistics.

1.2.2. Functorial construction. If G; and G, are two €-colored operads and ¢ : G; — Gy
is @ morphism of colored operads, K{{¢)) is the map

K((¢)) : K((81)) — K{(Ba)) (1.2.2)
defined, for any f € K((6)) and y € Gy, by

(v, K((¢)) (£)) : (1.2.3)

I

1
=
=2

Equivalently, K ({¢)) can be defined, by using the sum notation of series (see Section 1.1.3 of
Chapter 2), by
K((¢)(f):= Y _ (x, ) dlx). (1.2.4)

xeBy

Observe first that K ((f)) is a linear map. Moreover, notice that (1.2.3) could be undefined
for arbitrary colored operads G4 and G, and an arbitrary morphism of colored operads ¢.
However, when all fibers of ¢ are finite, for any y € G,, the right member of (1.2.3) is well-
defined since the sum has a finite number of terms. Moreover, since any morphism from a
combinatorial colored operad has finite fibers, one has the following result.

PRrOPOSITION 1.2.1. The construction (B, ¢) +— (K{(8)),K{({¢))) is a functor from the
category of combinatorial €-colored operads to the category of K-vector spaces.

1.2.3. Noncommutative multivariate series. For any finite alphabet A of noncommuta-
tive letters, recall that K ((A*)) is the set of noncommutative series on A [Eil74,SS78,BR10].
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Let us explain how to encode any series s € K((A*)) by a series on a particular colored
operad. Let €, be the set of colors A LI {{} where ¢ is a virtual letter which is not in A, and
Ba be the €a-colored subcollection of Budg, (As) consisting in arity one in the colored units
of Budg, (As) and in arity n > 2 in the elements of the form

(0,ay...an_10), ap...anpq € A" (1.2.5)

Since the partial composition of any two elements of the form (1.2.5) is in 8,4, B, is a colored
suboperad of Budg,(As). Then, any series

s:= Z (u,s)u (1.2.6)
ucA*
of K((A*)) is encoded by the series
mu(s) := Y (u,s)(0,u0). (1.2.7)
ueA*

of K({(Ba)). We shall explain a little further how the usual noncommutative product of series
of K({A*)) can be translated on Budg, (As)-series of the form (1.2.7).

1.2.4. Series on monoids. For any monoid Jf, recall that K ((Jf)) if the set of noncom-
mutative series on Jf [Sak09]. Noncommutative multivariate series are particular cases of
series on monoids since any noncommutative multivariate series of K ((A*)) can be seen as
an A*-series, where A* is the free monoid on A.

Let us explain how to encode any series s € K((J£)) by a series on a particular colored
operad. Let Oy be the monochrome collection concentrated in arity one where O 4(1) := 1.
We define the map oy : O (1) x Oy (1) —» Oy (1) for all x,y € Oy by x 01 y := x xy where
* is the operation of Jf. Since x is associative and admits a unit, oy satisfy all relations of
operads, so that Oy is a monochrome operad. Then, any series

s:= Z (u,s)u (1.2.8)
ue g
of K({(J1)) is encoded by the series
mo(s) := Z (u,s)u (1.2.9)
UEOW

of K({Oy)). We shall explain a little further how the usual product of series of K({JL)),
called Cauchy product in [Sak09], can be translated on series of the form (1.2.9).

Observe that when Jf is a free monoid A* where A is a finite alphabet of noncommutative
letters, we then have two ways to encode a series s of K((A*)). Indeed, s can be encoded
as the series mu(s) of K((Ba)) of the form (1.2.7), or as the series mo(s) of K((O4)) of the
form (1.2.9). Remark that the first way to encode s is preferable since B, is a combinatorial
operad while O, is not.
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1.2.5. Series of colors. Let

col: @ — Budg(As) (1.2.10)

be the morphism of colored operads defined for any x € G by
col(x) := (out(x), in(x)). (1.2.11)

By a slight abuse of notation, we denote by
col : K{(B)) —» K((Bude¢(As))) (1.2.12)
the map sending any series f of K((B)) to K{({col)) (f), called series of colors of f. By (1.2.4),
col(f) = Z(r,f) (out(x), in(x)). (1.2.13)
xc6

Intuitively, the series col(f) can be seen as a version of f wherein only the colors of the
elements of its support are taken into account.

1.2.6. Series of color types. The ¢-type of a word u € €¢* is the word type(u) of N¥
defined by
type(u) := |ule, ... [U]c,- (1.2.14)
By extension, we shall call ¢-fype any word of N¥ with at least a nonzero letter and we denote
by T ¢ the set of all €-types. The degree deg(a) of a € T ¢ is the sum of the letters of a. We
denote by €« the word

%= c‘fi ...cgk. (1.2.15)
Let Z¢ := {z¢,,...,2c,} be an alphabet of commutative letters. For any type a, we denote

by Zg the monomial
¢ i=Zol .. zok (1.2.16)

of K{(S(Z¢)). Moreover, for any two types a and B, the sum a+B of a and B is the type
satisfying (a+B)(i) := afi) + B(i) for all i € [k]. Observe that with this notation, Z%Z‘; = Z?ﬁ .

Now, set X¢ and Y respectively as the two alphabets of commutative letters {x.,,...,Xc, }
and {yc,,-.., 9, }. We can see these two alphabets as graded collections where each letter is
of size 1. Consider the map

colt : K((B)) » K{{S(X¢ + Ye))), (1.2.47)
defined for all a,B € J¢ by
<X$Y§, co[t(f)> = Y ((@u)collf). (1.2.18)
(a,u)cBud¢ (As)
type(a)=a
type(u)=B

By the definition of the map col,
colt(f) = Y (xx, f) Xgrelouted yigeelinl, (1.2.19)

xeB
Observe that for all a,B € T such that deg(a) # 1, the coefficients of X‘éYg in colt(f)
are zero. In intuitive terms, the series colt(f), called series of color types of f, can be seen
as a version of col(f) wherein only the output colors and the types of the input colors of the
elements of its support are taken into account, the variables of Xy encoding output colors
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and the variables of Yy encoding input colors. In the sequel, we are concerned by the
computation of the coefficients of colt(f) for some B-series f.

1.2.7. Pruned series. Let O be a monochrome operad, Bude(O) be a bud operad, and f
be a Bud¢(0O)-series. Since € is finite, the series K ({pru)) (f) is well-defined and, by a slight
abuse of notation, we denote by

pru: K((Bude(0))) — K{((O)) (1.2.20)

the map sending any series f of K((Bude(O))) to K{({pru)) (f), called pruned series of f.
By (1.2.4),
pa(f) = > ((la,x,u)f)x. (1.2.21)

(a,x,u)eBude (0)

Intuitively, the series pru(f) can be seen as a version of f wherein the colors of the
elements of its support are forgotten. Besides, f is said faithful if all coefficients of pru(f) are
equal to 0 or to 1.

1.2.8. Example: series of trees. Let G be the free €-colored operad over C where € :=
{1,2} and C is the €-colored collection defined by C := C(2) U C(3) with C(2) := {a}, C(3) :=
{b}, out(a) := 1, out(b) := 2, in(a) := 21, and in(b) := 121. Let f, (resp. f,,) be the series of
K ((B)) where for any syntax tree t of G, (t,f,) (resp. (t,fy)) is the number of internal nodes
of t labeled by a (resp. b). The series f, and f}, are of the form

2 2
1 1 a | .
f ' 2 S~ 5 /0 o0 N
= a
a /a\+2/a + 3, Al + I+
9 . 2/\1 9 /a\ / \ 21 12 / \
5 1 2 1 2 1
1
1
a
7N (1.2.22a)
/Nt
121
2
2 2
2 . . |
| b b b
f, = /T\ + SN+ N+ 2 /ll)\ 4oeee (1.2.22b)
21 12 1 1
121 /N /A VAN
2 1 2 1
121

The sum f, + f;, is the series wherein the coefficient of any syntax tree t of G is its degree.
Let also f|, (resp. f},) be the series of K ((8)) where for any syntax tree t of G, (t, f]1> (resp.
(t.f,,)) is the number of inputs colors 1 (resp. 2) of t. The sum f}, + f, is the series wherein
the coefficient of any syntax tree t of G is its arity. Moreover, the series f, + f, + f, + f}, is
the series wherein the coefficient of any syntax tree t of G is its total number of nodes.
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The series of colors of f, is of the form
col(fy) = (1,21) + 2(1,221) + 3(1,2221) + (2,2121) + (2,1221) + (1,1211) + -- -, (1.2.23)
and the series of color types of f is of the form
colt(fy) = X191¥0 + 2X191V5 + X1¥3¥2 + 3X1Y1Y5 + 2Xo¥oya + - - . (1.2.24)

1.3. Pre-Lie product on series. We are now in position to define a binary operation
on the space of the G-series. As we shall see, this operation is partially defined, nonunitary,
noncommutative, and nonassociative.

1.3.1. Pre-Lie product. Given two B-series f,g € K {((B)), the pre-Lie product of f and g
is the B-series f .~ g defined, for any x € 6, by

(x,fg)i= > (v.1)(z9). (1.3.1)

v,2e6
i€lly]]

X=y0;Z
Observe that f .~ g could be undefined for arbitrary G-series f and g on an arbitrary colored
operad B. Besides, notice from (1.3.1) that .\~ is bilinear and that u (defined in (1.2.1)) is a left
unit of .. However, since

fau=>"|x[(x f)x, (1.3.2)

xeB

the G-series u is not a right unit of \\. This product is also nonassociative in the general
case since we have, for instance in K ({As)),

(ag ™ ag) N ag = Ba; # 4a; = ag  (ag " ag). (1.3.3)

Nevertheless, it satisfies the pre-Lie relation (see (2.3.17) of Section 2.3.4 of Chapter 2).

ProposITION 1.3.1. The construction (G, ¢) — ((K((8)),),K((¢))) is a functor from
the category of combinatorial €-colored operads to the category of pre-Lie algebras.

PrOOE. Let G be a combinatorial ¢-colored operad. First of all, since G is combinatorial,
the pre-Lie product of any two G-series f and g is well-defined due to the fact that the
sum (1.3.1) has a finite number of terms. Let f, g, and h be three G-series and x € B. We
denote by A(f, g, h) the coefficient of x in (f ~ g) ~ h —f .~ (g ~ h). We have

Y. @Hzg)(thy - Y (9.f)(zg)(th)

v.z,te@ v,z,te@
ijeN ijeN
x=(yo;z)o;t x=yo;(zo;t)

Z (v, £)(z,g)(t h)
S (1.3.4)

x=(yo;z)o;t

= Y e th)

v.z,te6
i>jeN
x=(yo;t)ojz

Alf, h,g).

Alf, g, h)

Il
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The second and the last equality of (1.3.4) come from Relation (4.1.3a) of Section 4.1.1 of
Chapter 2 of operads and the third equality is a consequence of Relation (4.1.3b) of Sec-
tion 4.1.1 of Chapter 2 of operads. Therefore, since by (1.3.4), A(f, g, h) is symmetric in g
and h, the series (f ~ng) ~nh —f ~ (g~ h)and (f ~h) ~ng -1~ (h~ g) are equal. This
shows that K ((6)), endowed with the product v, is a pre-Lie algebra. Finally, by using the
fact that by Proposition 1.2.1, (8, ¢) — (K ((B)),K((¢))) is functorial, we obtain that K ({¢))
is @ morphism of pre-Lie algebras. Hence, the statement of the proposition holds. O

Proposition 1.3.1 shows that « is a pre-Lie product. This product . is a generaliza-
tion of a pre-Lie product defined in [Cha08], endowing the linear span of the underlying
monochrome collection of a monochrome operad with a pre-Lie algebra structure.

1.3.2. Noncommutative multivariate series and series on monoids. The pre-Lie prod-
uct \\ on B-series provides also a generalization of the usual product of noncommutative
multivariate series. Indeed, consider the method described in Section 1.2.3 to encode non-
commutative multivariate series on an alphabet A as series on the colored operad Budg, (As).
For any s,t € K((A*)) and u € A*, we have

((0,u0), mu(s) ~ mu(t)) = Y. ((0,v0), muls)) ((0,w0), mult))

v,weA*
ieN
(0 u0)=(0,v0)oi (O,wd)

Y (ws)w.t)

v,weA*
u=vw

(1.3.5)

= (u,st),
so that mu(st) = mu(s) .~ mu(t).

