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Let £:=(S,V,~) be an S,V-equational presentation.

Two S,V-terms t and t' are £-semantically equivalent if for any algebra A over &£, t and t' are
A-equivalent. This property is denoted by t=g¢ t'.

Examples

[] The MagC,N-terms t:=mlml2 and t := mm21l;1 are not Monoids-semantically equivalent.

Indeed, consider the MagC-algebra A := ({a,b}",MagC,op), where op-c:=¢c and
op-m-wi-ws = wi . w2 is such that, by setting o as an N, {a,b} -assignment satisfying a-1=a and

a2=">, evaot=aab# baa=evat.
[ The MagC,N-terms t:= mml2m21, and t' := ml12 are BSLattices-semantically equivalent.

[] The MagC,N-terms t:=mcl and t' := ¢ are not BSLattices-semantically equivalent.

Exercise ooooo

Prove the last two properties of the previous examples.
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Let £:=(S,V,~) be an S,V-equational presentation.

When ~ is an elementary rewrite relation, £ is TRS-like. In this case, £ is a TRS.

Examples

[ The equational presentations Monoids, BSLattices, and Groups are TRS-like.
[] The equational presentation (MagC,N,~) such that ~ is defined by 1~ mll is not TRS-like.

[] The equational presentation (MagC,N,~) such that ~ is defined by mcc ~ mlc is not TRS-like.

When £ is TRS-like, two S,V-terms t and t' are £-syntactically equivalent if t =t where = is the
convertibility relation of &.

Example

Let the MagC,N-terms t:= mumcl;m3mm3c?2, and t' := mml23. In BSLattices, we have

' = mlm23 < mmclim23 = mmclim32 < mumclymm33i2, < mumelymm3m3e 2, = t

so that t and t are BSLattices-syntactically equivalent.
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Theorem [Equivalence of the £-semantic and £-syntactic relations]

Let £ := (8,V,~) be a TRS-like S,V-equational presentation. The £-semantic equivalence relation

and the £-syntactic equivalence relation coincide.

This result is known as the Birkhoff Theorem on identities [G. Birkhoff, On the Structure of Abstract
Algebras, 1935].

Due to this property, given a TRS-like equational presentation & := (S,V,~), two S,V-terms t and t
E-equivalent if t and t' are £-semantically equivalent, or, equivalently, £-syntactically equivalent.
This property is denoted by t=¢ t'.

Exercise ooooo

Let the S,N-equational presentation & := (S,N,~) such that S is the signature containing a nullary
constant e, a unary constant ¢, and a binary constant [, and ~ is defined by f1,f23, ~ f,f123,
fel ~1, and flil ~e.

Show that the S,N-terms fle and 1 are not £-equivalent.
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Proposition [S-equivalence and quotients of free §,V-term algebras]

Let £ := (S8,V,~) be a equational presentation. The £-equivalence relation ~¢ is a congruence on
T-SV.

Let £ :=(S,V,~) be an equational presentation. Let ¢:V — T:S§-V|/ ~¢ be the function such that for
any v €V, v :=[1v]

e

Theorem [Free algebras over equational presentations]

For any equational presentation & = (S,V,~), any algebra A = (X,S8,0p) over £, and any
V, X-assignment «, there exists a unique S-algebra morphism ¢ from T-S-V/ ~¢ to A such that
a=¢ol.

The class of algebras over &£ together with S-algebra morphisms forms a category.

Theorem [Free algebras over equational presentations] says that T-S:V/ ~¢ is a free object in this
category.

For any algebra A:= (X,S,op) over &£, the function [t]~. — ev4¢-t is the unique S-algebra morphism
from T-S:0)/ ~¢ to A. Therefore, T-S:()/ ~¢ is an initial object in the category of algebras over &.
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Let S be a signature and V be a set of variables.

The word problem on an equational presentation & := (S,V,~) is the decision problem whose input is
two S,V-terms t and t, and whose question is whether t=¢ t'.

Theorem [Undecidability of the word problem]

There exist equational presentations £ such that the word problem on £ is undecidable.

Proof. Let the equational presentation £ := (S,N,~) where S is the signature containing two
nullary constants K and S, and a binary constant a, and ~ is defined by aaKl2 ~ 1 and

aaaS123 ~ ajal3ja23;. This equational presentation, coming from combinatory logic, is known to have
an undecidable word problem.

Example

An instance of the word problem on Groups is formed by the S,N-terms t := iml2 and t' := mp2)il;.

