8.4. / Confluence / Completion

Example

Let the TRS 7 := (S,N,—) such that S is the signature containing the binary constant m and — is
defined through the rewrite rule r; :=mml234 — mlm2ma34) [C. Chenavier, C. Cordero, S. Giraudo,

Quotients of the magmatic operad: lattice structures and convergent rewrite systems, 2019]. Let also ~~ be
any 7 -compatible reduction relation.

The critical term associated with the critical data (7'1,1,7'1) of T is mmmuml®2m) 31 4(1)J4 and

L
the critical pair associated with this critical data is (51752) where 5, : = muml1 D2 13 ma(My

and 5o 1= m\ml(l) m2M m3M 4 J4. These two S,C-N-terms are normal forms of C.7. Therefore,

Completiong ;. adds to — the new rewrite rule 7o := (81,52).
Let the TRS 7' := (S,C-N,{ri,r2}). The critical term associated with the critical data (ri,11,71)

of 7' is mm

mm m1Wo® 3<1)J4(1)J3J4 and the critical pair associated with this critical data is

(s1,52) where s1 = mm ml1®o® 3(1)Hm4(1> m23); and s2 = m\m\ml(l) m2®M m3Mq® J3J4. We have that
51 = ml“)\mZ(]%mi’)(l)\mll(l> mS4m and, by using the rewrite rule 7y, sh = ml<1)\m2<l>\m\mi’>('>m4(1)3J4”

are respective normal forms of s; and s> in 7. Therefore, Completiong ., adds to {r1,72} the new

. ! ’
rewrite rule r3 := (51,52)-

Exercise ooooo

Let us consider the previous TRS 7. Show that 7 leads to a convergent TRS formed by eleven

rewrite rules.
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9.1. Varieties of algebras

Samuele Giraudo 232 / 288 INF889K




I_ Boilo / Universal algebra and clones / Varieties of algebras _l

Let A:=(X,S,0p) be an S-algebra.

An S-algebra A’ := (X', S,0p’) is an S-subalgebra of A if X' C X and for any c€ Smn, n €N, and any
/ / /
xy,...,2, € X',

/! / !/ / /!
Op 'C'(L‘l' coo .g;n = Op.c.af;l. B

Examples

Let MagC be the signature containing one nullary constant ¢ and one binary constant 7.

O The triple A:= (P-Z,MagC,op), where op-c:=7Z and op-m-Si-S2 := S1 NSz is a MagC-algebra.

The triple (P-N,MagC,op) where op is the same function op as before, but restricted on P-N,
is a MagC-subalgebra of A.

O The triple A := (N,MagC,op), where op-c:=0 and opm-ni-nz :=ni +n2 is a MagC-algebra.

The triple ({2n:n € N} MagC,op) where op is the same function op as before, but restricted on
even natural numbers, is a MagC-subalgebra of A.

[J By considering the previous MagC-algebra A, the triple ([k],MagC,op), k& € N, where op is the
same function op as before, but restricted on natural numbers smaller than or equal to k, is
not a MagC-subalgebra of A because op-m is not well-defined.
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Let A:=(X,S,0p) be an S-algebra.

Given Y C X, the S-subalgebra of A gemerated by Y is the S-subalgebra AY) of A whose underlying
set contains Y and is minimal w.r.t. inclusion among the underlying sets of all S-subalgebras of A
which satisfy this property.

Wwhen A= AY), Y is a generating set of A.

Examples

0 Let the MagC-algebra A := (N,MagC,op), where op-c:=0 and op-mni-nz :=mni + ns.
We have A{')) — A, This follows by induction on N. First, we have 0 ¢ A{')) because 0= op-c.
We have also 1 e A1) trivially because 1 is an element of the generating set. Moreover, for

any n € N\ {0}, n=opm-n—1;1, so that, by induction hypothesis, n € A{1}),

O Let the MagC-algebra A := (Z,MagC,op), where op-c:=1 and op-mni-ng :=mni X na.
The MagC-subalgebra A'{?*!) of A has as underlying set {2}"131"2 tki, ko € N}.
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r

Let [ be a set and (A;),.; be a family such that for any i€ [/, A;:=(X;,S,0p;) is an S-algebra.

The product of (A;);.; is the S-algebra [[,.; A; := (X,S,0p) such that X :=[[,.; X; and for any cc S=n,

n €N, and any (151)> o (1'7(‘”)) €X,
icl ’ icl
(1)

op-c- (I’,El)) s ooo (I’En)) =] (Opi.c.zi oo .xEn)) .
icl icl icl

Example

Let the MagC-algebras A; := (N,MagC,op,), where op;-c:=0 and op;-m-ni-ng :=ni +n2, and

Az := (Z,MagC,op,), where op,-c:=1 and opy,-mni-nz :=n1 X na.

By setting A := HiE[Z] A; = (X,S,0p), we have

O X=Nx2Z;
O opc=(0,1);
[l For any (n(ll),ngl)), (n§2),n(22)) € X, 0p-m~(ngl),nél))(n?),nf)) = (ngl) +n§2),ngl) X n?)).
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Let A:=(X,S,0p) and A" := (X', S,0p') be two S-algebras.