Moreover, through the method presented in Section 1.2.4 to encode series on a monoid
M as series on the colored operad K ({0 4)), we have for any s,t € K((J1)) and u € J,

(u, mo(s) » mo(t)) = E (v, mo(s)) (w,mo(t))
v,wel gy
ieN

= Y (ws)(wt)

v,well
U=vxw

= (u, st),

(1.3.6)

where * is the operation of Jf, so that mo(st) = mo(s) ~» mo(t). Hence, the pre-Lie prod-
uct of series on colored operads is a generalization of the Cauchy product of series on
monoids [Sak09].

1.3.3. Pre-Lie star product. For any G-series f € K((B)) and any ¢ > 0, let f¢ be the
B-series recursively defined by

u if £ =0,
= (1.3.7)
et A f  otherwise.
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Immediately from this definition and the definition of the pre-Lie product , the coefficients
of ¢, ¢ > 0, satisfies for any x € G,

6xr]lout(x) if B = 0’
(x, £7) = Y (v, f71)(z,f) otherwise. (1.3.8)
v,ze6
i€llyl]
xX=y0;z

LEmMMA 1.3.2. Let G be a combinatorial €-colored operad and f be a series of K{((G)).
Then, the coefficients of £+, ¢ > 0, satisfy for any x € G,

(x, £701) = Y [T :.5. (1.3.9)

Vi, Ye41€6 jele+1]
i1 ..... i[EN
I=(‘--(Y1Oi1y2)0i2 )Oigyl+1

The ~-star of f is the series
foe= )
€0

u+f+ £+ 75 £+

ut+f+fAAf+{fAf)anf+(fnf)nf)nf+....

(1.3.10)

Observe that £+ could be undefined for an arbitrary G-series f.

In what follows, we shall use the notion of finite factorization introduced in Section 4.1.9
of Chapter 2. More precisely, in this context of colored operads, we say that a subset S of
B(1) finitely factorizes B(1) if any element of B(1) admits finitely many factorizations on S
with respect to the operation o.

ProprosiTION 1.3.3. Let G be a €-colored operad and f be a series of K((B)). Then,
if B is combinatorial and Supp(f)(1) finitely factorizes G(1), £+ is a well-defined series.
Moreover, in this case, for any x € G, the coefficient of x in £ is

(0, 070) = Su it + Y, W A7) (2 0). (1.3.11)

v,2e6

ic[|yl]
X=y0;Z

Proposition 1.3.3 gives hence a way, given a G-series f satisfying the constraints stated,
to compute recursively the coefficients of its .~-star £+ by using (1.3.11).

ProrosiTION 1.3.4. Let G be a combinatforial €-colored operad and f be a series of
K {(B)) such that Supp(f)(1) finitely factorizes G(1). Then, the equation
x—-x~nf=u (1.3.12)
admits the unique solution x = .

1.4. Composition product on series. We define here a binary operation ©® on the space
of G-series. As we shall see, this operation is partially defined, unitary, noncommutative, and
associative.
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1.4.1. Composition product. Given two G-series f,g € K{(B)), the composition product
of f and g is the G-series f © g defined, for any x € G, by
(xfog):= Y. @H]] 9. (1.4.1)

Y,21,...,2)y| EG ielly|]
X=YO|Z1,..., ZM

Observe that f © g could be undefined for arbitrary B-series f and g on an arbitrary colored
operad 6. Besides, notice from (1.4.1) that @ is linear on the left and that the series u is the
left and right unit of ®. However, this product is not linear on the right since we have, for
instance in K ((As)),

ap ®(ag +az) = a, +2a5 +ag # a, + ag = ag O ag + ag O as. (1.4.2)

ProposITION 1.4.1. The construction (8, ¢) — ((K((B)),®), K((¢))) is a functor from the
category of combinatorial €-colored operads to the category of monoids.

Proposition 1.4.1 shows that © is an associative product. This product © is a generalization
of the composition product of series on operads of [Cha02, Cha09] (see also [vdL04, Fra08,
Cha08,LV12,LN13]).

1.4.2. Composition star product. For any G-series f € K((B)) and any ¢ > 0, let ¢ be
the series recursively defined by
o=t (1.4.3)
ie[f)

where the product of (1.4.3) denotes the iterated version of ®. Since by Proposition 1.4.1, ®
is associative, this definition is consistent. Immediately from this definition and the definition
of the composition product @, the coefficient of ¢, £ > 0, satisfies for any x € G,

63[,110‘“(1) if f = 0,
(x, ) = Y. (v, f9t) ] (zi,g) otherwise. (1.4.4)
¥.21,....2)y| EG iclly|]

x:yo[11 ..... Z‘y[]

LEMMA 1.42. Let G be a combinatorial €-colored operad and f be a series of K ((G)).
Then, the coefficients of £, ¢ > 0, satisfy for any x € G,

(x, g9y = ) [T tw)15). (1.4.5)

teFCOpert(B) veN,(t)
ht(t)=0+1
ev(t)=x

Recall that the notations ht(t) and N, (t) appearing in the statement of Lemma 1.4.2 stand
respectively for the height of t and for the set of the internal nodes of t (see Section 2.1.5 of
Chapter 1). Moreover, the notation FCOye,(8) denotes the set of all perfect colored G-syntax
trees (we recall that a tree t is perfect if all the maximal paths have the same length).

The ¢-star of f is the series

£Ox .= Z £

>0

—u+f+Ff2 ;O3 L 90 ... (146)

=u+f+fof+fofof+fofofof+..-.
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Observe that £+ could be undefined for an arbitrary G-series f.

ProprosITION 1.4.3. Let G be a €-colored operad and f be a series of K((B)). Then,
if G is combinatorial and Supp(f)(1) finitely factorizes G(1), % is a well-defined series.
Moreover, in this case, for any x € 6, the coefficient of x in £ is

(X 89) = Sty + D (@A) [] (20 8). (1.4.7)

Y.,21,..,Z|y | €G ily]]
I=y0[21 ..... Z;y‘]

Proposition 1.4.3 gives hence a way, given a G-series f satisfying the constraints stated,
to compute recursively the coefficients of its ©-star £+ by using (1.4.7).

PROPOSITION 1.4.4. Let G be a combinatorial B-colored operad and f be a series of
K {(B)) such that Supp(f)(1) finitely factorizes B(1). Then, the equation

x-xOf=u (1.4.8)
admits the unique solution x = £,

1.4.3. Invertible elements. For any G-series f € K{(B)), the ¢ -inverse of f is the series
-t whose coefficients are defined for any x € G by

Sx

1
x,f(’)*i — doutr) (y,f> Z',f®’1 X (1_4'9)
< > <]lout(x),f> <]louf(x);f> y,z1,§y166 1!Iyl|]< l >
.YTL']loui(r)

x:yo[z1 ..... Z‘y;]

Observe that £t could be undefined for an arbitrary B-series f.

ProprosiTION 1.45. Let G be a combinatorial colored €-operad and f be a series of
K{(B)) such that Supp(f) = {1, :a € €} US where S is a €-colored subcollection of G such
that S(1) finitely factorizes G(1). Then, f°-! is a well-defined series and the coefficients of
fO-1 satisfy for any x € G,

1 {tv).f)
(9 = Y ()0 ] (1.4.10)
<]loul(x)' f> teFCO(S) veNL(f) I_I <]lin,»(v): f>

ev(t)zx ]G[]VH

ProrosITION 1.4.6. Let G be a combinaforial colored €-operad and f be a series of
K((B)) such that Supp(f) = {1, :a € €} US where S is a €-colored subcollection of G such
that S(1) finitely factorizes G(1). Then, the equations

fox=u (1.4.11)

and

I
<

xof (1.4.12)

admit both the unique solution x = f®-,
Proposition 1.4.6 shows that the @-inverse f®-! of a series f satisfying the constraints

stated is the inverse of f for the composition product. Moreover, f°-! can be computed
recursively by using (1.4.9) or directly by using (1.4.10).
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ProprosiTION 1.4.7. Let G be a combinatorial colored ¢-operad. Then, the subset of
K {(B)) consisting in all series f such that Supp(f) = {15 :a € €}US where S is a €-colored
subcollection of G such that S(1) finitely factorizes G(1) forms a group for the composition
product ©.

The group obtained from @ of the B-series satisfying the conditions of Proposition 1.4.7 is
a generalization of the groups constructed from operads of [Cha02,Cha09] (see also [vdL04%,
Fra08, Cha08,LV12,LN13]).

2. Bud generating systems and combinatorial generation

In this section, we introduce bud generating systems. A bud generating system relies
on a monochrome operad O, a set of colors ¢, and the bud operad Bud¢(O). The principal
interest of these objects is that they allow to specify sets of objects of Budg(0O). We shall also
establish some first properties of bud generating systems by showing that they can emulate
context-free grammars, regular tree grammars, and synchronous grammars.

2.1. Bud generating systems. We introduce here the main definitions and the main
tools about bud generating systems.

2.1.1. Bud generating systems. A bud generating system is a tuple 93 := (0,&,R,1, T)
where O is an operad called ground operad, € is a finite set of colors, R is a finite €-colored
subcollection of Bud¢(0) called set of rules, I is a subset of € called set of initial colors, and
T is a subset of € called set of ferminal colors.

A monochrome bud generating system is a bud generating system whose set € of colors
contains a single color, and whose sets of initial and terminal colors are equal to €. In this
case, as explained in Section 1.1.2, Bude(0) and O are identified. These particular generating
systems are hence simply denoted by pairs (O, R).

Let us explain how bud generating systems specify, in two different ways, two €-colored
subcollections of Bud¢(0O). In what follows, 93 := (O, €,9, I, T) is a bud generating system.

2.1.2. Generation. We say that xy € Bud¢(0) is derivable in one step from x; € Budg(0O) if
there is a rule r € R and an integer i such that such that xo = x;0;r. We denote this property
by x1 — x9. When xy, x5 € Bude(0O) are such that x; = xy or there are yy,...,y,_1 € Bude(O),
£ > 1, satisfying

Xp =Y = o> Yo — Xo, 2.1.1)
we say that x, is derivable from x;. Moreover, B generates x € Budg(O) if there is a color
a of I such that x is derivable from 1, and all colors of in(x) are in T. The language L(%3)
of & is the set of all the elements of Bude(O) generated by 93. Finally, 9B is faithful if the
characteristic series of L(93) is faithful (see Section 1.2.7). Observe that all monochrome bud
generating systems are faithful.

The derivation graph of @3 is the directed multigraph G(%) with the set of elements
derivable from 14, a € I, as set of vertices. In G($6), for any x1,xy € L(96) such that x; — xo,
there are ¢ edges from x; to xp, where ¢ is the number of pairs (i,r) € N x R such that
X9 = X1 0 I.
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2.1.3. A bud generating system for Motzkin paths. Let us consider the operad Motz on
Motzkin paths introduced in Section 2.1.5 of Chapter 4, seen as a set-operad. Let the bud
generating system %, := (Motz, {1,2},R, {1}, {1,2}) where

%= {(1,00,22), (1,8 111)} . (2.1.2)

Figure 11.1 shows a sequence of derivations in 93, and Figure 11.2 shows the derivation

graph of ;.

]li—>O/O\O—>OO/O\O—>OO/O;)\O\O—>O<fO;>be_>
111 2211

221111 2212211 22122221

FIGURE 11.1. A sequence of derivations in %3,. The input colors of the ele-
ments of Budy,2)(Motz) are depicted below the paths. The output color of all
these elements is 1.

1

oo/ \o%

od% P ™%

2211 1122 1221 11111 11111

¢N i i Y

22122

FIGURE 11.2. The derivation graph of %3,. The input colors of the elements
of Budy 2;(Motz) are depicted below the paths. The output color of all these
elements is 1.

Let Lg, be the set of Motzkin paths with no consecutive horizontal steps.

ProposiTION 2.1.1. The bud generating system %3, satisfies the following properties.
(i) It is faithful.
(ii) The restriction of the pruning map pru on the domain L(%,) is a bijection between
L(9,) and Lg,.
(iii) The set of rules %(1) finitely factorizes Bud o;(Motz)(1).
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Properties (i) and (ii) of Proposition 2.1.1 together say that the sequence enumerating
the elements of L(93,) with respect to their arity is the one enumerating the Motzkin paths
with no consecutive horizontal steps. This sequence is Sequence A104545 of [Slo], starting
by

1,1,1,3,5,11,25,55,129, 303, 721, 1743, 4241, 10415, 25761, 64095. (2.1.3)

2.1.4. Synchronous generation. We say that x, € Bud¢(0) is synchronously derivable in
one step from xy € Bud¢(O) if there are rules ry, ..., ri,| of % such that xy = xq0 [m, - ,r‘m].
We denote this property by x; ~ xo. When x4, xy € Bude(0O) are such that x; = xy or there
are yi,...,¥r-1 € Budg(O), £ > 1, satisfying

Xy~ P~ e~ Ppog ~ Xy, (2.1.4)

we say that xy is synchronously derivable from x;. Moreover, 93 synchronously generates
x € Budg(0O) if there is a color a of I such that x is synchronously derivable from 1, and all
colors of in(x) are in T. The synchronous language Lg(96B) of & is the set of all the elements
of Bud(0O) synchronously generated by $3. Finally, we say that 43 is synchronously faithful if
the characteristic series of Ls(9) is faithful (see Section 1.2.7). Observe that all monochrome
bud generating systems are synchronously faithful.