We can check that the answer is yes since t RGroups t.
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Theorem [Convergence and decidability of words problems]

Let £ be a TRS-like equational presentation. If &£ is convergent and its elementary rewrite

relation is finite, then the word problem on £ is decidable.

When & :=(S,V,~) is a convergent TRS-like equational presentation, an algorithm to decide for any
S,V-terms t and t' whether t=¢ t' consists in computing the unique normal form of t and of t' of £ and
checking if they are equal.

Example

By considering the convergent TRS-like equational presentation Monoids, let t:=mmlunc2;ml3, and
.= mml12ymimlcimec3). By denoting by = the rewrite relation of Monoids, we have

t= mml2yml3) = mlm2ml3; =s
and

t = mml2ymmleme3), = mml2ymlimed; = mml2ml3; = mlm2ml3; = s.

Since s is a normal form of Monoids and s € t | t', t =nonoids t -
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Let £:=(S,V,~) be a convergent TRS-like equational presentation.

The algebra of normal forms of £ is the S-algebra A=-€:= (X,S,0p) such that X is the set of
normal forms of &£, and for any c€ Sn, n €N, and any normal forms t;, ..., t, of &, op-cty- -+ -t, is
the unique normal form of the §,V-term ct;...t, of &.

Theorem [Algebras of normal forms and free algebras]

Let £ := (S8,V,~) be a convergent TRS-like equational presentation and X be the underlying set of
As-E. Let ¢ : T8V/ =g— X be the function such that ¢-[t|=, is the unique normal form in the
future of t€ TSV in £. Then, ¢ is an S-algebra isomorphism from T-SV/=¢ to Ax-E.

Since £ is a convergent TRS, by Proposition [Church-Rosser property], the function ¢ of the
statement of Theorem [Algebras of normal forms and free algebras] is well-defined.

Example

The MagC-algebra T-MagC-N/ =monoids 1S isomorphic to the algebra A= -Monoids of normal forms of
Monoids. The underlying set of A=-Monoids is the set of MagC,N-terms t such that t is a
variable, or t =c¢, or t=mii ’fTLiQ\ml'gl. o Miping1 ey where n > 1 and for any j € [n+ 1], i; € N.

Moreover, in A=-Monoids,

op-m-mlm23;- mlm2m34, = ml\m2lm3 mlm2m34 i
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Two varieties may be equivalent even if their underlying signatures are different.

Example

Let the equational presentation PHeaps := (5’7N7 N’) where S’ is the signature containing a nullary
constant ¢ and a ternary constant p’, and ~' is defined by p'112~'2, p'122~' 1, and

p'p'lﬁélf) ~ p'lQ& .

The varieties of Groups and the variety of pointed heaps of PHeaps are equivalent.

Indeed, add to PHeaps a unary constant i’ and a binary constant m', and set m’'12 ~' p'le’2 and
i1~ p'e’le/. We have for instance

m' i’ 1)1 XpHeaps P'1i'1ie' 1 XpHeaps P’ p'e’le’ €'] XpHeaps p'e’ 1 p'e’e’l| XpHeaps P'€' 11 XpHeaps € -
Similarly, the five elementary identities of Groups hold in PHeaps on e, i, and m’ .
Conversely, add to Groups a nullary constant ¢ and a ternary constant p’, and set ¢’ ~ e and
p'123 ~ mymlii2)3. We have for instance

Pp'112 XGroups mMmlil2 ~Groups ME2 NGroups 2.
Similarly, the three elementary identities of PHeaps hold in Groups on ¢ and p’.
The variety of Heaps (pointed heaps are heaps with distinguished unit element) goes back at [H.

Priifer, Theorie der Abelschen Gruppen. I. Grundeigenschaften, 1924].