An S-algebra morphism from A to A’ is a function ¢: X — X’ such that for any c€ Sn, n €N, and
any zij,...,x, € X,

¢. Op.c'xl. CEEEEY .:1:’/"/ p— Op/.C. ¢.I1 o e e e . ¢.In .
Example

Let the MagC-algebras A := ({a,b}",MagC,op), where op-c:=¢€ and op-m-wi-ws := wi .wz, and
A" := (N,MagC,op’), where op’-c:=0 and op’-m-nins:=ni +ns.

The function /, which sends any w € {a,b}" to the length of w, is an Mag(C-algebra morphism from .A
to A'. Indeed,

l-op-¢c,=4e=0=o0pc
and, for any wi,ws € {a,b}",

L-opm-wr-wz = b wi . wa = Lwy + Lwz = op’m-fwy ) f-wa).
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[~ 9.
Let A:=(X,S,0p) be an S-algebra.

on X is a congruence on A if for any c€ S'n, n €N, any

An equivalence relation =

Xlyeooy XiyThy oo Tpy € X, 1 €[n], z; =2} implies
Op.c.a’;lu ... .J/‘i ... -:L'n E Op-c.xl. DR -:L'; DR -xn.
The =-equivalence class of z € X in A is denoted by [z]=.

The quotient of A by a congruence = on A is the S-algebra A/ =:=

= (X/ =,8,0p/ =) such that op/ =

is defined, for any cc€ Sn, neN, zy,...,2, € X, by
Op/ = .C.[I‘l]z. PR '[IH}E = [Op.c.xl. oo .I"]E'
Example

Let the MagC-algebra A := ({a,b}",MagC,op), where op-c:=¢ and opm-wi-ws := w1 .ws.

Let = be the equivalence relation on {a,b}" such that, for any wi,ws € {a,b}", wi = w, if
lo-wy = Lg-wo and ly-wy = lp-wo. It is easy to check that = is a congruence of A.

The underlying set {a,b}"/ = of A/ = admits {a"“0"" : n,,n, € N} as set of representatives.
Moreover, op/ = ¢ = [¢]= and, for any n.,ns, n,,n, € N,

’ ! ’ ’
op/ = -m-[a""b"?]_- {a”“ bnb} = [an“+7l“bnb+nb

|_ Samuele Giraudo 237 / 288 INF889K



I_ Boilo / Universal algebra and clones / Varieties of algebras _I

Let X and X' be two sets and ¢: X — X’ be a function.
[J The kernel of ¢ is the equivalence relation Ker-¢ on X defined by (z1,x9) € Ker¢ if ¢y = d-ao.

O The image of ¢ is the set Im-¢:= {2’ € X’: there exists z € X such that ¢z =2a'}.

Theorem [First Isomorphism Theorem]

Let A:= (X,S,0p), A := (X' ,S,0p’) be two S-algebras, and ¢ be an S-algebra morphism from A to A’.
1. The equivalence relation Ker-¢ is a congruence on A.

2. The triple A" := (Im-¢,S,0p”) is an S-subalgebra of A’, where, for any cc S, n €N, op”-c is
the restriction of op’-c as an n-operation on Im-¢.

3. The function ¢ : X/Ker-¢ — Im-¢ defined for any 2 € X by ¢-[z]ker.s := ¢ is an S-algebra
isomorphism between A/Ker-¢ and A”.

Exercise ooooo

Prove Theorem [First Isomorphism Theorem] .

(I Samuele Giraudo 238 / 288 INF889K |



[_ Boilo / Universal algebra and clones / Varieties of algebras j
Let S be a signature and ¢ be a class of S-algebras.

The class € is
[J closed under homomorphic images when for any A € ¢ and any S-algebra A’, if there is a
surjective S-algebra morphism from A to A’, then A € ¢;

[ closed under subalgebras when for any A € ¢, any S-subalgebra of A belongs to ¢;

[l closed under products when for any set / and any family (A;,)iel of S-algebras belonging to <,
Hiel .Ai c .

Note that by Theorem [First Isomorphism Theorem], if ¢ is closed under homomorphic images, then for
any A€ ¢ and any congruence = on A, the quotient .4/ = belongs to C.

Note also that the closure under homomorphic images implies that if A € ¢, then any S-algebra
isomorphic to A belongs to C.

Definition

Let S& be a signature. A wvariety of S-algebras is a nonempty class ¢ of S-algebras which is closed

under homomorphic images, subalgebras, and products.
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Let & be a signature and V be a set of variables.

The S.V-term algebra is the S-algebra T-S:V:= (T-S:V,S,op) such that op is defined, for any cc S,
neN, t,...,t, € TSV, by

op-cty: -ty i=cty ... b,

The S,(-term algebra is the ground S-term algebra. Note that if S-0=(, then the underlying set of
T-S-) is empty.