The synchronous derivation graph of 93 is the directed multigraph Gs(9) with the set
of elements synchronously derivable from 1., a € I, as set of vertices. In Gg(93), for any
x1, X9 € Lg(9B) such that x; ~ xy, there are £ edges from x; to xo, where ¢ is the number of
tuples (ry, ..., ry,) € KXl such that xp = x1 0 [P1,..., P ]

2.1.5. A bud generating system for balanced binary trees. Let us consider the mag-
matic operad Mag (see Section 4.2.2 of Chapter 2). Let the bud generating system By :=
(Mag, {1,2},R, {1}, {1}) where

R 1= {(1,3,11) , (1,&, 12) , (1,3,21) , (2, a,1> } : (2.1.5)

Figure 11.3 shows a sequence of synchronous derivations in Byp.

FIGURE 11.3. A sequence of synchronous derivations in Byt The input colors
of the elements of Bud 2)(Mag) are depicted below the leaves. The output
color of all these elements is 1. Since all input colors of the last tree are 1,
this tree is in Ls(Bpy)-
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Recall that if t is a binary tree, the height of t is the length of a longest path connecting the
root of t to one of its leaves (see Section 2.1.5 of Chapter 1). A balanced binary tree [AVL62]
is a binary tree t wherein, for any internal node u of t, the difference between the height of
the left subtree and the height of the right subtree of u is —1, 0, or 1.

ProprosiTiON 2.1.2. The bud generating system %y satisfies the following properties.

(i) It is synchronously faithful.
(ii) The restriction of the pruning map pru on the domain Ls(%Byyt) is a bijection be-
tween Ls(Bpyt) and the set of balanced binary trees.
(iii) The set of rules R(1) finitely factorizes Budy 2)(Mag)(1).

Property (ii) of Proposition 2.1.2 is based upon combinatorial properties of a synchro-
nous grammar G of balanced binary trees defined in [Girl12e] and satisfying SG(G) = B
(see Section 2.3.3 and Proposition 2.3.3). Besides, Properties (i) and (ii) of Proposition 2.1.2
together imply that the sequence enumerating the elements of Lg(%Byy) with respect to their
arity is the one enumerating the balanced binary trees. This sequence in Sequence A006265
of [Slo], starting by

1,1,2,1,4,6,4,17,32, 44,60, 70, 184, 476, 872, 1553, 2720, 4288, 6312, 9004. (2.1.6)

2.2. First properties. We state now two properties about the languages and the syn-
chronous languages of bud generating systems.

LEMMA 2.2.1. Let 6B := (0,¢,R,1,T) be a bud generating system. Then, for any x &
Bud¢(0), x belongs to L(9B) if and only if x admits an PR-treelike expression with output
color in I and all inputf colors in T.

ProOE. Assume that x belongs to L(93). Then, by definition of the derivation relation —,
x admits an R-left expression. Lemma 4.1.4 of Chapter 2 implies in particular that x admits
an MR-treelike expression t. Moreover, since t is a treelike expression for x, t has the same
output and input colors as those of x. Hence, because x belongs to L(93), its output color is
in I and all its input colors are in T. Thus, t satisfies the required properties.

Conversely, assume that x is an element of Budg(O) admitting an QR-treelike expression t
with output color in I and all input colors in T. Lemma 4.1.4 of Chapter 2 implies in particular
that x admits an R-left expression. Hence, by definition of the derivation relation —, x is
derivable from 1,y and all its input colors are in T. Therefore, x belongs to L(%). O

LEmMA 22.2. Let B := (0,¢€,R,I, T) be a bud generating system. Then, for any x €
Bud¢(0O), x belongs to Ls(9B) if and only if x admits an R-treelike expression with output
color in I and all input colors in T and which is a perfect tree.

ProprosiTiON 2.2.3. Let 6B := (0,¢,R,I, T) be a bud generating system. Then, the lan-
guage of B satisfies

L(%B) = {x € Bude(0)” : out(x) € I and in(x) € T*}. (2.2.1)

PRrOPOSITION 2.2.4. Let B := (0, €, R,1, T) be a bud generating system. Then, the syn-
chronous language of B is a subset of the language of 9.
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2.3. Links with other generating systems. Context-free grammars, regular tree gram-
mars, and synchronous grammars are already existing generating systems describing sets
of words for the first, and sets of trees for the last two. We show here that any of these
grammars can be emulated by bud generating systems.

2.3.1. Context-free grammars. Recall that a confext-free grammar [Har78 HMUO6] is
a tuple G := (V, T, P,s) where V is a finite alphabet of variables, T is a finite alphabet of
terminal symbols, P is a finite subset of V x (V U T)* called set of productions, and s is a
variable of V called start symbol. If x; and xy are two words of (V U T)*, x, is derivable
in one step from x4 if xy is of the form x; = uav and xy is of the form xy = uwv where
u,v € (VUT)* and (a,w) is a production of P. This property is denoted by x; — x5, so that
— is a binary relation on (V U T)*. The reflexive and transitive closure of — is the derivation
relation. A word x € T* is generated by G if x is derivable from the word s. The language
of G is the set of all words generated by G. We say that G is proper if, for any (a,w) € P, w
is not the empty word.

If G:= (V,T,P,s) is a proper context-free grammar, we denote by CFG(S) the bud
generating system
CFG(G):= (As,VUT, R, {s}, T) (2.31)

wherein R is the set of rules
R := {(a,u) € Budy,r(As): (a,u) € P}. (2.3.2)

ProprosiTiON 2.3.1. Let G be a proper context-free grammar. Then, the restriction of
the map in, sending any (a,u) € Budyyr(As) to u, on the domain L(CFG(S)) is a bijection
between L(CFG(G)) and the language of G.

Prook. Let us denote by V the set of variables, by T the set of terminal symbols, by P
the set of productions, and by s the start symbol of G.

Let (a,x) € Budy,r(As), £ > 1, and 34,...,¥e-1 € (VU T)*. Then, by definition of CFG,
there are in CFG(G) the derivations

Is = (s,31) = -+ = (8, ¥0-1) = (a,x) (2.3.3)
if and only if a = s and there are in G the derivations
S YL — oY — X. (2.3.4)

Then, (a, x) belongs to L(CFG(G)) if and only if a = s and x belongs to the language of G.
The fact that in ((s, x)) = x completes the proof. d

2.3.2. Regular tree grammars. Let V be a finite graded collection of variables and T be
a finite graded collection of ferminal symbols. For any n > 0 and a € T(n) (resp. a € V(n)),
the arity |a| of a is n. We moreover impose that all the elements of V are of arity 0. The
tuple (V, T) is called a signature.

A (V, T)-tree is an element of Budy1(q)(FO(T \ T(0))), where T\ T(0) is seen as a mono-
chrome collection. In other words, a (V, T)-tree is a planar rooted t tree such that, for any
n > 1, any internal node of t having n children is labeled by an element of arity n of T, and
the output and all leaves of t are labeled on V U T(0).
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A regular tree grammar [GS84, CDG*'07] is a tuple G := (V, T, P, s) where (V,T) is a
signature, P is a set of pairs of the form (v,s) called productions where v € V and s is a
(V, T)-tree, and s is a variable of V called start symbol. If t; and ty are two (V, T)-trees, t,
is derivable in one step from t; if t; has a leaf y labeled by a and the tree obtained by
replacing y by the root of s in t; is ty, provided that (a, s) is a production of P. This property
is denoted by t; — ty, so that — is a binary relation on the set of all (V, T)-trees. The reflexive
and transitive closure of — is the derivation relation. A (V, T)-tree t is generated by G if t is
derivable from the tree 15 consisting in one leaf labeled by s and all leaves of t are labeled
on T(0). The language of G is the set of all (V, T)-trees generated by G.

If G:=(V,T,P,s) is a regular tree grammar, we denote by RTG(S) the bud generating
system

RTG(G) := (FO(T \ T(0)), V U T(0), %, {s}, T(0)) (2.35)

wherein fR is the set of rules
R:= {(a,t,u) € Budyyr)(FO(T \ T(0)) : (a, ta,u) € P}, (2.3.6)

where, for any t ¢ FO(T \ T(0)), a € VU T(0), and u € (V U T(O)/Y, t,, is the (V, T)-tree
obtained by labeling the output of t by a and by labeling from left to right the leaves of t by
the letters of u.

ProposITION 2.3.2. Let G be a regular tree grammar. Then, the map ¢ : L(RTG(G)) —
L defined by ¢((a,t, u)) := t,, is a bijection between the language of RTG(G) and the
language L of G.

2.3.3. Synchronous grammars. In this section, we shall denote by Tree the monochrome
operad FO(C) where C is the monochrome collection C := U,>1C(n) where C(n) := {a,}.
The elements of this operad are planar rooted trees where internal nodes have an arbitrary
arity. Observe that since C(1) := {a;}, FO(C)(1) is an infinite set, so that FO(C) is not
combinatorial.

Let B be a finite alphabet. A B-bud free is an element of Budg(Tree). In other words, a
B-bud tree is a planar rooted tree t such that the output and all leaves of t are labeled on B.
The leaves of a B-bud tree are indexed from 1 from left to right.

A synchronous grammar [Girl12e] is a tuple G := (B, a, R) where B is a finite alphabet
of bud labels, a is an element of B called axiom, and R is a finite set of pairs of the form
(b, 5) called substitution rules where b € B and s is a B-bud tree. If ; and t, are two B-bud
trees such that t; is of arity n, ty is derivable in one step from t; if there are substitution
rules (by,s1),...,(by,s,) of R such that for all i € [n], the ith leaf of t; is labeled by b; and
tp is obtained by replacing the ith leaf of t; by s; for all i € [n]. This property is denoted
by 4 ~ ty, so that ~ is a binary relation on the set of all B-bud trees. The reflexive and
transitive closure of ~» is the derivation relation. A B-bud tree t is generated by G if t is
derivable from the tree 1, consisting is one leaf labeled by a. The language of G is the set
of all B-bud trees generated by G.
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If G := (B,a,R) is a synchronous grammar, we denote by SG(G) the bud generating
system

SG(G) := (Tree, B,R, {a }, B) (2.3.7)

wherein R is the set of rules
R := {(b,t,u) € Budp(Tree) : (b, t,) € R}, (2.3.8)

where, for any t € Budg(Tree), b € B, and u € B*, t;, , is the B-bud tree obtained by labeling
the output of t by b and by labeling from left to right the leaves of t by the letters of u.

ProposITION 2.3.3. Let G be a synchronous grammar. Then, the map ¢ : Ls(SG(G)) — L
defined by ¢((b,t, u)) := tp 4 is a bijection between the synchronous language of SG(G) and
the language L of G.

3. Series on colored operads and bud generating systems

In this section, we explain how to use bud generating systems as tools to enumerate
families of combinatorial objects. For this purpose, we will define and consider three series
on colored operads extracted from bud generating systems. Each of these series brings
information about the languages or the synchronous languages of bud generating systems.
One of a key issues is, given a bud generating system 93, to count arity by arity the elements
of the language or the synchronous language of 3. In other terms, this amounts to compute
the generating series sy, or sy (). As we shall see, these generating series can be computed
from the series of colored operads extracted from 3.

3.1. General definitions. Let us list some notations used in this section. In what follows,
B := (0,¢R,1,T) is a bud generating system such that O is a combinatorial monochrome
operad and, as before, € is a set of colors of the form € = {cy,...,cp}.

3.1.1. Characteristic series. We shall denote by r the characteristic series of ‘R, by i the

series
i= Zna, (3.1.1)

ael
and by t the series

t:i=> 1. (3.1.2)

acT

LEMMA 3.1.1. Let B := (0,¢,R,1, T) be a bud generating system and f be a Bud¢(0O)-
series. Then, for all x € Bud¢(0O),

riofot) {éx,f) if out(x) € I and in(x) € T™, (3.13)

otherwise.
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3.1.2. Polynomials. For all colors a € € and types a € T ¢, let
Xa,o := # {r € R : (out(r), type(in(r))) = (a,a)}. (3.1.4)

For any a € €, let gq(yc,, ..., ¥c,) be the series of K{(S(Y¢))) defined by

Ja (yq IRy yck) = Z Xa,y Yé (3-15)
YT ¢
Notice that
ga (y01 reccy yck) = Z nge(in(r» (31.6)
rei
out(r)=a

and that, since R is finite, this series is a polynomial.