In order to explain such equivalences, we need algebraic structures yielding an invariant of an
equational presentation, independent of the signature. Abstract clones are such invariants.
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An abstract clone (or clone for short) is a triple (g,(%,m)n meN’(IL’i-,")neN ie[n]) where
[1 G is a graded set, called the underlying set;

Ll for any n,m €N, ~,.,, is a function of type

Gn—§Gm-—---—Gm— Gm,

n times

called the n,m-superposition function. In other words, 7, .,z is an n-operation on G-m for
any v € Gn, neN;

(] for any n€ N and i € [n|, 1,, is an element of G-n, called the i,n-projection;
[l the following identities hold:
1. for any n,m €N, i€ [n], and z1,...,2, € Gm,
Yo Lim @1e -+ @y = T4
2. for any n€ N and = € Gn,
ATy e e Ay = 3
3. for any n,m,k €N, z€Gn, vy1,...,Yn € Gm, and z1,...,2, € G-k,

’YnL,k'\’Yn,nL':L"yl' e ’yn}’zl' Ctt Zm = ’Yn,k'w’f)/m,k'yl’zl' e ’Zm,J' e '\'Ym,k"yn'zl' o 'Zmy
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Example

Let the clone SL := (Q, (’Yn7m)n,m€N’(]li’n)nEN,iE[n]) such that

[] for any n € N, Gn:=P:[n]\ 0;

[] for any S€Gn, neN, and S1,...,5, € Gm, meN,

FrimS-S1- c e Sy 1= U S;;
i€s

[l for any n € N and i € [n], 1;, := {i}.

We have for instance
75»9{17374}{2}{678}{75 8}{273}{13 2, 374} - {2} U {75 8} U {273} = {2737 (E 8}

The 2,5-projection is {2}.

There are in SL some nontrivial identities. For instance, for any 5,5 € G-m, m &N,
’YQ,m'{l, 2}'51'52 =S1US =5 US; = ’727m~{1, 2}'52'51.

Samuele Giraudo 259 / 308 INF889K




[_ 10.1. / Clones and varieties / Clones

The trivial clone is the unique clone having its underlying set § satisfying that G is a
singleton for any n € N.

Let C:= (g, (Ynim)p men (1i>77')71,6N,716['rz]) and (' := (g/’ (WQJrL)n,m,eN’ (ﬂgvn)neN,iE[n]) be two clones.

A function ¢:G — G’ is a clone morphism if
[J for any x € Gn, neN, ¢z e G n;
[J for any n € N and i € [n], ¢-1;pn =1} ,;

(] for any r € Gn, neN, and y1,...,y, €G-m, meN,

gb.\f}/n,,’n‘l'.yl. . e .ynJ = ’Y;?,,WL. d).x . ¢.y1 © e . d).y" .

The clone C' is a subclone of C if
[1 G’ is a sub-graded set of G;
[0 for any n€ N and i € [n], 1}, =1;,;

1,Mn

[J for any n,meN, z € G’ n, and y1,...,y, € G''m,

’Y'il,’ln.x.yl. o Yp = ’yn_m'x-y1~ ce Un.
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Let C := (gv(Vnﬂn)nﬂneN7(1@n)neNJehd) be a clone.

Given a set X of elements of the underlying set of §, the subclone of C generated by X is the
smallest (w.r.t. inclusion of the underlying sets of the underlying graded sets) subclone CX) of C
such that the underlying set of the underlying graded set of CX) contains X.

When X is such that CX) =C, X is a generating set of C.

When X is a generating set of C and for any X' C X, C(X/) =CX) implies X' =X, X is a minimal
generating set of C.

Example

It is possible to show that {¢}, where ¢g:= {1,2} is an element of arity 2 of the underlying set of
the underlying graded set of SL, is a minimal generating set of SL.. For instance,

{1,3,4} = v2,4-9- 11,4 v2,4-9- L3 a1y 4,
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A clone congruence on C is an equivalence relation = on the underlying set of § such that

[] for any z € Gn, n€N, [z]= CGn;

[J for any z,2’ € Gn, n€N, and y1,¥1,..-,Yn, Y, €Gm, meN, if x=2' and y; =y, for all i€ [n],
then
,-y'n,’/lrl,'x.yl. EEEEEY .y/,L E ’)//"/l”ml.x/.yi- ... .y;)/.

The quotient of C by = is the clone C/ == (g/ =, (Ym), - (]12771/)7L€Ni€[n]> such that

[] G/ = is the graded set satisfying, for any ne€ N, G/ =n={[z]z: 2 € Gn};

(] for any r € Gn, neN, and y1,...,y, €G-m, meN,

'Y;L,m’[x}g'[yl]z' o lynle = nmezyre 'yn}z§

[J for any n €N and i € [n], 1}, = [1;n]_-
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Let X be a set. An X -pigmented letter is a pair (i,z) such that i € N\ {0} and 2 € X. This pair is
denoted by ¢*. The wvalue (resp. pigment) of ¢* is i (resp. ).

A finite sequence of X-pigmented letters is an X -pigmented word.