Example
The MagC, N-term algebra T-MagC-N admits the set of MagC,N-terms. Moreover, we have for
instance
op:c=c
and

op-m-mlimc2;m23 = mmlimc2);,m23,.
Besides, the underlying set of the ground S-term algebra is
X := {¢, mcc, mumecie, mepnceey, . ..}
and the graded set (X,/.) is a combinatorial graded set and its integer sequence is the one of
Catalan numbers.
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Let S be a signature and V be a set of variables.
Let +:V — -5V be the function such that for any v € V, v is the leaf decorated by v.
Theorem [Free S-algebras]

For any signature S, any set of variables V, any S-algebra A := (X,S,op), and any V, X-assignment

o, there exists a unique S-algebra morphism ¢ from T-S-V to A such that oo = ¢or.
The class of S-algebras together with S-algebra morphisms forms a category.
Theorem [Free S-algebras] says that T-S'V is a free object in this category.
For any set X, the empty X -assignment is the (), X-assignment () having an empty domain.
For any S-algebra A:=(X,S,0p), evyp is the unique S-algebra morphism from T-S-)) to A. Therefore,
T-S-) is an initial object in the category of S-algebras.
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9.2. Equational presentations
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Definition

An S,V-equational presentation is a triple (S,V,~) where
[J S is a signature, called the underlying signature;
[V is a set of variables, called the underlying set of variables;

[J ~ is a binary relation on T-S-V, called the elementary identity relation.

Remark that this definition looks like the one of TRSs but there is no condition on ~ here.

Let £:=(S,V,~) be an S,V-equational presentation. If t and t' are two S,V-terms such that t~t,
then the pair (t,t') is an elementary identity of &.

Examples

[] Let Monoids := (MagC,N, ~) be the MagC, N-equational presentation such that ~ is defined by
mml2;3 ~ mlm23;, mlc~ 1, and mcl ~ 1.

[J Let BSLattices:= (MagC,N,~) be the MagC, N-equational presentation such that ~ is defined
by muml2;3 ~ m1lm23;, mlc~1, mecl ~1, ml2 ~m2l1, and mll ~ 1.
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Let £ :=(S,V,~) be an S,V-equational presentation.

Let A:=(X,S,op) be an S-algebra. Two S,V-terms t and t' are A-equivalent if for any
V, X-assignment «, evgot=cvgqt.

An algebra over £ is an S-algebra A such that for any elementary identity (t,t') of £, t and t' are
A-equivalent.

Examples

[J Let the MagC-algebra A := (N, MagC,op), where op-c:=0 and op-m-ninz:=ni+ na.
The MagC,N-terms t:=mlml2 and t' := mm2l,1 are A-equivalent. Indeed, for any N N
assignment «, by setting n; := a1l and no = a2,

evaat=n1+ (n1+n2) =2n1 +n2 = (n2 +n1) +n1 = evaat.

[l The class of algebras over Monoids is the class of monoids.

[l The class of algebras over BSLattices is the class of bounded semilattices.
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Here is a list of some important varieties appearing frequently in algebraic combinatorics.
[] The variety of monoids, described by the equational presentation Monoids.
[l The variety of bounded semilattices, described by the equational presentation BSLattices.

[J The variety of groups, described by the equational presentation Groups:= (S,N,~) where S is
the signature containing a nullary constant ¢, a unary constant i, and a binary constant m,
and ~ is defined by mml23 ~ m1m23;, mel ~1, mle~1, miljl ~e, and mljil; ~e.

[l The variety of idempotent semigroups (also called bands), described by the equational
presentation Bands:= (S§,N,~) where & contains one binary constant m and ~ is defined by
mml23 ~ mlm23; and mll ~ 1.

[0 The variety of duplicial algebras [C. Brouder, A. Frabetti, QED Hopf algebras on planar binary trees, 2003],
described by the equational presentation DuplicialAlgebras := (S,N,~) where S contains two
binary comstant < and >, and ~ is defined by < < 123 ~< 1| 23), > > 123 ~> 1> 23, and
> <K 123 ~< 1> 23,

L] The variety of nonassociative permutative algebras [M. Livernet, A rigidity theorem for pre-Lie algebras,
20061, described by the equational presentation NAPAlgebras := (S,N,~) where S contains one
binary constant g, and ~ is defined by ggl23 ~ ggl32.

L Samuele Giraudo 245 / 288 INF889K _



I_ OR2) / Universal algebra and clones / Equational presentations

Theorem [Birkhoff’s Variety Theorem]

Let S§ be a signature and V be an infinite set of variables. A nonempty class ¢ of S-algebras is

a variety iff there exists an S§,V-equational presentation £ such that ¢ is the class of algebras

over £.

This result comes from [G. Birkhoff, On the Structure of Abstract Algebras, 1935] and is also known as the
Birkhoff HSP Theorem.

When & := (S,V,~) is an S,V-equational presentation, by [Birkhoff’s Variety Theorem], the class of
algebras over £ is a variety V. We call V the wariety of &.

Examples

[l Since the class ¢ of monoids is closed under homomorphic images, subalgebras, and products, ¢
is a variety. By Theorem [Birkhoff'’s Variety Theorem], there exists an S,V-equational
presentation of ¢. This is the MagC, N-equational presentation Monoids.

[J By Theorem [Birkhoff’s Variety Theorem], BSLattices is an MagC, N-equational presentation of
a variety. This is the variety of bounded semilattices.
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