3.1.3. Maps. In the sequel, we shall use maps ¢ : € x T ¢ — N such that ¢(a,y) + 0 for a
finite number of pairs (a,y) € € x T ¢, to express in a concise manner some recurrence re-
lations for the coefficients of series on colored operads. We shall consider the two following
notations. If ¢ is such a map and a ¢ ¢, we define ¢/@ as the natural number

¢ = 3" ¢(b,7)7a (3.1.7)
bee
YeET ¢
and ¢, as the finite multiset
Ga = 10la,y):yETeS. (3.1.8)

3.2. Hook generating series. We call hook generating series of 93 the Budg(O)-series
hook(93) defined by

hook(B):=ior™ ot. (3.2.1)

Observe that (3.2.1) could be undefined for an arbitrary set of rules R of 3. Nevertheless,
when r satisfies the conditions of Proposition 1.3.3, that is, when O is a combinatorial operad
and R(1) finitely factorizes Bud¢(0)(1), hook(%) is well-defined.

3.2.1. Expression. The aim of the following is to provide an expression to compute the
coefficients of hook(%).

LemMma 3.2.1. Let B := (0,¢,R,I, T) be a bud generating system such that O is a
combinatorial operad and 2R(1) finitely factorizes Bude(O)(1). Then, for any x € Bud¢(O),

(X, 07) = Sp gy + Y (mr7). (3.2.2)

yeBude (0)
zZER

i€[|yl]
X=y0;Z

ProposiTION 3.2.2. Let B := (O,¢,R, I, T) be a bud generating system such that O is a
combinatorial operad and R(1) finitely factorizes Bud¢(O)(1). Then, for any x € Bud¢(O)
such that out(x) € I, the coefficient (x,r"+) is the number of multipaths from 1 o) to x
in the derivation graph of 9.
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ProOE. First, since fR(1) finitely factorizes Bude(0O)(1), by Proposition 1.3.3, r"+ is a well-
defined series. If x = 1, for a a € I, since (1,4,r"+) = 1, the statement of the proposition
holds. Let us now assume that x is different from a colored unit and let us denote by A, the
number of multipaths from Lou(y) to x in the derivation graph G(9) of $B3. By definition of
G(%B), by denoting by p1, . the number of edges from y € Bud¢(O) to x in G(%6), we have

Ar = Z Hy,x Ay
yeBude (0)
Z #{li,r)eNxR:x=yo;r}i
yeBude (0) (3.2.3)

Yoo A

yeBude (0)

i€lly]]
reR
xX=yo;r

We observe that Relation (3.2.3) satisfied by the A, is the same as Relation (3.2.2) of in
the statement of Lemma 3.2.1 satisfied by the (x,r"+). This implies the statement of the

proposition. O

THEOREM 3.2.3. Let B := (O,¢,R,I, T) be a bud generating system such that O is a
combinatorial operad and R(1) finitely factorizes Bude(O)(1). Then, the hook generating
series of B satisfies

deg(t)!
hOOk(%) = Z I—[gd(e)g(tv) eV(t). (3.2.4)
"iff(gg) veN (1)
in(t)eT*

PrOOE. By definition of L(%) and G(%), any x € L(%) can be reached from 1oy by a
multipath
Towtx) 2> ¥1 2 Y2 = - > ¥4 > X (3.2.5)
in G(%), where y1,...,y,1 are elements of Bud¢(0) and Lou(x) € I. Hence, by definition of
—, x admits an R-left expression
X = ( .. ((]lout(x) o1 Y’i) Oj, l"2) Ojy « - ) Ojpy e (326)
where for any j € [€], r; € R, and for any j € [{ — 1],
y,- = ( .. ((]lout(x) (o7} 1"1) Oy, I’Q) Ojy « « ) oii—i I’j (327)

and i; € [|y;|]. This shows that the set of all multipaths from Touy) to x in G(%B) is in
one-to-one correspondence with the set of all $R-left expressions for x. Now, observe that
since (1) finitely factorizes Bude(0)(1), by Proposition 1.3.3 r"+ is a well-defined series. By
Proposition 3.2.2, Lemmas 4.1.5 and 4.1.4, and (4.1.33) of Chapter 2, we obtain that

deg(t)!
L) = _— 3.2.8
G D I deglt) (5.28)
‘GF(CQ?(“) veN.()

Finally, by Lemma 3.1.1, for any x € Budg(O) such that out(x) € I and in(x) € T*, we have
{x,hook(9B)) = (x,r"+). This shows that the right member of (3.2.4) is equal to hook(%). O
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An alternative way to understand hook(%) hence offered by Theorem 3.2.3 consists is
seeing the coefficient (x, hook($)), x € Bud¢(0), as the number of R-left expressions of x.

3.2.2. Support. The following result establishes a link between the hook generating se-
ries of 9B and its language.

PRrOPOSITION 3.2.4. Let B := (0,&,R,I,T) be a bud generating system such that O is
a combinatorial operad and PR(1) finitely factorizes Bude(O)(1). Then, the support of the
hook generating series of B is the language of 6.

3.2.3. Analogs of the hook statistics. Bud generating systems lead to the definition of
analogues of the hook-length statistics [Knu98] for combinatorial objects possibly different
than trees in the following way. Let O be a monochrome operad, & be a generating set of O,
and HSg s := (O, ) be a monochrome bud generating system depending on O and &, called
hook bud generating system. Since & is a generating set of O, by Propositions 2.2.3 and 3.2.4,
the support of hook (HSg &) is equal to L (HSg,s). We define the hook-length coefficient of
any element x of O as the coefficient (x, hook (HSp,&)).

Let us consider the hook bud generating system HSwag,6 where Mag is the magmatic
operad (whose definition is recalled in Section 4.2.2 of Chapter 2) and

® = { .Pn} ) (3.2.9)

This bud generating system leads to the definition of a statistics on binary trees, provided by
the coefficients of the hook generating series hook (HSMag,G) which begins by

ook (HSwc) =+ g+ g+ fy ¢ gt 2

Theorem 3.2.3 implies that for any binary tree t, the coefficient (t, hook (HSyg,6)) can be
obtained by the usual hook-length formula of binary trees. Alternatively, the coefficient
(t, hook (HSMGQ,@» is the cardinal of the sylvester class [HNTO05] of permutations encoded
by t. This explains the name of hook generating series for hook(%3), when &3 is a bud
generating system.

Consider now a second example of a hook generating system involving the operad Motz
of Motkzin paths (see Section 2.1.5 of Chapter 4) seen as a set-operad. From its definition,

6 := {00,6%} (3.2.11)
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is a generating set of Motz. Hence, HSyio1,, 6 is @ hook generating system. This leads to the
definition of a statistics on Motzkin paths, provided by the coefficients of the hook generating
series hook (HSyotz,6) 0f HSMmotz, s Which begins by

hook (HSyiotz,6) =0 + 00 + 2000 + O/QO + 60000 + QOO,QO + QO/O\OO
+ % + 2400000 + 65642 + 656620 * 366°% + 652600
+ 25250 + 34%%e + 2499%y + Op%o +oe (3212)

3.3. Syntactic generating series. We call syntactic generating series of 43 the Budg(0O)-
series synt($B) defined by

synt(PB) :=ie (u —r) 1 Ot. (3.3.1)

Observe that (3.3.1) could be undefined for an arbitrary set of rules R of 3. Nevertheless,
when u — r satisfies the conditions of Proposition 1.4.5, synt($3) is well-defined. Remark that
this condition is satisfied whenever O is combinatorial and 2R(1) finitely factorizes Bud¢(O)(1).

3.3.1. Expression. The aim of this section is to provide an expression to compute the
coefficients of synt(93).

LEmMA 3.3.1. Let B := (0,&,R,I,T) be a bud generating system such that O is a
combinatorial operad and R(1) finitely factorizes Budg(O)(1). Then, for any x € Bud¢(O),

(x,(m=x0)") = 1y, + Z [ 1 (zi,(@=p)°). (3.3.2)

yeR iellyl]
z4,....Zjy€Bud¢ (0)

x=yo[21 ..... ZM]

THEOREM 3.3.2. Let BB := (O, ¢,R, I, T) be a bud generating system such that O is a com-
binatorial operad and R(1) finitely factorizes Bude(O)(1). Then, the syntactic generating
series of 93 satisfies

synt(9B) = Z ev(t). (3.3.3)
teFCO(R)
out(t)el
in(t)eT*

Theorem 3.3.2 explains the name of syntactic generating series for synt($3) because
this series can be expressed following (3.3.3) as a sum of evaluations of syntax trees. An
alternative way to see synt(9) is that for any x € Bud¢(O), the coefficient (x, synt($)) is the
number of fR-treelike expressions for x.

3.3.2. Support and unambiguity. The following result establishes a link between the
syntactic generating series of ¥ and its language.

ProposITION 3.3.3. Let B := (0,¢,R,I,T) be a bud generating system such that O is
a combinatorial operad and R(1) finitely factorizes Bude(O)(1). Then, the support of the
syntactic generating series of & is the language of 9.
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We rely now on syntactic generating series to define a property of bud generating sys-
tems. We say that 93 is unambiguous if all coefficients of synt(93) are equal to O or to 1. This
property is important from a combinatorial point of view. Indeed, by definition of the series
of colors col (see Section 1.2.5) and Proposition 3.3.3, when 93 is unambiguous, the coefficient
of (a,u) € Bud¢(As) in the series col(synt(9B)) is the number of elements x of L($%) such that
(out(x), in(x)) = (a, u).

For instance, consider the bud generating system 93, introduced in Section 2.1.3. Observe
that since the Motzkin path O’O‘O’O\O of Motz(5) admits exactly the two R-treelike expressions

SR

: (3.3.4a) o (3.3.4b)

O’O‘OI\'

/1IN /1IN
by Theorem 3.3.2, ( (1, 68Cq, 11111) , synt(%B;)) = 2. Hence 9B, is not unambiguous.

As a side remark, observe that Theorem 3.3.2 implies in particular that for any bud
generating system of the form 93 := (O, €, R, €, €), if synt(9B) is unambiguous, then the colored
suboperad of Bud¢(0) generated by R is free. The converse property does not hold.

3.3.3. Series of color types. The purpose of this section is to describe the coefficients
of colt(synt($B)), the series of color types of the syntactic series of 9%, in the particular case
when @B is unambiguous. We shall give two descriptions: a first one involving a system of
equations of series of K((S(Y¢))), and a second one involving a recurrence relation on the
coefficients of a series of K {((S(X¢ + Y¢))).

LEMMA 3.3.4. Let B := (0,¢,R,1, T) be an unambiguous bud generating system such
that O is a combinatorial operad and R(1) finitely factorizes Budg(O)(1). Then, for all
colors a € I and all types a € T ¢ such that €* € T*, the coefficients (x, Y, colt(synt($6B)))
count the number of elements x of L(9) such that (out(x), type(in(x))) = (a, a).

ProposiTION 3.3.5. Let B := (0,¢,R, I, T) be an unambiguous bud generating system
such that O is a combinatorial operad and R(1) finitely factorizes Budg(O)(1). For alla € €,
let £,(ye,, ..., ¥c,) be the series of K{(S(Y¢))) satisfying

fo (Yo, o Vo) = Ya + Ga (fey Weys o0 ¥er) s oo fop egsevh V) - (3.3.5)
Then, for any color a € I and any type a € J¢ such that € € T*, the coefficients

(xq YG, colt(synt(B))) and (Y§, f,) are equal.

THEOREM 3.3.6. Let B := (0, ¢, R, I, T) be an unambiguous bud generating system such
that O is a combinatorial operad and R(1) finitely factorizes Bude(O)(1). Let f be the series
of K{{S(X¢ + Y¢))) satisfying, for any a € € and any type a € T¢,

(Xa ‘é,f) = 6a,1ype(a) + Z Xa, by ¥ ey <l_l (f)b!> ]_l <be7,f>¢(b,7) ) (3.3,6)

G:CxT ¢ >N bee be¢
a=¢((‘1)m¢(ck) YT ¢
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Then, for any color a € I and any type a € J¢ such that €* € T*, the coefficients
(xaYg, colt(synt(98))) and (x,Y§, f) are equal.