Let M be a monoid with product * and unit e.

Let the triple P-M:= (g~ (7”;771)71,,771,61\1’(]livfb)fl,EN,iE[71,]> GECL e

[1 G is the graded set such that for any n € N, G-n is the set of M-pigmented words whose values
of letters range all between 1 and n;

[0 for any (" ...} €Gn, neN, LeN, w,...,w, €Gm, meN,

«
71

Aot gt Wre e Wy = (o X Wy, ) - ... (0 X wgy,)

where for any fJ € M and any jfljf‘ €g, keN,
— .8 B, .8 B % B
5*Jil'~']]/jk 3*]‘1*/31'”‘7‘1«*57\;

[1 for any n € N and i € [n], 1;, :=1°.
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Theorem [Clones of M-pigmented words]

For any monoid M, P-M is a clone.

This result comes from [S. Giraudo, Clones of pigmented words and realizations of special classes of monoids, 2026].

Examples

Let M, be the free monoid ({a,b}",. €).

The 3,8-projection of P-M, is 133 = 3° and the 3,4-projection of P- M, is 134 =3°. Even if they
are denoted through the same M, -~pigmented word 3°, I3 and 134 are different elements. This
remark applies also for other clones: for instance, in SL, there is a copy of the element {1,3,4}
for any arity n > 4.

Moreover, in P-M,,, we have

74,3.2ab4a161ba '2a2c '3ba1a3b '1a @ = 3ab.ba1ab.a3ub.b.6-26.112&.(.2ba.a2ba.( _ 3abba1aba3abb2a2e2baa2ba.
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Let M be a monoid.

Let =g, be the equivalence relation on the underlying set of the underlying graded set of P-M

defined by w =gt w' if, for any M-pigmented letter i, w and w’ have both the same number of
occurrences of 1“.

Example

The M, -pigmented words gabgbagb ang 2b9903ba of arity 3 of P- M, are =i, i-equivalent.

Proposition [Sorting congruence on P-M]

For any monoid M, the equivalence relation =, is a clone congruence on P-M.

Example

In the quotient P M,/ =i, we have

72,4.[1112172&17]5 t.[laagab:lz t.[]_elalaa]zsom _ [laaa1ab1aba1abaalb1ba1baa3aab]E -
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Let M be a monoid.

Let, for any k € N, first; be the function sending an M-pigmented word w to the subword of w
obtained by deleting all occurrences of M-pigmented letters having i € N\ {0} as value when there
are k or more occurrences of M-pigmented letters of value ¢ on the left.

Let also =f,s, be the kernel of firsty.

Example

For any «i,...,a9 € M,
firsty 141292133941 453%6237483%0 — 1¥1932] 4334336927428

Proposition [First congruence on P-M]

For any monoid M and k € N, the equivalence relation =g, is a clone congruence on P-AM.

Example

In the quotient P-M,,/ =g, , we have for instance

7373. [2ba lbab3b] _— . [2b1a] . A[Qaa3a]Eﬁrst1 _[3aa1a26]zﬁr5tl _ [zbaaagbaalbaba} . .

L Samuele Giraudo 267 / 308 INF889K



[~ 10.2.

/ Clones and varieties / Clones of pigmented words

When M is the trivial monoid E := ({e},x,e), the elements of the underlying set of the underlying

graded set of P-E are monochrome pigmented words.
the monochrome pigmented word if...7j.

In this case, we denote simply by iy...ip, ¢ €N,

Examples

In P-E, we have

In P-E/ =, we have
V2,4 [122]  -[13]

=sort

In P-E/ =4, , we have
’)/3,3-[213]_

=first)

Y1,3-2411 -22 313 -1 -« = 313.€.22.22 =
[111]

21, 23

=firstq

3132222.

=[11111113]_ .
t =sort

=sor

B, =@,

L Samuele Giraudo

268 / 308

INF889K _



|_ 10.2. / Clones and varieties / Clones of pigmented words

7

It is possible to build a hierarchy of clones by considering quotients P-M, where M is a monoid,

by using the clone congruences =y, and =fst,, , k € N, their intersections,

and their reversions.

Here is the diagram, where arrows are surjective clone morphisms (without further details):

P(M)
i
Pill, o (M)
N
Staly, (M) Magn,, o ( Stal?,
| < >< i
Arrag (M) Winc(M Array,
o1
InCrin{k,k}

|

Inco
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