3.3.4. Generating series of languages. When &3 is a bud generating system satisfying
the conditions of Proposition 3.3.5, the generating series of the language of 93 satisfies

suw = Yt (3.3.7)

ael
where faT is the specialization of the series f;(yc,,...,¥c,) at yp := t for all b € T and at
ye := 0 for all ¢ € €\ T. Therefore, the resolution of the system of equations given by

Proposition 3.5.5 provides a way to compute the coefficients of syg.

THEOREM 3.3.7. Let B := (O,¢,R,[, T) be an unambiguous bud generating system
such that O is a combinatorial operad and R(1) finitely factorizes Bud¢(O)(1). Then, the
generating series syg) of the language of 963 is algebraic.

When @ is a bud generating system satisfying the conditions of Theorem 3.3.6 (which
are the same as the ones required by Proposition 3.3.5), one has for any n > 1,

(tsua) =Y. Y, (xaY§1). (3.3.8)

ael acT ¢
ag=0,ci€€\T

Therefore, this provides an alternative and recursive way to compute the coefficients of sy ),
different from the one of Proposition 3.3.5.

3.4. Synchronous generating series. We call synchronous generating series of 43 the
Bud(O)-series sync(96B) defined by

sync(B) ;=i r™ ot (3.4.1)
Observe that (3.4.1) could be undefined for an arbitrary set of rules R of B. Nevertheless,

when r satisfies the conditions of Proposition 1.4.3, that is, when O is a combinatorial operad
and R(1) finitely factorizes Bude(0)(1), sync(9B) is well-defined.

3.4.1. Expression. The aim of this section is to provide an expression to compute the
coefficients of sync(93).

LEMMA 3.41. Let B := (0,¢,R,I,T) be a bud generating system such that O is a
combinatorial operad and R(1) finitely factorizes Budg(O)(1). Then, for any x € Bud¢(0O),

(x, %) = 6x 1o, + Z (y,x). (3.4.2)
yeBude (0)

THEOREM 3.42. Let B := (0,¢,R,I,T) be a bud generating system such that O is
a combinatorial operad and fR(1) finitely factorizes Bude(O)(1). Then, the synchronous
generating series of B satisfies
sync(PB) = Z ev(t). (3.4.3)
teFCOpert(R)

out(t)el
in(t)eT*
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Theorem 3.4.2 implies that for any x € Bude(0O), the coefficient of (x, sync($6B)) is the
number of R-treelike expressions for x which are perfect trees.

3.4.2. Support and unambiguity. The following result establishes a link between the
synchronous generating series of 93 and its synchronous language.

ProposITION 3.4.3. Let B := (0,&,R,I,T) be a bud generating system such that O is
a combinatorial operad and (1) finitely factorizes Bude(O)(1). Then, the support of the
synchronous generating series of 9B is the synchronous language of 6.

We rely now on synchronous generating series to define a property of bud generating
systems. We say that & is synchronously unambiguous if all coefficients of sync(9) are
equal to 0 or to 1. This property is important from a combinatorial point of view. Indeed,
by definition of the series of colors col (see Section 1.2.5) and Proposition 3.4.3, when &3 is
synchronously unambiguous, the coefficient of (a, u) € Bude(As) in the series col(sync(9B)) is
the number of elements x of Lg(%) such that (out(x), in(x)) = (a, u).

For instance, the bud generating system By, introduced in Section 2.1.5 is synchronously
unambiguous.

3.4.3. Series of color types. The purpose of this section is to describe the coefficients
of colt(sync(93)), the series of color types of the synchronous series of 93, in the particular
case when &3 is unambiguous. We shall give two descriptions: a first one involving a system
of functional equations of series of K((S(Y¢))), and a second one involving a recurrence
relation on the coefficients of a series of K ({S(X¢ + Y¢))).

LEMMA 3.4.4. Let B := (0,¢,R, I, T) be a synchronously unambiguous bud generat-
ing system such that O is a combinatorial operad and R(1) finitely factorizes Budg(O)(1).
Then, for all colors a € I and all types a € T such that €¢* € T*, the coefficients
(xq Y§, colt(sync(9hB))) count the number of elements x of Ls(%B) such that (out(x), type(in(x))) =
(a, a).

PropoOsITION 3.4.5. Let B := (0, &, R, 1, T) be a synchronously unambiguous bud gener-
ating system such that O is a combinatorial operad and PR(1) finitely factorizes Budg(0)(1).
Foralla € ¢, let £,(yc,,-..,¥c,) be the series of K((S(Y¢))) satisfying

f, (ycl' ces 'yck) =Yg + fau (gc1 (ch cee /yck) yeeer ey (VCU ey yck)) . (344)
Then, for any color a € I and any type a € T such that €* € T*, the coefficients

(xa Y, colt(sync(9B))) and (Y§, f,) are equal.

THEOREM 3.4.6. Let 6B := (O,¢,R, I, T) be a synchronously unambiguous bud generat-
ing system such that O is a combinatorial operad and fR(1) finitely factorizes Budg(O)(1).
Let f be the series of K{((S(X¢ + Y¢))) satisfying, for any a € € and any type o € T,

(XaYE£) = Sapgpela) + D <ﬂ ¢b!> [T 2% <xa l—]yb2¢b,f>. (3.4.5)

¢:CxT ¢ >N \be€ be¢ be¢
a=¢(01jm¢(ck) YeT ¢
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Then, for any color a € I and any type a € J¢ such that €* € T*, the coefficients
(xaYg, colt(sync(9B))) and (x,Y§, f) are equal.

3.4.4. Generating series of synchronous languages. When &3 is a bud generating sys-
tem satisfying the conditions of Proposition 3.4.5, the generating series of the synchronous
language of &3 satisfies

S = Y fa (3.4.6)
acel
where fg is the specialization of the series fq(yc,,...,¥c,) at yp := t for all b € T and at

ye := 0 for all ¢ € €\ T. Therefore, the resolution of the system of equations given by
Proposition 3.4.5 provides a way to compute the coefficients of sy ). This resolution can be
made in most cases by iteration [BLL98, FS09].

Moreover, when G is a synchronous grammar [Girl2e] (see also Section 2.3.3 for a
description of these grammars) and when SG(G) = 93, the system of functional equations
provided by Proposition 3.4.5 and (3.4.6) for si g is the same as the one which can be
extracted from G.

When &3 is a bud generating system satisfying the conditions of Theorem 3.4.6 (which
are the same as the ones required by Proposition 3.4.5), one has for any n > 1,

<f”'5Ls(§B>>=Z Z (xa Y, f). (3.4.7)

ael acT ¢
a;=0,c;cC\T

Therefore, this provides an alternative and recursive way to compute the coefficients of sy (),
different from the one of Proposition 3.4.5.

3.4.5. Example: enumeration of balanced binary trees. Let us consider the bud gener-
ating system %y introduced in Section 2.1.5. We have

1 if (a,a) = (1,20),
2 if (a,«a) = (1,11),
Xaa = . ) (3.4.8)
1 if (a,a) = (2,10),
0 otherwise,
and
g1(y1,92) = ¥i + 29192, (3.4.9a)
g2(v1,¥2) = y1. (3.4.9b)
Since by Proposition 2.1.2, %y, satisfies the conditions of Proposition 3.4.5, by this last
proposition and (3.4.6), the generating series sy, of Ls(9Byy) satisfies sigq,,) = fi(t,0)
where
f1(y1,92) =1 + f1 (y% + 29192, 91) - (3.4.10)

This functional equation for the generating series of balanced binary trees is the one obtained
in [BLL88, BLL98, Knu98, Gir12e] by different methods. As announced in Section 3.4.4, the
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coefficients of f; (and hence, those of s (q,,,)) can be computed by iteration. This consists in
defining, for any ¢ > O, the polynomials fie) (v1,990) as

%1 if =0,
fiE) (yir yQ) = ©-1) s o i (3411)
yi + £ (97 + 29192, 51) otherwise.
Since
fi(y1,v2) = lim £ (y1, 92), (3.4.12)

Equation (3.4.11) provides a way to compute the coefficients of f;(yy,ys). First polynomials
£1(y1, y5) are

£ (91, 92) = 1., (3.4.13a)
£(91,90) = y1 + ¥} + 29192, (3.4.13b)
£7(91,92) = 91 + 9} + 29190 + 2} + hylys + yi + 4yivs + hyivE, (3.4.13c)

£ (91,92) = 91+ 95 + 29190 + 295 + 4959 + ¥i + 4yl + 4VIVE + 495
+16ytys + 16y5y5 + 695 + 28y;vs + 40yivs + 16yiys + 4y| + 24y5y,  (3.4.13d)
+48y?y% + 32y1{yg + yzf + SyZyg + 24y?y% + 32y?yg + 16yi’y12’.
Besides, let us recall that Sy, is synchronously unambiguous and satisfies the properties

stated by Proposition 2.1.2. Hence, By, satisfies the conditions of Theorem 3.4.6. By this last
theorem and (3.4.7), sy, satisfies, for any n > 1,

(1", S ) = (Y799, T) (3.4.14)
where f is the series satisfying, for any type a € Ty 9}, the recursive formula
d1 + Qo .
(9995 8) = Sao) + Y < J >2d2 <yi’”d2yg’5, f> ) (3.4.15)
d1,dQ,d5€N 1
01122(11 +do+d3
ag=dy

This recursive formula offers an efficient way to compute the number of balanced binary
trees of a given size.

Concluding remarks

We have presented in this chapter a framework for the generation of combinatorial ob-
jects by using colored operads. The described devices for combinatorial generation, called
bud generating systems, are generalizations of context-free grammars [Har78, HMUO0G6] gen-
erating words, of regular tree grammars [GS84, CDG™"07] generating planar rooted trees,
and of synchronous grammars [Girl2e] generating some treelike structures. We have pro-
vided tools to enumerate the objects of the languages of bud generating systems or to define
new statistics on these by using formal power series on colored operads and several prod-
ucts on these. There are many ways to extend this work. Here follow some few further
research directions.
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First, the notion of rationality and recognizability in usual formal power series [Sch61,
Sch63, Eil74, BR88], in series on monoids [Sak09], and in series of trees [BR82] are funda-
mental. For instance, a series s € K((Jf)) on a monoid JZ is rational if it belongs to the
closure of the set K(Jf) of polynomials on Jf with respect to the addition, the multiplica-
tion, and the Kleene star operations. Equivalently, s is rational if there exists a K-weighted
automaton accepting it. The equivalence between these two properties for the rationality
property is remarkable. We ask here for the definition of an analogous and consistent no-
tion of rationality for series on a colored operad 6. By consistent, we mean a property of
rationality for G-series which can be defined both by a closure property of the set K(3) of
the polynomials on G with respect to some operations, and, at the same time, by an accep-
tance property involving a notion of a K-weighted automaton on G. The analogous question
about the definition of a notion of recognizable series on colored operads also seems worth
studying.

A second research direction fits mostly in the contexts of computer science and compres-
sion theory. A straight-line grammar (see for instance [ZL78,SS82, Ryt04]) is a context-free
grammar with a singleton as language. There exists also the analogous natural counterpart
for regular tree grammars [LMO06]. One of the main interests of straight-line grammars
is that they offer a way to compress a word (resp. a tree) by encoding it by a context-free
grammar (resp. a regular tree grammar). A word u can potentially be represented by a
context-free grammar (as the unique element of its language) with less memory than the
direct representation of u, provided that u is made of several repeating factors. The anal-
ogous definition for bud generating systems could potentially be used to compress a large
variety of combinatorial objects. Indeed, given a suitable monochrome operad O defined on
the objects we want to compress, we can encode an object x of O by a bud generating system
93 with O as ground operad and such that the language (or the synchronous language) of %3
is a singleton {y} and pru(y) = x. Hence, we can hope to obtain a new and efficient method
to compress arbitrary combinatorial objects.

Let us finally describe a third extension of this work. Pros (see Section 5.1 of Chapter 2)
are algebraic structures which naturally generalize operads. Indeed, a pro is a set of oper-
ators with several inputs and several outputs, unlike in operads where operators have only
one output (see for instance [ML65, Mar08]). It seems fruitful to translate the main defini-
tions and constructions of this work (as e.g., bud operads, bud generating systems, series on
colored operads, pre-Lie and composition products of series, star operations, efc.) with pros
instead of operads. We can expect to obtain an even more general class of grammars and
obtain a more general framework for combinatorial generation.



CHAPTER 12

Operads and regular languages

The content of this chapter comes from [GLMN16] and is a joint work with Jean-Gabriel
Luque, Ludovic Mignot, and Florent Nicart.

Introduction

Regular languages form an important class of languages, defined as the ones that can be
generated by Type-3 grammars of the Chomsky-Schiitzenberger hierarchy [Cho59, CS63].
One of the most surprising property of regular languages is that they can be described
by nonequivalent different ways, for instance by regular grammars, automata, or regular
expressions. These tools are nonequivalent in terms of spatial complexity: a same family
of regular languages can be represented for example by automata with a linear number of
states but by regular expressions with an exponential number of symbols [EZ76].

Multi-tildes [CCM11] are operators acting on languages and introduced in order to in-
crease the expressiveness of regular expressions (that is, describing regular languages with
the smallest possible spatial complexity). These operators allow intuitively to jump forward
in a regular expression. Besides, multi-tildes come with a very natural notion of composi-
tion, and it appears that this composition endows the graded set of all the multi-tildes with
a structure of a ns set-operad [LMN13]. This establishes an unexpected link between the
theories of formal languages and of ns operads.

In [LMN13], the ns operads MT of the multi-tildes and Poset of the pseudo-transitive
multi-tildes have been defined. The first one is the ns operad aforementioned of multi-tildes
and the second one is a quotient operad of MT involving posets. The set of all the languages
over a finite alphabet is endowed with the structure of an MT-monoid, and also of a Poset-
monoid. The first structure is nonfaithful while the second is faithful (in the sense that two
different elements of Poset act differently on languages). The ns operad Poset provides
hence a new way to express languages with optimality. Moreover, any finite language can
be expressed by the action of an element of Poset on languages that are empty or consisting
only in one word of length 1.

The purpose of the present work is to generalize these constructions of ns operads to
regular languages (and not only on finite ones). The main idea for this is to extend the
notion of multi-tildes to double multi-tildes. These are operators acting on languages and
allow intuitively to jump forward or backward in a regular expression. In this generalization
also, double multi-tildes are endowed with a natural notion of composition and form a ns
set-operad DMT. This operad acts on the set all the languages over a finite alphabet, and
provides a way to express any regular language by the action of an element of DMT on

343
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languages that are empty or consisting only in one word of length 1. In this context, we also
construct a quotient operad Qoset of DMT which plays the same role for regular languages
as Poset plays for finite languages. Indeed, the set of all regular languages forms a faithful
Qoset-monoid.

All the four ns set-operads considered in this chapter can be constructed in a very similar
way. For this reason, we provide an abstraction for their construction through a functorial
construction PO, producing a ns set-operad from a precomposition. These last structures are
kinds of representations of a particular monoid. We provide, by using precompositions and
PO, alternative constructions for the already known operads MT and Poset, and interpret
our construction of the new operads DMT and Qoset.

This chapter is organized as follows. Section 1 contains the definition of the category of
the precompositions and of the functor PO. In Section 2, we provide alternative constructions
of MT and Poset, and define DMT and Qoset. In Section 3, we study actions of DMT and
Qoset on languages.

Note. This chapter deals only with ns set-operads. For this reason, “operad” means “ns
set-operad”.

1. Breaking operads via precompositions

The objective of this section is to introduce new algebraic objects, the precompositions.
These objects are a kind of representation of a certain monoid denoted by Jf, whose ele-
ments can be described in terms of infinite matrices. We present here a functor from the
category of precompositions to the category of operads. We shall use this functor in the
sequel to reconstruct some already known operads and to construct new ones.

1.1. Monoids of infinite matrices. We introduce here an associative algebra Jf., of
infinite matrices whose entries are indexed on Z? and a quotient #f,, of Jf, of infinite
matrices whose entries are indexed on N?. Moreover, two respective subalgebras %., and
Po of Jo and S, are described. The purpose of this section is to give a realization and
a presentation of Jf,, a monoid defined by seeing %, as a monoid.

1.1.1. A first algebra of infinite matrices. We consider the vector space Jf,, of all infinite
matrices (A;j);jcz with a finite number of nonzero diagonals whose entries belong to K. A
typical element A of Jf,, is a finite linear combination of elements

plkA) . _ ZME(H“) (1.1.1)

i€Z

where A = (A;)icz and E®¥ is the matrix such that

(,0)
E"

(1.1.2)
0 otherwise.

F if (i,7) = (k. £),
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By observing that

D(k,)L)D(k’,)»') _ <Z )wE(i+k,i)> <Z )L{E(H—k,'i))
ieZ ieZ
Z)Vi+k’)\'{E(i+k+k/'i) (113)
i€Z
_ Dletkangi)

1

where Axp A’ := (A p )., we deduce that M., is stable for the product of infinite matrices.

Moreover, the unit of Jf, is
1:= D(O,(...,l,i,...)) _ Z E(i'i). (11.4)
icz

This leads to the following result.

PROPOSITION 1.1.1. The space J1., is a unitary associative algebra.

Notice that when K is the field of complex numbers, the algebraic structure of Jf., is
very rich and has many connections with the study of infinite Lie algebras (see e.g,, [Kac90]).

1.1.2. A first monoid of infinite matrices. Here, for our purpose, we consider only the
structure of monoid of Jf,. In particular, we define the submonoid %, of Jf,, generated
by the matrices

MEn) . Z EUA) Z EU+n-1j) (1.1.5)
j<i i<j
for each i € Z and each n > 1. With these notations we have

MY =1, (1.1.6)

foranyi € Z.

PROPOSITION 1.1.2. The monoid P, is isomorphic to the monoid JIEP generated by the
symbols {af' :i € Z,n > 1} subjected to the relations

al =1, icz, (1.1.7a)
a' &' = af}, 4 af, i<j, (1.1.7b)
ayy; ' = aptm-1 0<j<m, (1.1.7¢)

where 1 is the unit.

1.1.3. A second algebra of infinite matrices. Let Jf,, be the vector space of all infinite
matrices (Al‘j)i,]'eN>1 with a finite number of nonzero diagonals whose entries belong to K. An
analogous result as the one stated by Proposition 1.1.1 shows that Jf, is a unitary associative
algebra. Moreover, there is a surjective monoid morphism from Jf., to Jf, sending any
matrix (Ajj)ijez to (Aij)ijens,. Hence, Ji,, is a quotient monoid of Moo
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1.1.4. A second monoid of infinite matrices. Let us define the submonoid ¥, of I
generated by the matrices

N . Z EVA) 4 ZE(I‘HI—U) (1.1.8)
1< i<j

for each n,i > 1.

ProposiTION 1.1.3. The monoid %, is isomorphic to the monoid Jf, which is the quo-
tient of the monoid JIZp satisfying the extra relations

al =af, i<O. (1.1.9)

1.2. Precompositions and operads. Before describing a functor from the category of
precompositions to the category of operads, we define this last category. All this relies on
the presentation of the monoid Jf, introduced in Section 1.1.

1.2.1. Precompositions. Let (S, ) be a commutative monoid endowed with a filtration

S=J S (1.2.1)
n>1
with
S1C8C--C8C--- (1.2.2)

and such that each §, is a submonoid of S. We will denote by 1 the unit of S.

A precomposition is a monoid morphism

¢ : I, — End(S), (1.2.3)

where End(S) denotes the set of all monoid endomorphisms of S, satisfying
¢@"):Sm = Snim-1, m=1, (1.2.4a)
¢(a)ls, =ds,, i>m+1, (1.2.4b)

where ¢ (a]') |s,, denotes the restriction of the map ¢ (af') to the domain $,,, and Idg,, is the
identity map on S,.

For simplicity, we denote by ¢" the map ¢ (a). Observe that the maps ¢* have the
following intuitive meaning. If s is an element of §,,, one can see s as an element having
any number of inputs non smaller than m. Under this point of view, ¢!'(s) is an element of
Sn+im-1 obtained by replacing in s its ith input by n — 1 new ones. Axioms (1.1.7a), (1.1.7h),
and (1.1.7c) can be understood in the light of this interpretation.

Now, let ¢ : J, — End(S) and ¢’ : Jf, — End(S’) be two precompositions. A map
a: S — § is a precomposition morphism from ¢ to ¢’ if a is a monoid morphism and
satisfies

a:Sp > Sy, n>1, (1.2.5a)

&7 lals) = al$l(s),  seS. (1.2.5b)

Let Precomp be the category wherein objects are all precompositions and arrows are
precomposition morphisms.
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If ¢: I, — End(S) is a precomposition, we define on § the binary products Ogn) by
sol t:= @l (s) * P(1), (1.2.6)
where * is the binary commutative and associative operation of S.

1.2.2. From precompositions to operads. Let ¢ : Jf, — End(S) be a precomposition.
From the commutative monoid S, we define the set

S:= | |Sa (1.2.7)
n>1
where
Sni={(n,s):s € Sy }. (1.2.8)

Hence, S is the set of all the elements of § endowed with an arity. Let the partial compositions
maps
0; :Sn X Sm — Snim-1 (1.2.9)
defined, for any (n,s) € S, and (m, t) € Sy, by
(n,s) o; (m, 1) = <n +m—1,50™ t> . (1.2.10)

We denote by PO(¢) the set S endowed with the maps o; thus defined.

THEOREM 1.2.1. The construction PO is a functor from the category of precompositions
to the category of operads.

1.2.3. Quotients of precompositions. Let ¢ : JL, — End(S) be a precomposition and
v:S8 — § be a monoid morphism such that

v:Sn = Sn, n>1, (1.2.11a)
yoy =17, (1.2.11Db)
Ploy =7yodl (1.2.11¢)

We call such a morphism y a compatible morphism.
On the operad PO(¢), we denote, by a slight abuse of notation, by
7:S—>8 (1.2.12)
the map satisfying

7 ((n,5)) = (n, 7(s)) (1.2.13)
for any s € S,.
Let =, be the equivalence relation on § satisfying s =, t if ¥(s) = ¥(t) for any s,t € S.

Since 7 is a monoid morphism, =, is a monoid congruence and hence, §/-, is a quotient
monoid of §.

On the operad PO(¢), we denote by a slight abuse of notation by =, the equivalence
relation satisfying (n,s) =, (n,t) if s =, t for any s,t € S.
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Moreover, from the precomposition ¢ and the map 7, one defines the precomposition
¢, M, — End (8/57) (1.2.14)

defined for any =,-equivalence class [s]-, by
byt (Is]=, ) = [{bi"(s)]z . (1.2.15)
THEOREM 1.22. Let ¢ : JI, — End(S) be a precomposition and y be a compatible
morphism. Then, the operads PO(¢)/-, and PO(¢,) are isomorphic.

2. Constructing operads from precompositions

We apply here the construction PO introduced in the previous section to provide alter-
native constructions of the operads MT and Poset introduced in [LMN13], and to construct
two new operads DMT and Qoset. These operads fit into the diagram of Figure 12.1.

DMT

FIGURE 12.1. Diagram of operads where arrows »— (resp. —») are injective
(resp. surjective) operad morphisms.

2.1. Alternative constructions. We begin by using the methods exposed in Section 1.2
to construct the operads MT of multi-tildes and Poset of posets.

2.1.1. Operad of multi-tildes. Multi-tildes are operators introduced in [CCM11] in the
context of formal language theory as a convenient way to express regular languages. Let,
for any n > 1, P, be the set

P,:={(x,y) e [n]*:x < y}. (2.1.1)

A multi-tilde is a pair (n, s) where n is a positive integer and s is a subset of P,. The arity of
the multi-tilde (n, s) is n. The binary relation of (n,s) is the binary relation R, ¢ on [n + 1]
satisfying x Rn,) ¥y if x =y or (x,y — 1) € 5.

As shown in [LMN13], the graded (by the arity) collection of all multi-tildes admits a
very natural structure of an operad. This operad, denoted by MT, is defined as follows. The
partial composition (n,s) o; (m, t), i € [n], of two multi-tildes (n, s) and (m, t) is defined by

(n,s) o; (m, t) := <n +m —1, {sh(x,y): (x,y) €s}U {sh(i)(x,y) t(x,y) € t}) , (2.1.2)
where
(x, ¥) ify <i-1,
shf(x,y):= { (x,y +p - 1) ifxr<i<y, (2.1.3)

(x+p—-1,y+p—1) otherwise.
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FOI" instance, one has
(5, {(1,5), (2, 4), (4,5)}) o4 (6, {(2,2), (4,6)}) = (10, {(1,10),(2,9), (4,10),(5,5), (7,9)}), (2.1.4a)

(5, {(1,5),(2,4), (4,5)}) o5 (6, {(2,2), (4,6) }) = (10, {(1,10), (2, 4), (4,10),(6,6),(8,10)}). (2.1.4b)

Observe that the multi-tilde (1, ) is the unit of MT. Since for any n > 1, #MT(n) = #E(Py)
(where E(P,) denote the set of all subsets of P,),

n+1
2

#MT(n) = 2(5). (2.1.5)
Hence, the first dimensions of MT are
2,8,64,1024, 32768, 2097152, 268435456, 68719476736, (2.1.6)

and form Sequence A006125 of [Slo]. Observe that the dimensions of MT are very similar
to the dimensions of the operads obtained by the clique construction applied to a unitary
magma having exactly two elements (see Section 1.2.1 of Chapter 7).

Let us provide a construction of MT through the functor PO. Let S, be the set of
all the subsets of P,. By observing that S, C Sp+1, let S := Up>1Sn. The pair (S,U) is a
commutative monoid whose unit is 1 := @ and belongs to §;. Observe also that S is, as a
monoid, generated by the set {{(x,y)}:x <y}

Let ¢ : 1, — End(S) be the precomposition such that each morphism ¢! is defined by
its values on the generators of S by
{(x,9)} ify <i-1,
O ({x,y}) =1 {(x,y +n —1)} ifx <i<y, (2.1.7)
{x+n-1,y+n-1)} otherwise.

1

One can check that ¢ is a precomposition.

ProprosiTION 2.1.1. The operads MT and PO(¢) are isomorphic.

2.1.2. Operads of posets. In [LMN13], an operad Poset defined as the quotient of MT by
the operad congruence = is considered, where for any multi-tildes (n, s) and (n, t), one sets
(n,s) = (n,t) if the binary relations R,y and Ryny have the same reflexive and transitive
closure. Since any =-equivalence class contains exactly one reflexive, transitive, and anti-
symmetric relation, Poset is an operad on the set of all posets. More precisely, the elements
of Poset(n) are posets on [n + 1] admitting (1,2, ...,n +1) as a linear extension. For instance,
one has

(4 {(1,3),(2,2), (3, 4)]) = (4 {(1,3),(2,2),(2,5), (3, 4) ), (2.1.80)
(4,{(1,1),(2,3), (4, 4)}) = (4 {(1,1),(1,3),(1,4),(2,3), (2, 4), (4, 4) }), (2.1.8b)

and

(4, {(1,3),(2,2),(3,4) })]_ o2 [(4, {(1,1),(2,3), (4, 4) })]_ = [(7,{(1,6),(2,3),(3,4),(5,5), (6, 7) })]_ .
(2.1.9)
The first dimensions of Poset are

2,7,40,357, 4824, 96428, 2800472, 116473461, (2.1.10)
and form Sequence A006455 of [Slo].
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Let us consider the monoid § and the precomposition ¢ of Section 2.1.1. Let y: § — §
be the map sending any set s € P, to the set s € P, such that R, ) is the reflexive
and transitive closure of ®(, . For instance, the second components of the left members
of (2.1.8a) and (2.1.8b) show elements of P, and the second components of their respective
right members are their reflexive and transitive closures. A multi-tilde (n,s) is pseudo-
fransitive if s belongs to the image of 7. One can check that 7 is a compatible morphism.
Hence, we can consider the operad PO(¢,) which is, by Theorem 1.2.2, isomorphic to the
operad MT/,.

ProposITION 2.1.2. The operads Poset and PO(¢,) are isomorphic.

2.2. New operads. We now generalize the concept of multi-tildes to double multi-tildes.
In terms of operators on languages (see Section 3), multi-tildes can be seen as operators al-
lowing to jump forward in a regular expression and double multi-tildes as operators allowing
to jump both forward or backward in a regular expression. The interest of this extension
relies on the fact that, while multi-tildes can emulate the sum and the concatenation, double
multi-tildes can emulate in addition to this the Kleene star of regular expressions and their
languages. We construct in this section an operad DMT of double multi-tildes and a quotient
Qoset of DMT of quasiorders.

2.2.1. Operad of double multi-tildes. Let DMT be the operad of double multi-tildes
defined as

DMT := MTMT, (2.2.1)

where x is the Hadamard product of operads. An element of arity n of DMT is, by definition
of 1, a pair ((n, s), (n, t)) where (n, s) and (n, t) are multi-tildes. For simplicity, this element is
simply denoted by (n,s,t) and is called a double multi-tilde. The binary relation of (n, s, )
is the binary relation R, on [n + 1] satisfying x Rip,,y¥ if x = y or (x,y —1) € s or
(v —1,x) € t. Since any multi-tilde (n,s) can be seen as a double multi-tilde (n, s, @), MT is
a suboperad of DMT. Observe that the double multi-tilde (1, @, #) is the unit of DMT. Since
for any n > 1, #DMT(n) = (#E(P,))%

n+1
2

#DMT(n) = 4("3). (2.2.2)

Hence, the first dimensions of DMT are

4,64, 4096, 1048576, 1073741824, 4398046511104, 72057594037927936,
4722366482869645213696, (2.2.3)

and form Sequence A053763 of [Slo]. Observe that the dimensions of DMT are very similar
to the dimensions of the operads obtained by the clique construction applied to a unitary
magma having exactly four elements (see Section 1.2.1 of Chapter 7).

Let us provide a construction of DMT through the function PO. Let 9, be the set
of all the pairs (s,t), where s and t are subsets of P,. By observing that 9, C 9,4, let
D = Up>1Dn. We endow 9 with the product U defined by (s,t) U (s',¢) := (s Us’,t U t) for
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all (s,t),(s',t) € . The pair (P, U) is a commutative monoid whose unit is 1¢ := (d,0) and
belongs to 9. Observe also that 9 is, as a monoid, generated by the set

{{x,9)},0): x <ypuA{l {(x,9)}):x <y} (2.2.4)

Let ¥ : Jf, —» End(9) be the precomposition such that each morphism ¥} is defined by
its values on the generators of & by

(e, 3)1,9) = (@7, 9)1).0) (2.2.50)
B (e 3) 1) = (0.81({(x.9)D) (2.2.5b)

where the éb{‘ are the morphisms associated with the precomposition ¢ of Section 2.1.1. One
can check that ¥ is a precomposition.

ProposiTION 2.2.1. The operads DMT and PO(¥) are isomorphic.

2.2.2. Operad of quasiorders. We construct here an operad Qoset which is to DMT what
Poset is to MT.

We define the operad Qoset as the quotient of DMT by the operad congruence = defined
as follows. For any double multi-tildes (n, s, t) and (n’,s', t'), one sets (n,s,t) = (n’,s',t) if the
binary relations R and Ry ¢y have the same reflexive and transitive closure. For
instance, one has

(4,{(1,2),(3,3)}, {(1,3)}) = (4, {(1,2),(1,3),(3,3) }, {1, 3) })- (2.2.6)

It is straightforward to check that = is a congruence of DMT, so that Qoset := DMT/. is an
operad. Moreover, since any =-equivalence class contains exactly one reflexive and transitive
relation, Qoset is an operad on the set of all quasiorders on [n + 1]. The first dimensions of
Qoset are

4,929,355, 6942, 209527, 9535241, 642779354, 63260289423, (2.2.7)

and form Sequence A000798 of [Slo].

Let us consider the monoid 9 and the precomposition ¥ of Section 2.2.1. Let y : O — D
be the map sending any pair of (s,t) of 9?2 to the pair (s, t') of 92 such that R, ¢ v) is the
reflexive and transitive closure of R, .. For instance, the pair consisting in the second
and third components of the left member of (2.2.6) shows elements of P? and the second
and third components of the right member is its reflexive and transitive closure. A double
multi-tilde (n,s,t) is pseudo-transitive if (s,t) belongs to the image of 7. One can check
that ¥ is a compatible morphism. Hence, we can consider the operad PO(¥,) which is, by
Theorem 1.2.2, isomorphic to the operad DMT/,.

3. Links with language theory

The main motivation for the introduction of the four operads MT, Poset, DMT, and Qoset
(the first two in [LMN13] and the last two here) relies on the fact that they act on languages.
In more precise terms, the set of all languages over a finite alphabet A is endowed with O-
monoid structures, where O is one of the four aforementioned operads. We describe these
structures in this section.
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3.1. Action of multi-tildes and double multi-tildes. The action of DMT on languages
on a finite alphabet can be described in terms of automata. This leads to the construction
of a DMT-monoid. All this justifies the role of DMT in formal language theory since this
operad provides a concise way to express languages.

3.1.1. Automata and regular languages. An automaton is a tuple (A, Q, 6,i,t) where
A is a ground alphabet, Q is a finite set, called sef of states, § : Q x AU {e} — E(Q) is a
fransition map, i is a state of Q called inifial state, and t is a state of Q called ferminal state.
We consider here very particular automata (also known as e-automata). We use the main
definitions of the theory (see for instance [Sak09]), like the notion of language recognized
by an automaton, regular languages, regular expressions, efc.

From now on, A is the infinite alphabet A := {a;,ay,...} and A is any finite alphabet.

3.1.2. From double multi-tildes to automata. Let (n, s, t) be a double multi-tilde of arity n
of DMT and An,s,¢ be the automaton (A, Q, S, q1, qn+1) defined by

Q:={qgj:jen+1]}, (3.1.1)
6(qj, ai) = {qj+1 }» (3.1.2)
6(qj. €)= {qrr1: (k) €s} U {qr:(k,j—1)€s}. (3.1.3)

For instance, by considering the double multi-tilde
(n,s,t):=(6,{(1,3),(2,2),(3,4)},{(2,2),(2,3), (4,5) }), (3.1.4)

the transition map of the automaton Ay, s := (A, {q1,...,q7}, 6,q1, q7) satisfies

Slqr,a1) := {qo}, 6lag,a2):= {qs}, 6(qs,as):= {qu},
6(qu,as) := {qs}, 6(gs,as):= {qs}, 6(qe, a6):= {qr}, (3.1.5)

and

6la1, €)== {qs}, 6(qe, €)= {qs}, 6(qs. €)= {qe, a5},
6(qs, €) := {q}, 6lgs,€):=0, &(qe €):= {qu}. (3.1.6)

This automaton can be depicted as

€

ap 1)) az [sVA as

) ) 4 - [\ s N (BT
€ €
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3.1.3. Action of double multi-tildes on languages. Let 4 be the set of all the languages
on the alphabet A, R, be the subset of £ 4 consisting in all regular languages, and %4 be the
subset of R, consisting in all finite languages. Let, for any n > 1, the action

-:DMT(n) x La*" - La (3.1.8)

defined, for any double multi-tilde (n, s,t) and any languages [y, ..., [, of £La by
(n,s,4)- (..., Ip) == Lang (Afne,9(l, ... In)) (3.1.9)
where Ajn,s4(lt, ..., [n) is the automaton obtained by replacing each letter a; by the language

l;, i € [n], and for any automaton A, Lang(A) denotes the language described by A. For
instance, by using regular expressions,

(n, {(1,4)}, {(2,3),(3,4)}) - (4, 2, Is) = Lang

=€ + (6 + [1[2)([2 + [3)*[3.
(3.1.10)

We can observe that if (n,s,t) and (n’,s,t') are two double multi-tildes, An,s,o;(n',s,¢) I8

the automaton obtained by replacing the transition labeled by a; connecting the states q; and
qi+1 of An,s,y By Apm,s,¢), and by relabeling adequately its states and transitions. Replacing
in this way a transition by an automaton is possible since A, ) has exactly one initial and
one terminal state. From this observation, one has the following result.

THEOREM 3.1.1. The actions - endow the set £ of all languages on A with a structure
of a DMT-monoid. Moreover, the restrictions of the - to the set R, of all regular languages
on A endow R with a structure of a DMT-monoid.

3.1.4. Expressions for regular languages.
PRropPOSITION 3.1.2. Let | and I’ be two languages of X, satisfying
[=(n,st-(ai,...,an) (3.1.11)
and
(= (n",s,t) (af,....,ap) (3.1.12)
for some n,n’ > 1, (n,s,t) € DMT(n), (n,s',t) € DMT(n'), a;,a; € {{a} € A} U {0}. Then,
[+10=((3,{(1,3),(2,4) }.0) o [(n,s,4),(1,8,0), (n',¢",t)]) - (o1, ..., an, 0,0, ..., a}), (3.1.13q)
= ((3{(2,3)},0) 0 [(n,s,1),(1,0,0), (n",s",¢)]) - (a1,...,an, 0,0, ....a), (3.1.13b)
F=(1,{1,2)}, {(2,1)}) o1 (n,5,1) - (a1, ..., qp)- (3.1.13c)

In the statement of Proposition 3.1.2, the symbols o denote the complete composition
maps of DMT.

As a consequence of Proposition 3.1.2, one obtains the following result.
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PRropOSITION 3.1.3. Any regular language | of Ry can be expressed as
[=(n,st)-(a1,...,an), (3.1.14)
for some n > 1, (n,s,t) € DMT(n), and o; € {{a} € A} U {@}.

3.1.5. Expressions for finite regular languages. Since MT can be seen as a suboperad
of DMT consisting in the double multi-tildes of the form (n, s, ), the action - of DMT on
L described in Section 3.1.3 can be restricted on MT. In this way, we recover a result
of [LMN13].

PROPOSITION 3.1.4. Any finite language | of &, can be expressed as
[=(n,s0) - (a,...,an), (3.1.15)
for some n > 1, (n,s,0) € DMT(n), and a; € {{a} € A} U {#}.

3.2. Action of pseudo-transitive double multi-tildes. The quotient Qoset of DMT in-
herits the action of DMT on languages. The main interest to consider the associated Qoset-
monoid instead of the DMT-monoid is that this last one is nonfaithful while the first is. Hence,
Qoset is an operad providing optimal operators to describe regular languages.

3.2.1. A nonfaithful action of DMT on languages. Observe that the description of lan-
guages by the action of a double multi-tilde on languages (for instance in the ways provided
by Propositions 3.1.3 and 3.1.4) is not optimal since a language | can be described from
different double multi-tildes of the same arity. Indeed,

(2,{(1,2),(2,3)1.0) - ({a}, {b}) = (a + €)(b + €) = (2,{(1,2),(2,3),(1,3)},0) - ({a}, {b}). (3.21)

In other words, the DMT-monoid consisting in all languages endowed with the action - is a
nonfaithful DMT-monoid.

3.2.2. A faithful action of Qoset on languages. Since Qoset is a quotient operad of DMT,
the actions - of DMT on £ defined in Section 3.1.3 are still well-defined on Qoset. More
precisely, for any =,-equivalence class [(n,s, t)]_
operad congruence introduced in Section 2.2.2, and any languages ly, ..., [, of £a,

of double multi-tildes, where =, is the

[(n,s,t)]Ey (e )= (s, t) - (.., ), (3.2.2)
where the symbol - of the right member of (3.2.2) denote the actions of DMT on languages.
Now, contrariwise to the action of DMT on languages, the action of Qoset is optimal in

the following sense.

THEOREM 3.2.1. If A has at least two letters, the actions - endow the set La of all
languages on A with a structure of a faithful Qoset-monoid.
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3.2.3. Operations of Qoset as operators on languages. Let us examine all the actions of

the elements of Qoset up to arity 2. We denote each element of Qoset by pseudo-transitive

double multi-tildes.

In arity 1,
(1,0,0)- {a} =€,
A, {,10)}L0)-{a} =€ +a,
1,0, {1, 1)})-{a} =a”,
L {L )L {1 {a} =a™
In arity 2,

(2,0,0) - ({a}, {b}) = ab,

A)L0)-({a}, {b}) = b +ab,

201 0) - ({a}, {b}) = € +ab,

2)} g)-({a}, {b}) =a +ab,
,2)},0)-({a}, {b}) =€+ Db +ab,
2)1,0) - ({a}, {b}) =€ +a+ab,

(2, {1,1,(1, ,2,2}(21 ({a},{b})=€e+a+b+ab,

2.0, {1.1)))-({a}, {b}) =a”
(2 0,{1,2)})- ({a}, {b}) = (a )
2.0,{2,2)})- ({a}, {b}) = ab*,
(2,0, {(1,1),(1,2)}) - ({a}, {b}) = (@*
(2,0,{(1,2),(2,2)})- ({a}, {b}) = ( )
2,0, {(1,1),1,2),2,2)}) - ({a}, {b}) = )
2 {1,105 {1 1)) - ({a}, {b}) = a*b
2, {(L,0)},{(2,2)]) - ({a}, {b}) = (e + a)b*,
2, {(1,2)}, {(1,2)}) - ({a}, {b}) = (ab)*,
(2,{(2,2)}, {1,1)}) - ({a}, {b}) = a”(e + b),
2,{(2,2)}, {(2,2)]) - ({a}, {b}) = ab*,

(2 {1 1)}, {(1,2),2,2)]) - ({a}, {b}) = (€ + a)b™)",
(2, {(2,2)}, {(1,1), (1,2)}) - ({a}, {b}) = (a*(e + b))",
2, {(1,1»,{(1,1),(1,2),(2, ) - ({a}, {b})=( b7,

2, {(2.2)}, {(1,1),(1,2),(2,2)}) - ({a}, {b}) = (a*b*)*

(1,20, 2,203, {11, 1)})- l{a}, {b}) - € + a*(c + b)
2, {(1,1), (1,2}, {2,2)])- (fa}, {b}) = € + (€ + a)b”,
(2, {(1,1),(1,2),2,2)}, {1, 1)}) - ({a}, {b}) = a*(e + b),
(2, {(1,1),(1,2),(2,2)}, {2,2)}) - ({a}, {b]) = (e + a)b”,
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2, {(1,1), (1,2}, {11,2),2,2)}) - ({a}, {b}) = (€ + a)b*)", (3.2.8a)
2, {(1,1),(1,2), 22}{11 (1,2),(2,2)}) - ({a}, {b}) = (a + b)* (3.2.8b)
(2,{(1,2),(2,2)}, {(1,1), (1, })-({a}f {b}) = (a*(e +b)). (3.2.8c)

Concluding remarks

The work presented in this chapter provides two kinds of results. The first one consists
in a general construction of operads through a functor PO, producing an operad from a
precomposition. The second one consists in the application of this construction to obtain
new operads or alternative descriptions of already existing ones. In this context we have
introduced and worked with operads acting on formal languages.

The operad Qoset, quotient of the operad DMT of double multi-tildes, acts faithfully
on the set of all regular languages over a finite alphabet. Since Qoset is a combinatorial
operad, it offers countable operations for denoting regular languages. The expressions thus
obtained to define regular languages lead to the definition of several measures for their
complexity. For instance, if [ is a regular language, one can define wy(l) (resp. wo(l)) as the
minimal arity (resp. number of pairs) of the element of Qoset required to express [ (see
Proposition 3.1.3 and Theorem 3.2.1). Intuitively, w; and wy can be respectively interpreted
as functions measuring the width and the height of a language. The first one, wy, is indeed
the minimal number of occurrences of symbols or @ in the expression of [. The measure
wy expresses the minimal complexity of an operator involved for denoting the languages.
These measures deserve to be investigated; in particular a parallel with the size of a minimal
automaton (in terms of states or transitions) should be established.

Another perspective is the extension of the conversion methods from automata to ex-
pressions by using double multi-tildes. These conversions were studied in [CCM10] and
in [CCM12]. By slightly modifying the action of the operads, we aim to extend these algo-
rithms of conversions. Conversely, it seems worth designing algorithms producing automata
from expressions (like e.g., position functions [Glu61] or expression derivatives [Brz64,
Ant96]).

A last perspective is the following. By the Alexandroff correspondence [Ale37], qua-
siorders on finite sets are in bijection with finite topologies. The question here consists in
investigating if the action of the operad of quasiorders Qoset on languages has a topological
interpretation.



Conclusion

In all this dissertation, our main philosophy is to design operations on combinatorial
objects in order to construct algebraic structures on them. By studying algebraically these
structures, we hope to grab combinatorial properties on the objects. All this provides a tool
to tackle problems coming from enumerative combinatorics or computer science.

We expose in this work numerous constructions inputting simple algebraic structures
(like magmas, monoids, or posets) and outputting more complicated ones (like Hopf bial-
gebras, operads, and pros) and involving combinatorial objects. Therefore, our main con-
tribution is to provide metatools, in the sense that our constructions can be used to endow
combinatorial collections with algebraic structures.

Each chapter ends with a section named “Concluding remarks” raising some contextual
open questions. For this reason we will not mention these here. Let us instead speak about
the general and cross sectional ideas and directions for future research.

About constructions of operads

A first general direction consists in using the constructions T (see Chapters 4 and 5), As
(see Chapter 6), C (see Chapter 7), and PO (see Chapter 12) to define even more operads.
As we have seen, these constructions lead to the definitions of many interesting operads,
involving a large range of combinatorial objects and of partial composition operations and
algorithms. We think that we are far to have exhausted the subject and that many other
operads deserving to be studied can be obtained.

A next logical continuation is to develop more connections between combinatorial alge-
braic structures and properties of their underlying combinatorial objects. We have pointed
out, mostly in Chapter 11, that ns colored operads lead to a generalization of usual formal
power series. By using the operations of operads, we obtain a bunch a natural operations on
such generalized series, forming new tools for enumerative prospects. This axis consists in
constructing new operads on various kind of objects (like integer partitions, Young tableaux,
planar maps, etc.) and use these and their formal power series to discover enumerative
properties.

About pros and their combinatorics

In Chapter 9, a link between the theory of pros and the one of Hopf bialgebras has been
highlighted through a construction H associating a Hopf bialgebra with some pros. These
last objects are generalizations of operads and their underlying combinatorics is much less
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developed and understood than those of operads. For instance, while free operads are very
well-known structures, free pros are not well described. Some particular phenomena occur
when one considers free pros on generators having null input and/or output arities. The
question here is to provide a good combinatorial realization of free pros. The described
realization in terms of prographs (see Chapters 1 and 2) allows only generators with at least
one input and one output. This research axis contains also questions like a description of
the Hilbert series of free pros.

Pros provide also an interesting framework to work with all the symmetric groups at
the same time. Indeed, the pro K (Per) of all permutations (see Chapter 2) encapsulates the
composition operation of all permutations and hence, contains all groups &,, n € N. This pro,
by computing its presentation by generators and relations, leads to the known presentation
of the symmetric groups in terms of elementary transpositions. Here we ask for a general
construction associating a pro with any sequence W,, n € N, of Coxeter groups, analog
to what is K(Per) for G,, n € N. This could lead to combinatorial realizations of some
Coxeter groups. The same, but more general and hard question, consisting in encapsulating
a sequence M, n € N, of monoids in pros holds also.

Here is a last theme about pros we would like to expose. As said before, (colored) operads
are promising devices to generalize usual formal power series. Since pros are in some sense
generalizations of operads, series on pros would be an even more powerful generalization
of such series. Additionally, they could be very interesting devices for enumeration. Due to
the richness of the structure, series on pros come with a lot of different products. At least, a
generalization of the pre-Lie and composition product on series on colored ns operads (see
Chapter 11) can be considered.

About biproducts and their algorithmic

As exposed in Chapter 10, combinatorial (bi)algebraic structures are good supports to ask
questions of analysis of algorithms. To be more precise, given a combinatorial space K(C)
endowed with a biproduct [J of arity p, the question of the complexity of the computation of
O(x1 ® - -+ ® xp), where x4, ..., X, are objects of C seems in general unexplored and open.
The analysis may be performed with respect to the sum of the sizes of x, ..., xp. This could
lead to a hierarchy of biproducts depending on their complexity. Some biproducts can have
different complexity on different bases of K (C). This research direction mixes in a balanced
way algebraic combinatorics and computer science.
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ABSTRACT. This habilitation thesis fits in the fields of algebraic and enumerative com-
binatorics, with connections with computer science. The main ideas developed in this work
consist in endowing combinatorial objects (words, permutations, trees, integer partitions,
Young tableaux, efc.) with operations in order to construct algebraic structures. This pro-
cess allows, by studying algebraically the structures thus obtained (changes of bases, gener-
ating sets, presentations by generators and relations, morphisms, representations), to collect
combinatorial information about the underlying objects. The algebraic structures the most
encountered here are magmas, posets, associative algebras, dendriform algebras, Hopf bial-
gebras, operads, and pros.

This work explores the aforementioned research direction and provides many (functorial
or not) constructions having the particularity to build algebraic structures on combinatorial
objects. We develop for instance a functor from nonsymmetric colored operads to nonsym-
metric operads, from monoids to operads, from unitary magmas to nonsymmetric operads,
from finite posets to nonsymmetric operads, from stiff pros to Hopf bialgebras, and from
precompositions to nonsymmetric operads. These constructions bring alternative ways to
describe already known structures and provide new ones, as for instance, some of the defor-
mations of the noncommutative Faa di Bruno Hopf bialgebra of Foissy and a generalization
of the dendriform operad of Loday.

We also use algebraic structures to obtain enumerative results. In particular, nonsym-
metric colored operads are promising devices to define formal series generalizing the usual
ones. These series come with several products (for instance a pre-Lie product, an associa-
tive product, and their Kleene stars) enriching the usual ones on classical power series. This
provides a framework and a toolbox to strike combinatorial questions in an original way.

The text is organized as follows. The first two chapters pose the elementary notions of
combinatorics and algebraic combinatorics used in the whole work. The last ten chapters
contain our original research results fitting the context presented above.
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